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The  monograph  la  devoted  to  the  physics  of  clouds  and 
precipitation,  which  la  a  new  branch  in  the  physics  of  the 
atmosphere.  Research  ie  described  concerning  the  processes 
of  inertial  and  electrostatic  preoipitatlon  of  coarsely- 
dispersed  aerosol  particles  from  a  stream  on  various  obsta¬ 
cles.  The  theory  is  developed  as  applied  to  microphyslcal 
processes  in  clouds,  but  the  results  obtained  can  be  used 
In  the  Investigation  of  processes  in  arbitrary  coarsely- 
dispersed  aerosols. 

The  book  is  designed  for  scientific  workers  in  the 
field  of  the  physics  of  the  atmosphere,  and  also  in  the 
field  of  the  mechanics  of  liquids  and  gases. 
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FOREWORD 


During  the  last  15— 20  year*  researoh  In  the  field 
of  aerodlepersed  ays tees  has  developed  vigorously,  owing  to 
the  great  practical  value  of  the  study  of  aerosols  for  the 
Investigation  of  nuaerous  and  natural  and  teohnleal  pro¬ 
cesses,  particularly  to  the  study  of  proooaaea  that  occur 
in  clouds  during  their  natural  development  or  after  arti¬ 
ficial  action. 

In  almost  all  of  the  phenomena  connected  with  aero¬ 
sols  we  deal  with  visible  motion  of  aerosol  partloles  and 
their  motion  relative  to  bodies  and  surfaces  looated  inside 
the  aerosol  or  containing  the  aerosol,  fartloles  then  either 
settle  on  various  surfaoes,  or  are  aspired  through  various 
devices.  Therefore,  the  Investigation  of  preolpitatlon  and 
aspiration  of  aerosol  partloles  plays  an  important  role  in 
the  study  of  many  phenomena  in  whioh  aero eels  participate. 
Tnus,  for  example ,  a  study  of  ouch  processes  as  gravitation¬ 
al  coagulation  of  cloud  drops  (whioh  in  final  analysis  is 
the  main  mechanism  of  preolpitatlon- formation  in  olouds), 
the  icing  of  airplanes  and  wires  In  ouperoooled  olouds  and 
foga,  oertaln  phenomena  which  ooour  during  artificial  ac¬ 
tion  on  clouds,  etc.,  are  very  closely  related  with  the 
theory  ex'  precipitation  of  aeroeol  particles  froa  the* 
stream  on  obstacles  *  Also  connected  with  it  are  euoh  prac¬ 
tical  important  problems  as  the  purification  of  air  by 
eliminatl")'  aerosol  contamination,  tho  struggle  against 
agricultural  peats,  various  methods  of  lnvostlMtlng  tho 
microstructure  of  aerosols,  oto.  Many  of  tho  foregoing 
problems  are  related  also  with  tho  theory  of  aspiration 
(drawl .-.g-rr)  of  aerosols. 

Hie  present  book  summarises  to  a  osrtain  degree  the 
result  of  investigations  made  on  tho  phyeloe  of  ooareoly- 
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dispersed  mtomIs  (the  ml oro structure  of  clouds).  oarried 
out  by  the  K1 'bruts  Rxpedition  of  tho  Institute  of  Applied 
doophyaloa  of  the  Aoa demy  of  Soleaoas  USSR  during  tho 
loot  fov  year*.  It  la  devoted  aaaantlally  to  the  lnvestl- 

fatlon  of  prooaaata  of  Inertial  and  electrostatic  preolp- 
tntlon  of  ooarsaiy-di sported  noroaol  pertloles  from  tbo 
stream  on  various  obatnoloa  (and  In  parti oular  tho  prooee- 
aoa  of  aoagulatlon  of  auoh  partloloa)  and  alao  to  preooaooa 
of  aaplratlon  of  aerosol.  Wo  eonaldor  In  groat  do tall  in 
tbla  extensive  flold  probloaa  connootod  with  tho  lnvestlge- 
tlon  of  mlerophy steal  proooa  aoa  In  olouda  and  a  atudy  of 
aloroatruotural  oharaotorlatloa  of  tho  oloud.  However,  tho 
roaulta  obtalnod  have  a  gonoral  oharaotor  and  aro  dlrootly 
applicable  also  to  tho  investigation  of  processes  in  all 
coarsely- d 1 sper a o d  aero bo la .* 

In  Chapter  I  of  tho  book,  whioh  la  devoted  to  an  ln- 
▼oatlgatlon  of  the  influence  of  tho  Inertia  of  tho  aoroaol 
particles  on  their  precipitation  and  aspiration,  wo  consider 
throe  problems  of  practical  importance: 

(a)  Investigation  of  the  critloal  conditions  for 
tho  preolpltatlon  of  particles  of  aerosol  from  the  stream 
on  tho  obstacle* 

(b)  Determination  of  the  coefficient  of  aspiration 
upon  drawing  of  the  aerosol  into  a  tube. 

(c)  Methods  for  calculating  the  capture  coefficient 
of  the  aerosol  particles. 

The  existence  of  critical  precipitation  conditions, 
which  determine  the  minimum  dimension  (d^n)  of  the  aerosol 

particles  that  are  preolpltated  from  the  stream  on  obstacles 
is  of  principal  significance  for  several  phenomena  whioh  oe- 
our  in* coarsely-dispersed  aerosols,  and  therefore  calls  for 
careful  investigation.  The  critical  precipitation  conditions 
determine  the  limit  of  the  cloud-drop  dimensions  (DA*  30 


•Aerosols  are  called  coarsely- dispersed  if  their  par¬ 
ticle  dimensions  exceed  one  micron  [66,  Sec  2].  In  ooareely- 
di sported  aerosols  such  processes  as  preolpltatlon  (coagu¬ 
lation)  and  aspiration  do  not  depend  on  the  Brownian 
(thermal)  motion  of  the  particles  and  are  determined  by  the 
inertia  of  the  particles  and  the  external  force*  acting  on 
them  (for  example,  electrostatic). 
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miorons),  below  which  so  Inportant  a  preosss  far  tha  develop¬ 
ment  of  a  oloud  aa  la  gravitational  ooagulatlon  of  tha  drop* 
which  oauaaa  la  turn  tha  foraatlen  of  tia  prssipitstlon  [76], 
[toj],  eaaa  uaobaarrad.  lhs  aritieal  send!  t  leas  for  tho 
proolpltatloa  dotoralao  aloe  tho  dlaonoloa  llalta  of  tho 
aoroool  parti oloo  that  oottlo  oa  dlfforoat  Aerisaa  uood  to 
purify  gas**  (oyolonss,  filters  of  various  types,  oto.). 
Consequently,  tho  proof  of  existence  of  erltloal  proolplta¬ 
tloa  condition*  aad  aa  Investigation  of  this  pfcsaoeena  lo 
aa  ooooatlal  oloaoat  of  tho  ooohaaioo  of  soar soly- dispersed 
aerosols. 

Bio  proof  of  tho  sxlstsno*  of  erltloal  proolpltatloa 
ooaditlon  1b  given  for  oa  extensive  olaoo  of  eyaastrloal 
•troaoa,  both  potoatlal  aad  viscous.  for  potential  stromas 
vo  obtain  horo  slaplo  oaloulatioa  foraulas,  which  aako  it 
poaalblo  to  dotoralao  tho  alnlaua  dloonsloas  of  tho  pro- 
olpitatod  partloloa  for  aany  obstaoles  (for  axanplo,  for  a 
three- ax is  ellipsoid  aad  all  lta  particular  eases  such  aa 
elliptical  cylinders,  plates,  round  discs,  or  sphere;  for 
plates  located  In  stroaas  with  detaehoent  of  Jots,  etc.)* 

For  viscous  streams,  a  slaplo  procedure  was  obtained  for 
calculating  the  alnlaua  dimensions  of  the  aerosol  partloloa, 
and  an  extrapolation  formula  la  found  relating  the  volume  of 
dmln  wlth  the  b*ksvlor  of  the  stream  near  its  forward  crit¬ 
ical  point.  Thla  formula  la  applicable,  in  particular,  for 
the  determination  of  the  alnlaua  dimension  of  the  aerosol 
p&rt  .c.i.e  and  the  ease  of  settling  flow  around  a  sphere.  In 
addition,  an  estimate  la  made  of  tho  Influeaoe  of  the 
boundary  layer  of  tho  potential  stroma  on  the  value  of  dgiQ. 

j;  v  question  of  the  change  of  ooneeatratlon  of  aero- 
boI  particles  during  the  drawing  of  aerosols  In  various 
types  ox'  instruments  was  discussed  la  the  literature  aaay 
times.  However,  this  problem  received  no  quantitative  so¬ 
lution,  und  sometimes  even  the  qualitative  pleture  of  tho 
phenomenon  was  treated  In  oontradlotory  fashion  (see,  for 
example,  the  discussion  of  Davis  and  Whltoa  [186]).  At  tho 
same  time,  for  many  practical  problems  aad  priaarlly  for 
the  investigation  of  the  alcrostruoture  of  the  aerosol,  it 
is  neci;  j<-r y  to  know  the  eoeffloisnt  of  aspiration  which 
characterizes  the  change  in  the  ooasentratlen  aad  the 
apettro composition  of  the  aerosol  partloloa  upon  aspiration 
into  var'ius  devices  or  instruments.  Ths  solution  of  this 
problem  given  in  the  book  is  tbs  first  thsorstlsal  investi¬ 
gation  of  the  aspiration  of  aoroool,  in  which  aooount  Is 
taken  of  the  Inertia  of  ths  psrtlslss.  This  solution 
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iiubllihii  the  connection  bitwis  the  coefficient  of  aspiration  of 
the  aerosol  particles  with  their  dimensions  and  density,  with  the  volume 
flow  Q  of  the  air  through  the  aspiration  unit ,  and  with  the  velocity  of 
the  aerosol  particles  away  from  the  unit.* 

An  analysis  of  ths  solution  obtained  enables  us  to  establish 
a  single  relation  for  the  vo lusts  flow  Q  and  other  paraneters  of  the 
pheneswna  at  which  no  essential  changes  of  the  particle  concentration 
and  their  spectroconposltlon  still  dose  not  arise. 

Calculations  of  the  capture  coefficient,  which  characterises 
the  rate  of  Inertial  precipitation  of  the  aerosol  particles  from  the 
strean  on  obstacles,  was  carried  out  earlier  for  a  United  number  of 
body  forns.  The  point  Is  that  such  calculations  are  connected  with  many 
difficulties,  owing  to  the  non-linearity  of  the  equations  of  notion  of 
the  aerosol  particles  and  the  complexity  of  calculating  the  field  of 
the  air  velocities  around  bodies  of  even  relatively  simple  forms.  In 
this  connection,  it  is  possible  to  find  in  the  literature  calculations 
for  the  capture  coefficients  of  bodies  in  which  the  velocity  field  of 
the  air  stream  flowing  around  them  can  be  readily  easily  calculated 
(a  cylinder  or  sphere). 

rn  the  present  book  we  develop  a  procedure  for  calculating 
the  local  capture  coefficient  near  the  forward  critical  point  of  sym¬ 
metrical  bodies.  In  this  case  we  succeeded  In  greatly  simplifying 
the  calculations  and  finding  the  capture  coefficients  for  suray  shapes 
of  bodies  and  many  types  of  streams,  calculations  which  are  suitable 
for  practical  use.  In  particular,  we  calculated  the  local  capture 
coefficients  for  a  stream  flowing  around  a  plate,  with  detachment 
of  the  jets  (Kirchhoff  flow).  These  calculations  and  the  results  of 
the  remaining  theoretical  investigations  developed  in  Chapter  I  of 
the  present  bo;'.,  s;.ade  if  possible  to  point  towards  ways  of  improving 
the  procedure  for  Investigating  the  microstructure  of  clouds  (and 
other  coarsely-dispersed  aerosols). 

’•n  C'  -.ptrr  II  ve  Investigate  coagulation  and  settling  of 
aerosol  pa*,  tic  i  .  3  as  a  result  of  electrostatic  for.;.-... 


♦The  velocity  of  the  aerosol  particles  away  from  the  unit  is 
equal  to  the  geometrical  sum  of  the  wind  velocity  and  the  particle- 
aediaentatlon  velocity. 
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The  investigation  of  tbit  phnMMWK  and  nasy  utml  and 
eoanerolal  pneimi.  aemeotad  with  aoarsaljr- dispersed 
aerosols,  is  of  yvlimllr  liUNit  la  the  study  of  olero- 
phy steal  pnofiMi  la  olouds.  The  pslat  It  Mat  la  the 
earlier  sta«s  of  development  of  tha  oloud,  whan  tha  dlam- 
atars  of  tha  oloud  drops  <14  aat  reach  area  U-jO  aleroae, 
gravitational  ooagslatloa  la  tape •  stale.  According  te  the 
existing  thee rise  of  precipitation  formation,  tha  parttelas 
grew  during  this  stage  af  development  af  tha  cloud  ae  a  re* 
suit  af  condensation  prooeesos*  On  tha  other  hand,  the 
oondeneatloa  growth  of  oloud  drops  ooeurs  sufficiently 
rapidly  only  for  wary  snail  drops  (S<  1— a  alorons),  and 
slows  down  greatly  swan  for  drops  10—30  alorons  in  disa¬ 
ster.  the  tins  of  davelopnant  of  real  olouds  prior  to 
foraation  of  tha  praelpitatad  drops  Is  usually  aueh  saaller 
than  that  pradioted  by  tha  theories  whloh  attribute  the 
growth  of  drops  to  a  disaster  D  ■  JO  alorons  to  condensation. 
Therefore  the  author  has  adwanood  tha  hypothesis  that  In  tha 
interval  d  x  1—30  alorons  tha  growth  of  oloud  drops  oan 
ooeur  to  a  considerable  degree  as  a  result  of  eleotroetatle 
coagulation. 

TO  investigate  this  problea  it  is  necessary  to  know 
the  capture  coefficients  whloh  deterulne  the  rate  of  suoh  a 
coagulation. 

The  calculation  of  the  coefficient  of  the  capture  of 
email  particles  of  aerosol  by  largo  partlolos,  duo  to  the 
elec  trostatic  forces  of  Interaction- between  parti oles,  Is 
made  for  several  combinations  of  particle  charges  and  ex¬ 
ternal  electric  field.  For  this  purpose  a  calculation  pro¬ 
cedure  is  devu. aped,  based  on  a  qualitative  analysis  of  the 
differential  equations  of  motion  of  the  aerosol  partlolos. 

On  the  basic  of  this  procedure,  cases  ore  considered  in 
which  one  of  the  partlolos  Is  oharged  and  the  other  lo 
neutral,  when  the  partial#*  ore  oharged  differently  and 
when  the  particle  charges  are  of  the  sane  sign.  The  oaoe 
is  also  considered  when  both  partloleo  are  neutral  in  the 
electric  field  (for  example,  the  ataoopherlo-eleotriolty 
field),  or  when  one  of  them  is  oharged.  In  all  the  oases 
account  , s  taken  of  the  influence  of  the  force  of  gravity. 

A  comparison  of  the  obtained  oolut&ona  with  the  oxporlnontal 
data  on  Individual  ohargos  of  cloud  partloleo  •heme  that 
electrostatic  ooagulatlon  can  play  a  noticeable  role  in  the 
process  of  oloud  development,  when  the  diameters  of  its 
drops  are  less  than  30  mlorons,  end  consequently,  gravita¬ 
tional  coagulation  is  forbidden.  On  the  other  hand,  in 
prooesses  involving  the  ooagulatlon  of  largo  oloud  drop* 


(d  >  50  alorott«)  the  electrostatic  forces  cannot  play  an 
appreciable  role.  This  circumstance  has  mad#  it  poaalbla 
to  solve  th#  problem  of  random  electrification  of  largo 
oloud  and  rain  drop*.  Finally,  in  Chapter  II,  a  fonoula 
la  obtalnod  for  th#  ooofflclent  of  oapturo  of  oharged  aero- 
aol  partloles  by  a  largo  eollootor,  the  algn  of  the  charge 
of  ifeleh  1*  opposite  to  tho  algn  of  tbo  particle  ohargo. 
tho  roault  obtalnod  la  applicable  to  a  collector  of  ar¬ 
bitrary  fora  and  to  any  incompressible  stroaa  of  tho  gao 
phase  of  the  aerosol. 

In  Chapter  III  are  considered  some  general  results 
of  experimental  investigations  of  the  mloro structure  of 
clouds  and  fogs. 

The  most  widely  used  method  of  studying  the  micro- 
structure  characteristics  of  olouds  and  fogs  is  presently 
the  aethod  of  inertial  precipitation  of  drops  from  the 
stream  on  obstacles  covered  with  special  oil  to  prevent 
the  trapped  particles  from  evaporating.  However,  the  use 
of  this  method  for  surface  and  aerostatic  measurements  was 
associated  In  the  case  of  the  majority  of  investigators 
with  the  use  of  such  trapping  devices  (drop  trap),  whloh 
in  principal  did  not  make  it  possible  to  eorreot  the  re- 
eultant  distribution  functions  by  introducing  the  oapture 
coefficient.  It  is  obvious  that  as  a  result  of  such  ex¬ 
periments  tho  data  obtained  on  the  distribution  funotione 
of  oloud  drops  by  dimensions  (drop  Bpeotra)  were  distorted. 

On  the  basis  of  the  theoretical  investigations  de¬ 
veloped  In  Chapter  I  of  the  book,-  general  requirements  for 
drops  of  cloud  particles  (particles  of  ooarsely-dlepereed 
aerosols)  were  formulated  and  the  principal  scheme  end  the 
principal  parameters  of  the  traps  were  chosen.  At  the 
beginning  of  Chapter  III  is  presented  a  deeoription  of  the 
construction  of  such  traps.  The  described  eurfaoe  and 
aerostatic  traps  of  cloud  drops  differ  appreciably  from 
those  previously  employed.  In  gathering  samples  a  station¬ 
ary  air  stream  is  established  in  the  trap  and  this  stream 
le  incident  on  the  receiving  part  of  the  trap.  The  veloolty 
of  the  stream  can  be  readily  measured  with  the  aid  of  a 
simple  device.  The  statlonarlty  of  the  veloolty  and 
knowledge  of  it3  magnitude  make  it  possible  to  eorreot  the 
distribution  function  of  the  trapped  particles  by  taking 
into  account  the  captured'  coefficient.  By  introduolng  a 
shutter  which  opens  the  receiving  part  of  the  drop  for  a 
definite  adjustable  time  it  becomes  possible  to  determine 
not  only  the  distribution  function  of  the  drops  but  also 


the  oount  concentration,  the  water  oontent,  wad  the  specif la 
cross  Motion  of  til#  drop*  in  the  cloud. 

me  large  atatiatioal  Material  on  the  aieroatruoture 
of  olotida  and  artificial  fogs,  gathered  with  the  aid  of  the 
traps ,  obeys  well  a  logarithaioally-norsal  drop  distribution 
by  diaenslons  and  is  veil  approxiaated  by  gaaaa- distribu¬ 
tions.  A  staple  prooodure  is  described  for  very  fine 
agreeaent  between  the  experlaeatal  Material  and  the  gaaaa- 
distributions.  The  use  of  gaaaa ’distributions  siaplifles 
the  solution  of  aany  theoretical  probleas  connected  with 
the  funotions  of  the  distribution  of  aerosol  particles  by 
dlaenalons.  In  particular,  it  aado  it  possible  to  obtain 
an  analytlo  expression  for  mo  optical  density  of  a  cloud 
and  to  analyse  the  Influence  of  various  paraaeters  of  the 
phenoaenon  on  the  attenuation  of  the  electromagnetic  radi¬ 
ation  in  the  clouds,  finally,  in  Chapter  III  are  described 
the  spaoe-tlae  fluctuations  of  the  alorostruotural  charac¬ 
teristics  of  the  clouds,  observed  with  the  aid  of  these 
traps  and  reflecting  the  turbulence  of  the  average  scale. 

In  order  not  to  clutter  up  the  main  text  of  the  book, 
aany  aathoaatioal  discussions  have  been  transferred  to 
appendloes. 

In  conclusion,  I  consider  it  ay  pleasant  duty  to 
express  sincere  gratitude  to  Aoadealoian  Ye.  E.  Fedorov  for 
much  valuable  advice  and  for  continuous  interest  in  the 
present  work. 

L.  M.  Levin 


PRINCIPAL  SYMBOLS  AND  DEFINITIONS 


we  present  below  the  principal  symbols  used  in  the 
book.  For  the  most  important  symbols  we  indioate  in 
parentheses  the  page  on  which  they  are  introduced. 

A  —  Aspiration  coefficient  (7) 

A f  —  Local  aspiration  coefficient  (7) 


a 


b 


i_  ; 

r  d8 


c 


d 


>)v9 
'  do 


—  Functions  defining  the  type  of  singular 
point  of  the  differential  equation  (241) 


o  —  Flow  concentration  (5) 

clk  ""  Capacitive  ooeffiolents  (246) 

D,  d  —  Diameters  of  particles 
I|i,  dp  —  Diameters  of  particles  in  microns 
dg  —  Mean  square  diameter  of  distribution 
dj  —  Mean  cube  diameter  of  distribution 

E  —  Capture  coefficient  (3) 

E/  —  Local  capture  coefficient  (4) 

Eq  —  External  eleotric  field  (13?) 
e  —  Elementary  oharge,  eccentricity  of  ellipse 


xll 


w 


f(r»*«  61)  —  Hitt®  of  the  fore®  of  eleetreatatlo  inter¬ 
action  between  too  spheres  and  tho  Oouloob 
oonpoaont  of  this  foroo  (104,  117) 

0|  —  unit  ooo tor  of  foroo  of  gravity  (10) 

C  —  Acceleration  duo  to  foroo  of  gravity 
-  a 

Si  *  (in)  —  Actio  of  cediacntatlon  velocities  of  too 
™  particles  (106) 

N(4)  —  Distribution  fun® t Ion  of  saapling  —  "aeouaulated 
frequency*  (192) 

I  —  nut  of  aerosol  particles  through  tho  collector  sur- 
fooo  (166)|  felneare  ladox  of  the  •  insular  point  of 
o  differential  equation 
J  ■  av  ••  fur  tide  flux  density  (5) 

K(e)  —  ruuotion  of  scattering  of  eleotroaagnetlo  radiation 
on  a  sphere  (207) 


Stokes  nuabor  (11) 


*d*| } 


1; 


/ 

I. 


2  if 


L-f(r.  *.  gi)  l 


Functions  determining  tho  olootrostatlo 
lndirootlon  of  two  charge  bodies  ( 1 17, 
249) 


I  —  Characteristic  length  (9) 

a  —  Calculated  concentration  of  tho  particles  of  a  poly- 
dioporood  aerosol  (94,  188) 

n  —  Counted  concentration  of  particles  of  eonodispersed 
aerosol  (3) 

n(d)  ••  Distribution  funotlon  of  aerosol  particles  by 
diacnolons,  normal  iced  to  unity  (94) 

p  m  -(a  ♦  b)i  q  *s  I*  --  Functions  deterainlng  the  type 

,e  ai  of  the  singular  point  of  the 

differential  equation  (241,  133) 
4y  —  Sleetrio  charge  of  larger  partiole  (104) 

••  lleotrie  charge  of  saaller  partiole  (104) 

I  —  Average  charge  of  aerosol  partiole 


k 


j 


J 

.■a 


xlil 


q,  ’,</  -  (/!—  Average  Absolut*  oharg*  of  aerosol  partial** 

Q  —  Bulk  flow  of  air  through  th*  instrument,  sink  (5,  82); 
•l*o trio  charge  of  collector  (163) 

—  3ulk  flow  of  air  through  a  unit  length  of  linear 
souro*  or  sink  (92);  eleotrlo  oharg*  of  oyllndrioal 
oo lleo tor  par  unit  length  (168) 


Cl/  * 

</  m  A  — -  —  7a ter  content  of  cloud  (188) 

it 


R  m  —  similarity  criterion  for  the  phenomenon  of  seat- 
'  taring  of  light  by  a  disperse  aerosol  (210) 


Ror  «• 


Rent  m 


Reynolds  number  of  streaa  (9) 


Reynolds  number  of  partiole  (11) 


Local  Reynolds  number  of  partiole  (9) 


r  —  Radius  vector  of  center  of  gravity  of  aerosol  partiole 


Sk~  Xldsoetion  of  the  collector  (1 


sn 


,  rt': 


5a  s  N  -  ;  -•  jocl.’ic  geometrj.c  crons  section  of  aerosol 
e  1  ;  articles  (186,  209) 


js  .V  V  K{t>)nid)Lkl  —  Specific  optical  cross  seotion  of 
opt  aerosol  particles  (208) 

S_  s  s'onnl  ovticcl  crc^s  s.'.ctti  (20)) 

*  3C 

slk  —  Potential  coefficient!'  (11*) 
t  —  Time 


u(r) 

ue»  - 

v(r) 


—  characteristic  time  (10) 

Veloolty  of  air  stream  (8) 

Unperturbed  velocity  of  air  away  from  obstaole  (9) 

Velocity  of  center  of  gravity  of  aerosol  partiole 
(8) 


▼o  *  v  -  u  —  Velocity  of  center  of  gravity  of  aerosol 
parti ole  relative  to  the  air  (8) 
w(a)  —  Complex  potontlal  of  two-dimensional  air  strean 

a  * - —  Coagulation  paras e  ter  of  two  opposltely- 

charged  aerosol  partloloa  (106) 

on  =  -  a  —  Coagulation  paranotor  of  two  lilce-oharged 
aoroaol  partloloa  (130) 

p=matx  ~  — 12 —  —  Coagulation  paranotor  of  noutral  larger 
,ixr4Dtu0O  partlolo  with  oharged  aaaller  ono  (121) 

p,  mm  !*L  a  —  Coagulation  paranotor  of  ohargod  largo 

%  3mi D'Un  partlolo  with  noutral  smaller  one  (121) 

eU* 

rm — — — —  Coagulation  paranotor  of  two  noutral  partloloa 
4’,ijDu0O  in  external  olootrlo  field  (139) 


.  « 

r.lz\= - - - C  pe~*dt  —  Inoonploto  gamma  function  of 

T,w  r (.  +  1)}  lndox  o(l96) 

9 

^  —  — hOl - Coagulation  paranotor  of  large  neutral  drop 

3*¥*ao4  with  ohargod  small  drop  in  an  external  elec¬ 
tric  field  (139) 

8* »  -  —  Coagulation  parameter  of  charged  largo  drop 

3wr.<W>‘  with  neutral  small'  drop  in  external  electric 
field  (139) 

^  s  ux  -  iuy  —  Complex  velocity  of  two-dimensional  air 
*  stream 

jj  —  Coefficient  of  viscosity  of  air  (11) 

„ _ „  _ _ i  --  Ratio  of  electric  charges  of  aerosol 

particles  (104,  130) 

Xf  —  Dynamic  form  coefficient  (9) 


v*_2.  —  Kinematic  coefficient  of  viscosity  of  air  (9) 

F'u 

(ja  —  Density  of  air  (6) 

Pp  —  Density  of  aerosol  particle  (10) 


XT 


.  —  Dimensionless  oriteri *  characterising 

o,  =-=*  — ,  3,  *»  -  the  ratio  of  various  typos  of  eleotro- 

*  *  static  foroos,  aoting  on  a  snail  par- 

8,  s.  tide,  to  tho  inortial  foroos  (106, 

o,.*-'  121,  140,  144) 

**  —Relaxation  tine  of  aerosol  parti  ole  (20) 

$  ..  stream  function  of  air  current  (107) 

4>,  »  <l>  —  Special  stream  function  (107) 

u,  —  Veloolty  on  the  jet  boundary  in  streams  where  the 
jets  are  detached  (233) 
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CHAPTER  I 

EFFECT  OF  INERTIA  OF  AEROSOL  PARTICLES  ON  THE 
PRECIPITATION  AND  ASPIRATION 


1.  FORMATION  OF  PROBLEM.  CAPTURE  AND  ASPIRATION  COEF¬ 
FICIENTS. 

To  Investigate  aerosols,  it  is  necessary  to  measure 
their  counted  ooncentration  and  dispersion,  i.e.,  to  de¬ 
termine  the  distribution  funotion  of  the  aerosol  particles 
by  dimensions  (the  microetructure  of  the  aerosol).  With 
exception  of  a  few  methods  (which  for  the  time  being  are 
still  weakly  developed),  in  which  the  aerosol  particles 
are  directly  photographed  in  their  natural  state  [131], 
the  mlorostructure  of  the  aerosol,  is  usually  either  drawn 
in  (aspirated)  in  some  instrument  or  else  the  aerosol  par¬ 
ticles  are  precipitated  on  some  surfaoe.  Very  frequently 
both  operations  are  oarrled  out  simultaneously;  the  aerosol 
is  drawn  into  some  instrument,  In  vhleh  subsequently  the 
aerosol  particles  are  precipitated  on  various  types  of  sur- 
faoss.  This  operation  will  be  henoeforth  called  the  taking 
(gathering)  of  the  aerosol  sample. 

In  taking  a  saaple  of  a  coarsely-dispersed  aerosol, 
the  inertia  of  its  particles  may  eause  more  or  less  ap¬ 
preciable  changes  in  the  counted  concentration  and  in  the 
particle  distribution  funotion  by  dimensions,  compared  with 
these  characteristics  of  a  free  aerosol  (not  disturbed  by 
the  instrument).  These  changes  are  connected  with  the  fact 
that  the  aerosol  partloles  generally  speaking  do  not  follow 
the  ourrent  lines  of  the  air.  Let  us  illustrate  this  by 
means  of  very  simple  schemes  of  the  phenomenon .  Let,  for 


example,  «  stationary  potential  stream  of  mono- dispersed 
aerosol,  which  la  homogeneous  for  away 
flow  ftround  some  body  A.  thou,  tho  ftl 
have  tho  fora  shown  by  tho  doahod  lino a  in  Figure  1.  with 
oxooptlon  of  one  current  lino  00*,  whloh  terminates  on  tho 
obatoolo  at  tho  so- colled  forward  orltloal  point  of  tho 
stream  0  (whore  tho  streaa  velooity  la  equal  to  zero),  all 
tho  remaining  current  lines  will  flow  around  tho  body.  The 
trajectories  of  tho  aerosol  partlolea  are  shown  in  the 
same  figure  by  solid  linos.  By  virtue  of  tho  inertia, 
some  aerosol  particles  arrive  at  the  body  with  a  velocity 
whoso  component  normal  to  the  surface  of  the  body  is 
finite. 


Fig.  1 .  Diagram  showing  the  flow  of  an 
aerosol  around  an  obataole. 

Such  particles  will  strike  the  surface  of  the  body 
and  will  settle  on  this  surface  under  certain  conditions.* 
Were  the  mass  of  the  aerosol  parti ole s  very  large,  then 
their  trajectory  would  differ  little  from  straight  lines 
parallel  to  the  stream  velocity  at  infinity  u^,,  and  their 
velocities  would  everywhere  be  close  to  uK,.  In  this  case, 

there  would  settle  on  the  body  A  during  Mi©  ti/ne  T  all  the 
particles  contained  in  a  volume  UqoTS^,  where  5^  la  the 

aid-aectlon  of  the  body  A.  In  faot,  however,  the  two  par¬ 
ticle  trajectories  of  the  aerosol  particles,  whloh  have  a 
finite  mass,  are  ourved  as  shown  in  Figure  1.  Therefore, 
the  particles  that  oan  settle  on  the  body  A  Airing  the  time 
T  oome  only  from  the  volume  UoeTSj,  where  is  the  oroes 

seotion  (away  from  the  obstaole)  of  the  ourrent  tube  formed 

•We  shall  not  consider  toe  impact  of  the  particles 
against  the  surfaoe  and  will  assume  that  all  the  partiolee 
whose  trajectories  oross  the  surface  of  the  body  settle  on 
the  surface. 


from  the  obstaole, 
r  current  lines  will 


o 


b y  the  extreme  (Halting)  trajectories  of  tho  oontor  of 
gravity  of  the  partloloo  which  still  strifes  tho  obstoolo. 

If  tho  aorosol-partlolo  diaonslons  sro  ooaparable  with  tho 
dlaonslons  of  tho  obstoolo  A,  thon  wo  tofeo  into  oooount  tho 
so-oalled  "ooupllng  of  foot"  and  understand  by  "Halting 
trajectories"  tho  trajootorlos  of  tho  oontor  of  gravity  of 
tho  parti olo  suoh  that  a  partlelo  moving  along  suoh  a 
trajeotory  doss  not  strifes  tho  body  A,  but  is  aoroly  tan¬ 
gent  to  it  (Fig.  2). 


Fig.  2.  "Coupling  offset." 

By  eapture  coefficient  of  tho  obstacle  as  a  whole, 
E,  is  meant  the  quantity 


(I.D 


Knowing  the  number  of  particles  that  strike  tho 
obstoolo  A  during  tho  tlae  T,  Is  Is  possible  to  oaloulate 
the  counted  concentration  of  tho  partloles  In  tho  free 
aerosol,  V,  whloh  Is  equal  to  tho  nuaber  of  partloles  per 
unit  volume: 


M~JS| 


(1.2) 


where  w  =  SmTuo©  Is  the  volume  of  tho  aerosol  "flowing  onto" 
the  body  during  the  tlae  T.*  The  value  of  w  can  bo  readily 
deteralned  from  tho  oxporiaontal  conditions. 


♦In  the  foreign  literature,  this  volume  is  frequently 
oalled  the  volume  "swept"  by  the  obstoolo. 
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It  is  possible  to  define  quite  analogously  the  local 
capture  ooeffioient  as  the  ratio  of  the  oroes  section 
ffj  (away  from  the  obstaole)  of  the  current  tube  formed  by 

the  extreme  trajectories  of  the  partioles  that  still  strike 
the  area  0  of  a  specified  part  of  the  obstaole  (Fig.  3): 


Fig.  3.  Looal  capture  coefficient. 


It  is  easy  to  see  that  in  the  case  when  there  are  no 
foroes  to  attraot  the  aerosol  partioles  to  the  obstacle,  the 
capture  coefficients  E  and  Ej  will  be  the  larger  (other  con¬ 
ditions  being  equal),  the  larger  the  mass  of  the  particles, 
slnoe  the  trajectories  of  the  heavier  particles  will  bend 
less  than  the  trajectories  of  the  light  particles.  It  is 
obvious  that  in  the  case  under  consideration,  if  the  dimen¬ 
sions  of  the  captured  particles  are  negligibly  small  oompared 
with  the  dimensions  of  the  obstacle,  the  expression  0  «£  E  <  1 
will  hold  true.  If  the  dimensions  of  the  captured  particles 
are  of  the  same  order  as  the  dimensions  of  the  obstacle, 
then  the  upper  limit  of  the  capture  coefficients  is  increased, 
owing  to  the  coupling  effect,  to  a  value  of  the  order  of  4 
for  an  obstacle  whose  form  is  close  to  spherical,  and  to  a 
value  of  tho  order  of  2  for  a  cylindrical  obstaole. 

Processes  connected  with  the  aspiration  of  aerosol 
are  frequently  conveniently  characterised  by  the  number  of 
aerosol  particles  per  unit  volume  of  air  passing  through  the 
Instrument.  In  this  connection,  we  introduce  the  concept 
of  the  flow  concentration  of  the  aerosol  partioles. 

The  number  of  particles  passing  per  unit  time  through 
any  elementary  area  iff  located  on  the  flow  of  a  mono- 
dispersed  aerosol  is  expressed  by  the  formula 

indn  -  ntwfo, 
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where'  n  is  the  oounted  concentration  of  the  aerosol  par- 
tides;  j  s  nr  Is  the  flux  density  rector  of  the  aerosol 
par  tides*;  Jn  and  vn  are  the  oonponents  of  the  rectors  j 

and  r  normal  to  dff. 

Let  the  roluae  flow  of  air  through  the  sane  area  be 

dQ  =  Ma. 

where  un  is  the  coaponent  of  the  air  velocity  u  normal  to 
dtf.  We  shall  define  the  flow  concentration  of  the  aerosol 
partloles,  c,  as  the  number  of  aerosol  particles  flowing 
per  unit  tiae  through  an  area  normal  to  the  air  velocity 
and  calculated  per  unit  volume  flow  of  air  through  the  same 
area.  It  is  obvious  that 


r  _  «v»  _ 

~W~  «  *  (1.4) 

Analogously,  we  introduce  the  concept  of  average  flow  con¬ 
centration  of  the  aerosol  particles  passing  through  the 
finite  area  6 : 


J  nvnd’  J  ind’ 

(i#4a) 

where  Q  is  the  volume  flow  of  air  through  the  area  <5. 

It  is  obvious  that  for  an  .area  element  located  in 
that  place  of  the  aerosol  stream  where  the  aerosol  particle 
velocity  concldes  with  the  velocity  of  the  air  stream  (for 
example,  at  an  infinite  distance  from  the  instrument),  we 

have  c  =  Ccc  - 


*We  note  that  the  looal  capture  coefficient  is 
%  =  Jn/Jco  *  where  Jn  is  the  component  of  J  normal  to  the 

surface  of  the  body,  and  J**  is  the  modulus  of  the  vector  J 
at  infinity.  Analogously,  the  capture  ooeffiolent  of  the 
obstacle  as  a  whole  is 

where  Jn  la  the  average  value  (referred  to  the  mid-area)  of 
the  flux  of  the  vector  J  through  the  surface  of  the  body. 
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Pig.  4.  Diagram  of  trajectories  of  the 
Intake  of  aerosols  In  the  tubo. 


Let  us  consider  now  the  intake  of  aerosol  In  a  nar¬ 
row  tube.  For  this  purpoao  we  consider  the  motion  of  the 
particles  rf  a  monodioporsed  k-aroaol  in  the  field  of  a 
uniform  wind  in  the  presence  of  a  point  sink  located  at  the 
origin  0  (Fig.  4).  We  shall  assume  that  away  from  the  sink 
(tube)  the  particles  move  together  with  the  wind  at  velocity 
Uo,.  The  current  lines  of  the  air  whioh  are  produced  there¬ 
by  are  shown  in  Figure  4  by  the  dashed  lines.  The  dashed 
line  AB  corresponds  to  the  critical  current  line,  which 
separates  the  volumes  of  the  air  that  enter  into  the  sink 
from  the  volumes  of  the  air  that  go  past  it..,  The  trajec¬ 
tories  of  the  aerosol  particles  are  shown  in  Figure  4  by 
continuous  Hues.  In  this  case,  the  line  BjA  corresponds 
to  the  limiting  particle  trajectory.  It  is  easy  to  see 
that  the  ratio  of  the  average  flow  concentration  of_the 
aerosol  particles  entering  inside  the  sink  (tube).  cq»  to 

the  concentration  of  the  particles  away  from  the  sink,  c eo  » 
is  equal  to  the  ratio  of  the  transverse  cross  sections  of 
the  current  tubes  formed  by  tho  limiting  trajectory  of  the 
particles  and  the  critical  current  line 


where  py  is  the  distance  between  the  limiting  trajectory  of 
the  particles  and  the  abscissa  axis  away  from  the 
sink,  and 

Pq  is  the  corresponding  distance  for  the  critical 
current  line. 
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It  is  obvious  that  Oq/o^  £  1. 

In  analogy  with  the  eaptura  ooaffloiant  for  the 
•ottling  of  aorosol  partloloa  on  an  obstacle,  wa  Introduce 
tho  aepiration  coefficient  for  tho  caao  of  drawing  In  of 
an  aerosol  Into  soao  Instrument.  By  aspiration  ooofflelent 
A  of  tho  aorosol  as  a  whole  we  define  tho  ratio  of  the  full 
concentration  of  tho  partloloa,  axeraged  over  tho  inlet 
oross  section  of  tho  instrument,  c0,  to  tho  concentration 

of  tho  particles  In  tho  unperturbed  aerosol,  =  nco: 


A 


(1.5) 


In  analogy,  wo  can  Introduce  tho  concept  of  local 
aspiration  coof flc lent,  defining  It  aa  tho  ratio  of  the 
flow  oonoontratlon  of  the  particles  in  soao  place  In  the 
lnstruoent,  ot  ,  to  o«,  *: 


(1.5a) 


It  becomes  clear  in  this  connection  that  the  def¬ 
inition  of  the  capture  and  aspiration  coefficients  Is  one 
of  the  central  problems  of  the  mechanics  of  Inertial  set¬ 
tling  and  aspiration  of  aerosol  particles,  phenomena  which 
play  an  essential  role  In  many  processes  which  occur  In 
aerosols,  and  also  In  the  study  of  the  structure  of  the 
aerosol.  These  coefficients  can  be  determined  experimen¬ 
tally  or  calculated  theoretically. 

A  theoretical  determination  of  the  capture  and 
aspiration  coefficients  Involves  the  calculation  of  the 
trajectories  of  the  aerosol  particles  ralatlve  to  the  ob¬ 
stacle  or  to  the  Intake  Instrument •  These  trajectories  can 
be  determined  by  solving  the  equations  of  motion  of  the 
aerosol  particles  which  move  In  the  inhomogeneous  air 
stream.  To  determine  the  particle  concentrations  It  Is 
necessary  also  to  consider  the  equation  for  the  conservation 
of  the  number  of  aerosol  particles  (the  continuity  equation). 
A  derivation  of  these  equations  will  be  considered  in  the 
next  section. 

*  <’e  recall  that  the  capture  and  aspiration  coeffi¬ 
cients,  introduced  with  the  aid  of  formulas  (1.1),  (1.3), 
(1.5),  are  defined  for  a  monodisperetd  aerosol  (the  lso- 
dlspersed  fraction  of  a  polydispereed  aerosol). 
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2.  EQUATIONS  OF  MOTION  AND  CONTINUITY  FOR  AEROSOL  PARTICLES 


we  shall  oonaider  the  equations  of  motion  of  aerosol 
partiolos  In  the  Inhomogeneous  stream  of  Its  air  ooaponent 
under  the  following  assumptions. 

a)  The  air  stream  Is  stationary  (relative  to  the 
ohstaole  or  the  aspiration  instrument). 

b)  The  presence  of  aerosol  partioles  does  not  In¬ 
fluence  the  motion  of  the  air  or  the  motion  of  each  of  the 
partioles.  Usually  the  volume  conoentration  of  aerosol 
partioles  is  small.  Thus,  the  water  content  in  a  cloud  is 
on  the  order  of  t  g/m3,  l.e.,  the  volume  of  drops  in  a 
oloud  is  approximately  ous  millionth  of  the  volume  of  the 
air  in  which  they  are  situated.  This  oircum stance  Justifies 
the  present  assumption.  However,  in  the  case  when  the 

aero  sol- par  tide  dimension  is  comparable  with  the  dimension 
of  the  obstacle,  appreciable  hydrodynamic- interaction  forces 
can  arise,  where  one  can  nr  longer  regard  tho  mot  on  of  the 
air  stream  c.s  determined  ov.~y  by  the  obstacle,  ;3ich  a  olr- 
oumstanoe  can  arise  whan  the  distance  from  par  Mela  to  the 
obstacle  is  on  the  order  of  the  dimension  of  the  particle. 

c)  The  aerosol  particle  is  acted  upon  by  an  aero¬ 
dynamic  force  Ft,  the  force  due  to  gravity  Fr,  and  other 

forces  Ff ,  F2,  ...,  (for  example,  different  r.  e  tro static 
forces ) . 

d)  The  shape  of  the  particle  is  spherical.  In  this 

case 


Fa  -  cx  [«i  (r,)  —  vx  (r ,)]. 

4  - 


where  r^  io  the  radius  c  i  the  vector  of  ihe  particle 

center  of  gra'  ity  ; 

Vj  its  velocity  vector; 
d  the  diameter  of  the  particle; 

Uj(ri)  the  velocity  field  of  ^he  a.  v  stream; 

/Ob  the  air  density; 

o#,  =*  | «rt  —  Oj|  t  ie  modulus  of  the  velocity  v^1  ol  the  par- 

tlole  relative  to  the  air;  and 
Cx  a  dlmensionlejit  resistance  coefficient. 


.  ihe  velooity  field  u(rj)  1*  a  funotlon  of  tho 
Reynolds  nuabor  of  tho  stream 


V 


where  i  lo  tho  ohmraoteristio  dlaoaolon  of  tho  obstaole 

(Instrument) ,  for  example  tho  radluo  for  a  sphere 
or  a  tube,  tho  half-width  for  a  plate,  etc.; 
uM  lo  tho  velocity  of  tho  air  otrooa  Incident  on  tho 
obotaolo  (Inotruaont),  and 
*v>  lo  tho  klnoaatlo  vlsooslty  ooofflflont. 


On  tho  othor  hand,  tho  ooefflelent  o  lo  a  funotlon  of 

tho  local  Reynold o  nuabor  for  tho  partlolo,  Rect  *  dTR1  . 

V 


When  Rop2  <  1  or  Repj  ^  1 ,  wo  go  owor  to  tho  so- 
oallod  Stokoo  case  of  flow  around  a  ophoro,  when* 


Fa  —  3**MWjr,;  cx »»  — . 

**pt 


(I.6a) 


If  tho  partlolo  la  not  ophorloal,  wo  shall  average 
tho  aerodynamic  foroo  owor  different  orientations  of  tho 
partlolo  relative  to  tho  velocity  vRt  and  different  Reynolds 

numbers,  and  assume  that  Fa  can  bo  expressed  by  formula 
(1.6),  where  cx  differs  from  the  resistance  coefficient  of 
the  sphere  by  a  certain  faetor  Xfj  which  Is  oalled  the 
dynamic  form  coefficient,  end  by  d  is  meant  the  dlaaetor  of 
the  sphere,  the  volume  of  which  is  equal  to  the  volume  of 
the  particle.** 


On  the  assumptions  made,  the  differential  equation 
of  motion  of  the  particle  In  a  coordinate  system  conneoted 
with  the  obstacle  In  the  flow  (or  the  aspiration  Instrument) 
can  be  written  In  the  following  fashion: 


*Similar  Information  ooneemlng  the  applicability 
of  the  Stokes  formula  to  spherloal  particles  of  ooarsely- 
dlapersed  aerosol  are  given  In  [66,  Seotlons  7,  to,  IT J • 

♦♦Information  on  the  value  of  Xf  Is  found,  for  ex¬ 
ample,  In  the  book  by  N.  A.  Puke  [66,  Seotlon  12]. 
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(1.7) 


where  /Op  la 

g  la 
Gj  la 
Pi  la 
t)  la 


t ha  density  of  tha  partiole; 

tha  acceleration  due  to  tha  foroa  of  gravity; 
lta  unit  vector; 

tha  aua  of  all  tha  remaining  foroaa;  and 
tha  time. 


In  aquation  (1.7)  we  go  over  to  dlaanelonlaaa  quan- 
tltlaa,  choosing  u9  aa  tha  unit  of  veloolty  and  l  aa  tha 
unit  of  langth.  Than,  tha  unit  tlaa  auat  ba  ohosan  to  ba 

-  ,  which  Is  the  time  that  the  path  all  Is  travaraed 
u 

at  a  velocity  uoo*  Ihen,  the  dlmenalonleaa  velocities  are 
_  _  •»  „  _  «»  „  _  the  dimensionless  radius  vactor  la 

<§  &s  —  ,  U  =  —  ,  Vr - , 


r  = 


[i 

l 


and  the  dimensionless  time  Is 


.  1 1  tluoo 

t  =*  —  =•  ■  . 

U  l 


The  dix'f arential  equation  (1.7)  for  these  quantities 
assumes  tha  form 


where 


dv  ,  ,  4 

V.-=v*(u-V)+  - - r 

dt  6  ?acxul 


(1.8) 


z  = 


4_ 

3 


£  .  it  .  i; 


Fi(r)  la  a  quantity  that  haa  tha  dlaenalon  of  a 
foroa.  Its  fora  depends  on  tha  specific  expression  for  tha 
foroa  Ft;  for  tha  partioular  oases  of  eleotrostatlo  foroas 

this  expression  will  ba  considered  below  (sea  Chapter  II). 
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Zb  this  fora*  the  equation  la  convenient  for  uao  at 
largo  valuee  of  Ropf ,  when  the  ooafflolOBt  ox  boooooa  also  at 

constant  and  haa  an  approximate  0*4.  Par  aaall  aad  aodlua 
raluoa  of  It  la  convenient  to  uao  a  dlfforont  fora  of 

equation  (X.8). 

VO  lntroduoo  for  the  ratio  of  the  coefficient  oz  to 
tho  Stokoa  raluo  ox  *  24/Rep{  tho  notation 

«(*««)-  .  (i.9) 

than  re writ*  (Z.8)  in  tho  fora 


77+»-«(r.  R«.)+  iFr  a,+i—H~  f,(r\  U.»o) 

c  •'  c  e 


la  a  dlaonalonleaa  paraaeter,  called  tho  Stoke  nuaber*; 
lo  the  ooofflolont  of  vlsooslty  of  alrt  aad 

la  the  Froude  nuaber. 

Froa  equations  (1.8)  and  (X.10)  we  see  that  tho 
phenomenon  of  tho  settling  of  an  aerosol  on  an  Obstaolo  (or 
aspiration  of  an  aerosol  through  an  iastnuaeat)  Is  determined 
by  tho  dlaensloaless  paraaeter s  k  (or  %)*  R*u,  Ropj,  Pr,  and 

also  by  paraaeter s  oonaeoted  with  tho  fora  of  tho  foroos  Ft 
(see  Chapter  II).  In  place  of  the  paraaeter  ROpj .  which  has 

a  variable  value  on  the  trajectory.  It  Is  convenient  to 
introduce  the  Reynolds  nuaber  of  the  partlole  Re, ■»  — — 


Wo  can 


where 


*F or  non-apherlcal  particles 


f^co 


iSlj/H/  ' 

is  the  dynamic  form  coefficient  (see  page  9). 


where  Xf 
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whloh  la  oonstant  on  all  trajoctorlss. 

Inasmuch  aa  RSp/Rau  *  d/d ,  than  If  geometrical  sim¬ 
ilarity  la  maintained  const j  ?or  thn  precipitation 

(aaplratlon)  phenomena,  tha  slmllarl ty  of  thaaa  phanoaana 
la  guaranteed  by  tha  equality  of  tha  alallarlty  orltarla 
k,  Rap*  Fr  and  a  few  othar  paraaatara  oonnaotad  with  fora 

of  tha  foroaa  Ft*  Wa  note  that  wheraaa  tha  Raynolda  num- 

bara  oharaotarlsa  tha  ratio  of  tha  lnartlal  foroaa  acting 
on  tha  alanantary  volumes  of  tha  air  to  the  vlaooalty 
foroaa,  tha  3tokes  nuabar  k  characterises  in  perfaot  anal¬ 
ogy  tha  ratio  of  the  lnartlal  foroaa  aotlng  on  a  partiole 
to  tha  aerodynaaic  foroaa. 

Very  frequently,  over  large  Intervale  of  the  Reynolds 
nuabar  a,  the  velocity  field  and  tha  coefficient  c  (or  cx) 

are  aelf-elmllar  with  reepeet  to  tha  Raynolda  nuabar,  l.a., 
they  are  independent  of  the  latter.  In  particular,  when 
Rep  <  1  or  Rep  1  the  value  of  o  le  equal  to  unity  with 
great  ac curacy.  On  tha  othar  hand,  at  large  values  Rep; sgt 

^10^  i  3*10^  the  coefficient  cx  ArfO.4  and  consequently 
the  coefficient  cx  la  self- similar  with  reapaot  to  Rapt* 

In  most  practical  cases  (with  the  exception  of  prob¬ 
lems  connected  with  icing  of  an  airplane  and  preolpltatlon 
on  very  small  obstacles)  the  velocity  field  u(r)  Is  self- 
similar  relative  to  Rep,  and  the  ooefflolent  o  can  be  as¬ 
sumed  equal  to  unity.  Than  equation  (1*10)  aesuaes  the  form 

k7i +  v  * u  +  *Fr  °i  +  *  — (i.i2) 

In  the  investigation  of  particle  trajectories  with 
respect  to  an  airplane,  it  is  necessary  to  taka  Into  ac- 
oount  tha  fact  that  tha  velocity  field  u(r)  la  usually 
•elf-ilmilar  relative  to  Reu,  but  tha  value  oi  Rapt 
greatly  axoaada  unity.  It  Is  no  longer  possible  to  assume 
hare  that  o  »  1.  Within  tha  limits  Rapt  <  103,  the  quan¬ 
tity  ox  can  be  wall  approximated  by  tha  expression  [41] 
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.  Taking  this  expression  Into  account,  equation  (I. 10), 
neglecting  tho  fore#  of  gravity  and  tho  foroos  Ft,  ossunos 

tho  forn  usually  employed  in  tho  lnveatlpatloa  of  tho  iolng 
of  an  airplane  or  tho  settling  of  aerosol  parti olos  on 
largo  obstaslos  at  largo  strsan  velocities: 

*  -  » l« (r)  —  o(r)U  1  +  0, 17Rep* |  a  —  o |v‘l.  (1.14) 

it 

In  sottling  of  aorosol  parti olos  on  snail  obstaolos, 
when  Roy  —  1  +  100,  it  is  nooossary  to  toko  into  aeoount 
tho  dependence  of  tho  fiold  u(r)  of  Rou*  In  this  easo,  tho 
equation  (1.12)  is  usod,  in  which  (u  a  u(r),  Rou). 

Each  of  tho  oquatlons  (1.8),  (1.10),  (1.12),  and 
(1,14)  roprotonts  a  syotoa  of  throo  seoond-order  ordinary 
difforontial  aquations  for  tho  ooordinatos  x,  y,  and  s  (or 
for  ooao  eurrilinoar  ooordinatos  qj,  qgi  qj)»  rogardod  as 

funotions  of  tho  tino  t.  Tholr  solution  oorrosponds  to 
doflnito  tra joe tor las  for  oortain  opooifiod  initial  con¬ 
dition  a,  l.o. ,  values  of  x,  y,  s,  t,  f,  i  at  a  oortain  dof¬ 
lnito  Instant  of  tino.  Usually  ono  assunos  as  tho  initial 
eondltlon  tho  oquallty  of  tho  aorosol  partlolo  Toloolty  to 
tho  velocity  of  tho  air  stroaa  away  froa  tho  obstaelo  of 
tho  aspiration  inatruaont. 

One  can,  however,  Interpret  tho  foregoing  oquatlons 
in  a  different  fashion,  oonvonlont  for  aany  theoretical  con¬ 
siderations  [116].  Assune  that  for  a  aonodlsporsod  aorosol 
there  are  specified  at  the  instant  of  tino  to  values  of  tho 
velocity  v0(r)  on  a  certain  surfa'oo.  Then,  the  oontinuun 
of  the so  Initial  conditions  will  correspond  to  a  oontinuun 
of  trajeotorles,  which  will  usually  fill  densely  a  oortain 
region  of  spaoo  [wo  shall  assune  that  in  this  region  the 
solutions  of  equations  (1.8)  —  (1.14)  are  continuous  with 
respect  to  the  initial  conditions].  In  this  region  wo  eon 
then  consider  the  notion  of  an  ensemble  of  particles,  obey¬ 
ing  the  equations  of  notion  (1.8)  —  (1.14)  with  initial 
conditions  v(r,  to)  =  vo(r),  as  tho  notion  of  a  oortain 
aorosol  pseudo-liquid,  tho  volooity  fiold  of  Whloh  v(r) 
satisfies  the  above-men tlonod  equations.  In  this  ease,  tho 
derivative  dv/dt  in  equations  (1.8)  --(1.14)  nust  bo 
understood  as  tho  total  derivative  of  tho  stationary  field 
v(r)  in  the  moving  pseudo- liquid,  and  it  oust  bo  roplaood 
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bj  the  expression  ™  =  (rv)  c  *. 


Under  this  interpretation  of  the  aerosol- par  tide 
motion,  the  oounted  particle  oonoentration  of  the  aerosol 
corresponds  to  a  density  of  the  pseudoliquid*  and  the  con¬ 
dition  of  conservation  of  the  nuaber  of  aerosol  partioles 
can  be  written  in  the  form  of  a  oontinuity  equation  for  the 
pseudoliquid.  We  can  therefore  write  for  the  oounted  con¬ 
centration  of  the  aerosol  particles*  and*  in  the  regions 
where  there  are  no  surfaoes  on  whioh  the  aerosol  partioles 
can  settle  and  where  there  is  no  coagulation  of  the  aerosol 
partioles,  the  following  equation 

div  (no)  =  0,  (1.15) 

which  for  nunstationary  streams  has  the  form 

-  4  div (nv)  =»  0.  (1. 15a) 

!I!ha  aggregate  of  one  of  the  equations  (1.8)*  (1.10)* 
(1.12),  or  (1.14)  with  equation  (1.15)  simultaneously  with 
the  boundary  conditions  (whioh  are  usually  specified  at 
infinity)  yield  the  solution  of  the  problem  concerning  the 
velocity  field  (trajectories)  and  the  partlole  concentration 
of  an  aerosol  flowing  around  the  obstacle  or  drawn  into  an 
instrument. 

3.  CERTAIN'  G2N2TLAL  CONf'SCJUKHCE?  OP  THE  EQUATIONS  OF  MOTION 
AND  CONTINUITY  FOR  AEROSOL  PARTICLES 


Let  us  consider  the  case  of  stationary  motion  of 
relatively  small  aerosol  particles,  when  the  velocities  of 
the  air  stream  are  small*  l.e.,  when  the  looal  Reynolds 
number  la  R<  »  ^  1.  la  this  case  the  motion  is  described 
by  equation  *(12),  which  we  rewrite  for  brevity  as 

_  k  m  =  *  f  F,  (1.16) 


♦It  must  be  noted  here  that  for  a  non stationary  air 
stream  all  the  equations  (1.8),  (1.10),  (1.12),  and  (1.14), 
retain  their  form,  but  the  velocities  in  them  will  depend 
on  the  time,  and 


dt 


Otirj) 

DA 


=  jt  +  («?)  * 
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taking  tha  vector  P  to  naan  tha  sum  of  tha  feroaa  of  grav¬ 
ity  and  tha  remaining  foroaa  [together  with  tha  oonotaat 
ooaff Iolanta  whioh  ara  oontalaad  In  agnation  (1.12)].  wa 
•hall  aaauna  that  sufficiently  far  fran  tha  ohataelaa  or 
tha  lnatruneata  (at  Infinity) ,  share  tha  gradlant  of  tha 
air  velocity  la  lnflnltaly  wall,  tha  aaroaol  partlolaa 
nova  together  with  tha  air.  Vs  aaauna  furthar  that  at  In¬ 
finity  tha  counted  oonoantratlon  of  tha  aaroaol  partlolaa 
la  unlforn  and  aqual  to  nw.  Lot  ua  dwall  first  on  two 
extreae  oaaaa,  oorraapondlng  to  vary  larga  and  vary  snail 
partlolaa.  In  tha  fornar  oaaa,  tha  Stokes  number  k  la  vary 
larga  and  aooordlng  to  foraula  (I. Id)  tha  darlvatlva  Dv/Dt 
la  vary  snail,  while  tha  valoolty  v  ehangaa  vary  little 
along  tha  partlola  trajectory.  Consequently,  In  this  oaaa 
dlv  v  5^0.  In  tha  aaoond  ease  k  soO  and  It  followa  fron 
(1.16)  that  dlv  v  *s*div  (u  ♦  F).  If  at  tha  aana  tine  tha 
valoolty  field  u(r)  and  tha  foroe  field  P(r)  are  adenoidal, 
l.a«,  dlv  u  s  0  and  dlv  P  a  0  (this  la  tha  oaaa  with  tha 
valoolty  flalda  of  an  lnoonpreaalble  liquid  and  with  tha 
field  of  tha  foroa  of  gravity,  of  a  Coulonb  eleotroatatlo 
field,  ato.),  than  dlv  v  «^0. 

The  continuity  aquation  (1.16)  oan  ba  rewritten  as 

’n  'JTt  ~ div w.  (I. 17) 

In  both  aaymptotlo  oaaaa  oonaldarad  dlv  v«0  and  by 
virtue  of  formula  {I. 17) the  derivative  la 


Consequently,  tha  oounted  partlola  oonoantratlon  of  tha 
aerosol  along  tha  partlola  trajectories  renalna  constant. 

But  at  infinity,  in  accordance  with  our  condition,  tha 
concentration  is  homogeneous  and  is  tha  sane  on  all  trajec¬ 
tories.  Consequently,  for  vary  large  aerosol  particles 
(k  — *  00 )  and  for  vary  small  partioles  (k  -a  0;  dlv  (u+F)xO), 
the  counted  concentration  n  is  homogeneous  for  tha  entire 
volume  filled  with  trajectories,  starting  at  infinity, 
where  n  -  Qa  [29]. 

For  intermediate  values  of  the  Stokes  number  k,  the 
counted  concentration  varies  in  the  stream.  Let  us  demon¬ 
strate  this  for  a  potential  stream  u(r)  and  for  foroe 


15 


fields  F(r)  possessing  a  potential.  We  assume  that 

a(r) » grad f(r),  F(r)  - -grade/ (r).  (1.18) 

where  Hr)  la  tha  potaatlal  of  tha  air  fiald  and 
U(r)  la  tha  potantlal  of  tha  foreaa  F. 

A.  N.  Yagloa  and  A.  Rob In ton  have  shown  that  In  thla 
tha  yalooltj  fiald  of  tha  aarosol  partlola  y(r)  will  alao 
ba  potantlal  [116]*,  Vo  prove  thla,  lat  ua  oonaldar  tha 
circulation  r  of  tha  yalooltj  y  oyar  a  oartaln  oloaad  con¬ 
tour  oonnactad  with  tha  partiolaa.  than.  In  aooordance 
with  tha  wall  known  fiald- theorem,  tha  darlyatlya  dr  /dt  la 
equal  to  tha  circulation  of  tha  aooalaratlon  dy/dt  oyar  tha 
same  contour  [16,  section  21 ]. 

On  the  baais  of  aquation  ( 1 6 )  wa  gat 

from  which  it  follows  that  T  »  Tq  a” .  Thus,  If  tha 

circulation  of  tha  yaloclty  v  oyar  tha  contour  oonnaotad 
with  tha  partlclaa  la  aqual  to  saro  at  some  Instant  of 
time,  It  will  ba  aqual  to  aero  on  thla  contour  (whloh 
■oyaa  In  apace)  at  any  other  Instant  of  tlaa.  But  at 
ta«flo  (l.a«,  far  away  from  the  obataolea  and  the  instru¬ 
ments  ) ,  the  valooity  y  of  tha  aerosol  partiolaa  oolnoldes 
with  tha  velocity  u(r)  of  the  air,  and  in  view  of  the  faot 
that  the  field  u  is  potential,  the  circulation  la 

|>  odl  =  £  udl  =  0. 

It  follows  therefore  that  r  q  =  0  and  consequently 
T  s  O.  This  means  that 


rot o  -  0  (1.19) 

and 

v(r)  grad$(r).  . 


#A.  M.  Yagloa  reported  the  results  of  his  investiga¬ 
tions  in  1951  at  a  seminar  of  the  Qeophyslos  Institute  of 
the  Aoademy  of  Sciences  USSR,  but  they  ware  never  printed. 
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Slnoe  as  a  result  of  (1*19)  wo  haw# 

(wv)e  -  i|rtdo*  +  |o.  ro(e|  - 

aquation  (1.16)  with  aooount  of  foraula  (Z.18)  and  (1.19) 
oan  ho  writ ton  in  tho  fora 

±gradc*  +  gredd-grad(f-t/).  (J#21) 

Equation  (1.21)  has  a  first  intogral  analogous  to 
tho  Bomoulll-Sulor  intogral  [  15,  pago  115] 

?-ffifr+«r+ofn— u-22) 

Lot  us  asouao  now  that  tho  veloolty  fiold  u(r)  and 
tho  foroo  fiold  F  aro  oolonoidal  aad  lot  ua  apply  tho  di¬ 
vergence  operator  to  tho  right  and  loft  halves  of  aquation 
(1.16).  Then,  by  Tirtuo  of  tho  foot  that  floldo  u  and  F 
aro  solonoldal  wo  got 


*diV(f?)  +  div®~°-  (1.23) 

TwJtlng  (1.19)  Into  account  wo  oan  readily  show  that 

div(— \  -£-(divo)  +  //, 
l  Dt  ’  Dt 

where 

H  m  (grad  o,)*  j-  (grad  vy)*  +  (grad  c,)*. 


Equation  (1.23)  with  aocount  of  foraula  (1.24)  as¬ 
sumes  the  form 


(1.24) 

(1.25) 


k  —  (div  v)  +  div  v  m  —  kH.  (1.26) 


This  aquation  can  be  regarded  as  an  ordinary  differ¬ 
ential  equation  for  tho  unknown  variable  div  v,  If  wo 
recognize  that  the  oporator  D/Ot  denotes  differentiation 
with  rospeot  to  time  while  following  along  the  vector  line 
of  the  field  v(r),  l.e.,  while  following  along  the  partlole 
trajectory. 
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•  Equation  (1.26)  has  a  solution 


dive 


Ce~l/k  —  t-*'k 


If  wo  ohooaa  as  the  initial  instant  of  tine  to  the 
tlae  when  the  partial#  is  looated  sufficiently  far  away 
froa  the  obstacle  or  the  aspiration  instrument,  then 
(div  v)t  .  to  s  (dlT  u)t  a  to  *  0  ^  ooneequently  the 

sought- for  solution  of  equation  (1.26)  under  our  assumptions 
will  be  the  expression* 


Inasmuch  as  the  function  H  is  always  non-negative,  it 
follows  from  (I.  27)  that 

dive<0,  (1.26) 

and  the  equality  sign  in  (1.26)  is  obtained  only  when  H  a  0f 
l.e.t  when  the  stream  v(r)  la  homogeneous.  On  the  other 
hand,  the  homogeneity  of  the  stream  v(r) ,  in  accordance 
with  equation  (I. 16),  will  ooour  only  When  the  field  u  ♦  P 
is  homogeneous,  l.e.,  praotieally  in  the  absence  of  forces 
and  when  the  field  u  is  homogeneous,  if  at  the  same  time 
v  a  u  everywhere. 

Comparing  equations  (1.28)  and  (1.17)  we  arrive  at  a 
conclusion,  deduced  by  Robinson,  that  the  counted  concen¬ 
tration  of  the  aerosol  partloles  is  an  increasing  function 
of  the  tlae  along  the  particle  trajectories  [ll6j,  with 
exception  of  the  trivial  oase  when  v  a  u  a  oonet.  In  the 
latter  case,  the  oonoentratlon  remains  oonstant  along  the 
trajectory.  This  means  that  for  any  flov  of  aerosol  around 
obstacles  or  for  aspiration  of  aerosol  by  Instruments,  the 
counted  concentration  of  the  partloles  of  the  aerosol  is 
Inhomogeneous  near  the  obstacles  [29]. 

Furthermore,  inasmuch  as  when  1c  a  0  and  k  -*  op  the 
particle  concentration  is  inhomogeneous,  and  when  k  96  0  it 


^Equation  (1.21)  will  also  have  a  solution  when 
div  v  s  0  on  some  arbitrary  point  of  the  trajectory. 
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la  lnhoaogeneous,  it  follows  therefore  (aa  a  raault  of  tha 
continuity)  that  aa  tha  Stokes  nuabor  k  Increases,  tha  ln- 
hoaogenelty  of  tha  counted  ooaoaatratiaa  first  iaoraaaaa 
and  than  decreases.  fhia  aeons  that  *aa  aa  aevoaol  flow* 
around  aa  ohataala  or  ia  aspirated  ita  diatribatiaa  funo- 
tioaa  by  dlaaoaioaa  always  change  relative  to  tha  un¬ 
perturbed  aaroaol  [29]. 

Wa  aota  finally  that  froa  tha  aoadltloa  dir  v  «  0 
(whan  k  ftO)  it  follows  froa  (Z«9tf)  that  tha  fiald  v(r)  la 
hoaogeneous  (alaoa  H  *  0).  Thus,  if  tha  velocity  fiald  la 
lnhoaogeneous,  than  than  k  at  0  it  la  aot  aolaaoldal 
(dlv  v  »  0)  [29jT 

4.  EXACT  SOLUTIONS  OP  SIMPLEST  EQUATIONS  OF  MOTION  OF 
AEROSOL  PARTICLES 

lha  aquation  a  of  notion  of  aaroaol  partlolaa  ara 
uaually  nonllnaar  (owing  to  tha  aonllhaor  dapandaaoa  of  tha 
velocity  fiald  u  aad  of  tha  foroaa  P  on  tha  ooordlnataa ) . 

By  Tlrtua  of  thla  olreuastanee,  tbair  aolutloa  antaila 
graat  aathcaatleal  dlffloultlaa  aad  haa  boon  earrlad  out  In 
aoit  lnvaatlgatad  oaaaa  by  nuaarloal  aathoda.  However , 
thara  exist  several  aohaaaa  of  notion  (to  ba  aura,  vary 
alapla  onen),  whan  it  la  poaalbla  to  obtain  aaalytio  solu¬ 
tions  of  tha  aquations  of  notion.  Slnoa  it  is  poaalbla  to 
traoa  on  thasa  vary  alapla  aohaaaa,  in  axpllolt  fora, 
oar tain  general  laws  of  tha  notion,  it  la  of  lntarast  to 
oonaldar  thasa  sohaaas. 

A.  Lat  us  consider  with  tha  wary  slapla  oaaa,  first 
oonsldarad  by  Albrecht,  of  tha  notion  of  saall  aaroaol  par¬ 
ti  ole  a  In  a  hoaogeneous  alrstreaa  In  tha  absenoe  of  foroaa 
P  [79] •  In  view  of  tha  Absenoe  of  a  aharaeterlatlo  streaa 
dlaenslon  in  this  oaaa.  It  la  wore  convenient  to  oonaldar 
tha  aquation  of  notion  In  dlaenalonal  fora 


3*v*(m  — o i)  +  mgG|. 


Dividing  this  equation  by  3fflid,  wa  rewrite  it  in  tha  fora 

*  1  -f  =  ®i  ■f'  ■  •*»  ( I  •  29 ) 
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where 

1*.  (1.30) 

la  *  quantity  haring  the  dimens tonality  of  tin*  and  oallod 
tha  "relaxation  time";  uq  is  tha  sum  of  tha  oonatant  vec¬ 
tors  u  and  TgOi  (tha  lattar  vac tor  la  equal  to  tha  veloolty 
of  sedimentation  of  tha  partiolea). 

Taking  a  plana  Carte aian  ay a tea  of  coordinate a  suoh 
that  at  the  initial  lnatant  of  tiaa  (tj  *  0)  tha  origin 

coincides  with  tha  position  of  tha  particle,  the  Ox  axis  la 
parallel  to  the  veetor  uq.  and  tha  particle  lnltlal-valoolty 
vector  lias  in  the  coordinate  plana  Oxy,  va  obtain  after 
eleaentary  integration  tha  following  expressions  for  the 
velooltlea  v1x,  v1y,  and  the  coordinates  x,  y  of  the 
particle: 

~  «*  -+-  (x,  —  «,)  e-  »•/*;  vi0  -  (1.31.1) 


x  m  uJi  +  * (** —  «*)(!  —  *~#,/t);  y  y,t ( I  —  (1.31.2) 


where  xq,  yo  are  the  Initial  values  (tj  =  0)  of  the  velocity 
components. 

Froiu  (1.31)  we  can  draw  the  following  conclusions. 

1.  The  initial  difference  between  the  particle  and 
the  stream  velocities  (to  -  uq  and  to)  decreases  by  a  faotor 
e  within  a  time  tj  =  V.  Hence  the  designation  "relaxation 
time"  for  the  expression  (1.30). 

2.  If  the  particle  begins  to  move  in  the  stationary 
air  in  the  absence  of  foroes  of  gravity  with  initial  vel¬ 
ocity  v0,  then  it  will  cover  during  the  entire  (infinite) 

time  of  motion  a  segment  called  the  range  (inertial): 

Xi-u,T.  (1.32) 

3.  If  the  particle  moves  in  stationary  air,  then  it 
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acquire  under  the  influence  of  tha  foroe  of  gravity  (aftar 
an  lnflnlta  tiaa)  a  stationary  tattling  spaad  (aadinantatlon 
apaad) 


v,  -gt 


(1.33) 


4.  If  tha  initial  velooity  of  tha  partiola  la  sero, 
than  lta  Talooity  will  raach  a  value  auo  (ah ara  a  < 1)  with¬ 
in  a  tlna  —  Tln(1  -  a).  In  thia  ease,  it  will  eover  a  path 

xt  -  —  w,  [a  +  In  (I  —  O)). 


labia  1 


,  [sec\ 

vt  [cut see] 

WmJ 

Xa[CMl 

t 

3,110-* 

0,003 

0,022 

3,4.10-* 

2 

1,2.10-* 

0,012 

0,084 

5.2-10-* 

s 

7,8- 10-* 

0,076 

0,55 

2,110-* 

10 

3,  MO’S 

0,3 

2,17 

3,4- 10-* 

20 

l,210-» 

1,2 

8,4 

5,2- 10-* 

SO 

7,810-* 

7,6 

54,6 

0,21 

iOu 

3,110-* 

30 

217 

3,4 

Table  1  Hats  tha  values  of  t,  v#,  *i  (tq  =  70  m/seo 
la  tha  speed  of  a  passenger  airplane),  and  xa  for  a  »  0.99 
(with  uo  =  v8)  for  water  drops  Qop  s  1  g/o«3)  at  an  air 
temperature  20°C  and  pressure  760  on  mercury  (ij  s  1.8*  10** 
poise).  The  last  two  lines  of  the  table  give  tentative 
values  of  the  foregoing  quantities,  for  at  such  drop  dimen¬ 
sions  usually  noticeable  deviations  from  Stokes  law  set  in. 

It  is  seen  from  Table  1  that  tha  relaxation  time  for 
cloud  drops  (d  <  50  microns)  la  vary  snail).  Therefore, 
very  frequently  (when  the  gradients  of  the  velocity  ui(rj) 
are  small)  it  is  possible  to  assume  for  them  a  velocity  Vj 

equal  to  the  stream  velocity  uj,  or  tha  smallness  of  T 
causes  a  very  rapid  equalization  of  the  velocities  v^  and 
uj .  Shis  means  that  In  these  oases  it  Is  possible  to 
neglect  the  inertial  term  of  equation  (1.12). 
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We  note,  finally,  that  equations  (1.3 U  frequently 
•erre  aa  the  basis  for  calculating  the  motion  of  aerosol 
partloles  in  an  inhomogeneous  Telocity  field  (see,  for 
example,  [79]  and  [4l]J.  For  this  purpose  the  partiole 
trajectory  is  broken  up  into  several  parts,  in  eaoh  of 
which  one  assumes  the  velocity  field  to  be  inhomogeneous 
with  velocity  uaT  equal  to  the  arithmetic  mean  value  of  the 
quantity  u  at  the  beginning  and  the  start  of  the  segment, 
this  method  of  calculation  makes  it  possible  to  break  up 
the  trajeotory  into  a  small  number  of  portions  than  would 
be  neoessary,  for  example,  in  the  usual  Buler  method  (for 
equal  computation  aocuraoy). 

B.  Let  us  consider  the  motion  of  small  aerosol 
partloles  in  a  eo-oalled  hyperbolic  stream,  ;or  responding 
to  the  flow  of  air  ova.'  an  infinite  wall  [141].  The  rel- 
oclty  components  of  this  stream  have  the  form 

“u  “  —  flt-v;  u,y  ty{  (aj  >  0;  h,  >  P,  ,, 


and  for  a  planar  stream  we  have  b^  =  aj ,  whil *  for  an  ax¬ 
ially  symmetrical  one  b}  =  -laj.  The  current  lines  for  suoh 
a  stream  are  hyperbolas  (x^  -  const  for  a  planar  stream 
and  ss  const  for  an  axially- symmetrical  one).  Thsy  are 

shown  in  Figure  5. 


u  * 


Fig.  5.  Diagram  of  "nyperbolio  <.  *j- 
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The  equations  of  notion  of  aeroeol  particles  In  this 
streaa  hare  the  following  (dlnenslonleee)  forn: 


+  (1.35.1) 

and 

+  U.35.2) 


where  *  =  t  are  dlnenalonleas  parameters. 

I  “so  “ao 

The  unit  velocity  un  and  the  unit  length  l  are 
chosen  to  be  arbitrary  but  fixed  quantities  (the  stream  has 
no  characteristic  velocity  or  length). 

These  equations  are  homogeneous  linear  seoond-order 
equations i  so  we  can  write  down  their  solutions  immediately: 

(1.36.1) 

y~Cxer'‘  +  CtS*.  (1.36.2) 


where  Xjt2  and  fA1*2  ar®  the  roots  of  the  corresponding 
characteristic  equations 


—  1  +  V 1  — 
-  ^"2* 


»*i.s  = 


T+4 M 


(1.37) 


and  the  arbitrary  integration  constants  Cf,  Cg»  Cj,  and  C4 
are  determined  from  the  initial  conditions: 


*  =  0:  x  —  x0\  y~yn\x  «  j/  i/„ 


(1.36.3) 


the  system  (1.35)  was  broken  up  Into  two  individual 
equations  (1.35.1)  and  (1.35.2).  An  analysis  of  the  be¬ 
havior  of  the  trajectories  of  this  system  is  best  carried 
out  by  plotting  the  phase  trajectories  in  the  phase  planes 
(x,  vx)  and  (y,  vy).  For  this  purpose  we  rewrite  (1.35)  in 

the  form 


d2l  _  -ax~v* 

dx  aWj(  •  (1.38.1) 
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V«  oon elder  first  equation  (1.38.2) •  Ws  can  rssdily 
visual its  tha  phase- trajectory  pattern  by  noting  that  ths 
origin  on  the  phase  plans  (y,  wy)  is  a  singularity  of  ths 

saddls  typs.  Rsoognislng  that  pt »  ibk-  <  0 

0  <  |S|  <  b,  it  is  poasibls  to  plot  ths  phass  trajectories 
(fig.  6).  It  is  sssn  froa  Figure  6  that  for  all  initial 
oonditions  (with  sxosption  of  ths  initial  oonditions  cor¬ 
responding  to  ths  asyaptots  ry  *  the  trajsotory 

will  approaoh  aftsr  a  finite  tias  interwal  to  ths  asyaptots 
Ty  =  u^y .  This  asans  that  ths  trajsotory  will  haws  in 
final  analysis  Talus a  of  y  of  svsr  increasing  absolute 
aagnl tuds . 


Pig.  6.  Phase  trajectories  of  equation  (1.38.2). 
Singularity  of  ths  saddls  type. 


Let  us  prooede  now  to  an  exaalnation  of  equation 
(1.38.1).  In  this  oase,  ths  phass- trajsotory  pattern  de¬ 
pends  on  ths  paraastsr  k.  If  k  >  l/4a,  then  ths  origin 
of  ths  phase  plans  (x,  tx)  is  a  singular  point  of  ths 
stable- focus  typs  and  ths  phass- trajsotory  pattern  has  ths 
fora  shown  in  Figure  7.  It  is  sssn  fro*  Figure  7  that  for 


arbitrary  initial  conditions  corresponding  to  the  points  on 
the  loft  half  of  the  figure  (the  soeond  and  third  quadrants; 
wo  recall  that  in  Figure  5  the  coordinate  is  x  ^0),  the 
trajectory  will  cross  after  a  finite  tine  interval  the  axis 
x  ■  0  (the  wall  AB  in  Fig.  5)*  and  will  have  then  a  finite 
oonponent  vx.  this  aeons  that  when  k  >  1/4a  the  aerosol 
partioles  aust  sooner  or  later  settle  on  the  wall  AB. 


Fig.  7.  Phase  trajectories  of  equation  (1.38.1) 
when  >  1.  Singularity  of  the  fooue  type. 

The  situation  Is  dlfferero  when  k  4  l/4a.  In  this  case, 
the  origin  of  thu  phase  plane  (x.'  vx)  is  a  singular  polat 
of  the  node  type.  Recognizing  that  aooordlng  to  (1.37)  Xj 
and  X2  are  negative,  and  when  k  4  l/4a  the  inequalities 
*2  £  Xi  ^  -a  hold  true,  we  oen  plot  the  phsoe  trajeo- 

torles  (Fig.  8).  It  Is  seen  froa  this  figure  that  for  all 
the  initial  conditions  corresponding  to  points  lying  on  the 
left  half  of  the  figure  below  the  line  v,«i| *  the 

trajectories  teralnate  at  the  origin.  This  leans  that  under 
the  Initial  condition  xo  ^X2x  particle  reaches  the 

wall  AB  (x  s  0)  after  an  infinite  tine.  During  that  tine, 
the  partlole,  In  accordance  with  equation  (38.2)  (see  Fig. 
7),  will  toe  moved  away  an  Infinite  dlstanoe  along  the  y 
axis.  This  means  that  the  aerosol  partioles  having  n 
parameter  k  ^l/4a  will  not  settle  on  the  wall  AB  If 
x0  ^2X» 
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*  m 


If  *0  >  Xgx,  then  as  can  be  seen  from  Figure  8,  the 

axiB  x  s  0  after  *  finite  tine  in¬ 
terval,  and  hae  a  finite  value  of  the  velocity  component  rx « 

lhia  aeans  that  when  $q  >A2x  the  aerosol  partiole  will 
settle  on  the  wall  AB. 
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The  absence  of  Battling  of  tha  aaroaol  partlolaa  of 
finlta  mass  from  tha  atraaa  (X.3*)  for  a  braod  elaaa  of  In¬ 
itial  conditions  is  a  particular  case  of  a  phanoaanon  which 
is  of  principal  slgnlfioaaoa  for  tha  prooaos  of  inartial 
Battling  of  aaroaol  partlolaa  froa  a  atraaa  oa  obataolas. 

In  tha  next  section  wa  shall  oonsidar  this  phanoaanon  in 
detail. 


Fig.  9.  Current  Unas  of  a  sink. 

C.  Let  us  consider  the  motion  of  small  aerosol 
particles  In  tue  field  of  air  velooltlea  brought  about  by  a 
linear  sink  or  source,  w 3  no*  e  that  tha  case  of  a  linear 
sink  Isa  scheme  that  stylizes  the  drawing  of  an  aerosol 
which  la  stationary  at  infinity  Into  a  narrow  slot*  Bhe 
field  uj (ri ;  has  in  this  case  actual  symmetry  and  has  In 
cylindrical  coordinates  the  following  components: 

u1r  -  7  2^7 ;  ^  0;  ~  (1.39  ) 

where  Qj  is  the  volume  strength  per  unit  length  of  tha  sink 
or  source,  the  sign  pertains  to  a  sink*  and  tha  sign 
'V'  to  a  source.  Figure  9  shows  the  current  lines  of  such 
fields. 


1/  the  initial  velocities  of  the  aerosol  partlolee 
are  radial,  then  the  velocity  vj(ri)  will  have  only  one 
non-vanishing  component  v1r*  satisfying  the  equation 
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£+Vu 


(1.40) 


Obviously,  in  this  ease  ths  particle  trajectories  will 
ooinolde  with  ths  ourrent  linos  of  tho  sir. 

Bio  problon  formulated  horo  contains  only  two  ohar- 
aotorlstlo  physloal  quantities,  Q1  and  V,  By  ohooslng 
expressions  containing  Qj  and  T  and  having  tho  dlnonslons 
of  length  and  veloolty: 


(horo  —  t),  wo  assuno  then  to  bo  tho  units  length 
and  voloolty  and  roduoo  aquation  (1*40)  to  dlnonslonloss 
quantities ,  writing  this  equation  In  tho  form 


to,  ,  1 

W  +  V'm*  7* 

to,  1 


(1.41) 


This  equation  of  notion  oust  be  supplenontod,  in 
order  to  present  a  oonplete  description  of  the  problen,  by 
the  continuity  equation,  whioh  in  our  ease  has  the  fora 

tw,r  m  const.  (1.42) 

To  solve  (1.41)  we  sake  the  change  of  variables 


v,mw  —  r,  p~— . 


(1.43) 


We  then  obtain  for  the  new  variables  p  and  w  the  linear 
equation: 

25  +  (p®  ~  1)  =*  0.  (i.44) 

Equation  (1.44)  has  the  following  solutions:  for 
the  oase  of  a  sink 

+  Vr-w-r,  (I#45) 
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for  the  case  of  a  source 


Vr-W-r,  (1.46) 

where  the  Initial  oondition  vr  *  t0  Khan  r  =  r0  oorraaponda 
to  the  values 

Pt  «  i  and  Wf  m  y#  +  r#| 

M  M 

and  erf  x  m  F(x)  m  tr*^e?dt 

r  *  •  i 

are  known  calculated  functions  (see,  for  exaaple*  [20, 
Chapter  II]). 


Fig.  10.  Variation  of  the  counted 

concentration  of  the  aeroaol  part  idee 
in  the  velocity  field  of  a  sink. 

Let  us  examine  solution  (1.45)  under  initial  condi¬ 
tions  corresponding  to  the  motion  of  the  aerosol  partlolea 
together  with  the  air  at  large  distances  from  the  souroa 
(vr  -  Uy  when  r  — ►  oo).  In  this  oase  wa  have  w0  =  +oo, 

p0  s  0  and  consequently 

?  =  Vle'  [*~erf(^)]-  (1.47) 

Slnoe  at  infinity  we  have  in  this  oaae  vr  s  Up  a  -l/r. 
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<1.48) 


It  follows  fro*  the  continuity  equation  (1.42)  that* 


Figure  10  shows  a  plot  of  the  dependence  of  the  quantities 

It  II 

— -  —  on  r,  constructed  on  the  basis  of  equations  (1.47) 

nm  Pf 

and  (1.48).  As  can  be  seen  fron  Figure  10,  the  weloolties 
of  the  aerosol  partioles  are  always  saaller  than  the  stream 
veloolty  ur,  and  consequently,  the  concentration  of  the 
aerosol  partioles  is  everywhere  larger  than  the  concentra¬ 
tion  rigg  of  the  unperturbed  aerosol  (see  Seotlon  3).  It  is 

sera  fron  Figure  10  that  notloeable  changes  in  the  concen¬ 
tration  (larger  than  10  percent)  arise  when  r  <2,4.  When 
r  *  0.1,  the  ratio  n/n^  a  5.  When  r  -*  0,  the  ratio 
n  u. 

tends  to  infinity.  Indeed,  according  to  equation 

"oo  V 

(1.47,  r  0  when  w  -  oo  .  At  the  sane  time, 
p=.  * — ♦yKs1  end  vr  =  w  -  r  -4  w.  Consequently 


We  note,  however,  that  in  spite  of  the  fact  that 
n(r)  tends  to  infinity  near  the  sink.  In  a  finite  vicinity 
near  the  sink  (0  <  r  ^  R)  there  it  contained  a  finite  number 
of  aerosol  partioles 

Ng  -  J  2wn  (/ r)dr  -  m  ( 1  —  erf  — -jln(2wfl*)). 


At  la-ge  distances  from  the  sink,  one  can  readily 
obtain  the  following  series  for  r,  vr,  and  n/n^: 


r 


2  ,10  74 


*It  follows  from  (1.48)  that  in  the  cases  of  the 
sinks  and  souroes  considered  here  the  flow  concentration  of 
the  aerosol  partioles  remains  constant. 
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I  2  ,  10  14 

,  ,  1  ft  ,» 
‘+P--5I  +  P* 


A  ooaplete  qualitative  picture  of  the  behavior  of 
the  ooroool  particles  on  tho  trajectories  for  arbitrary 
initial  oonditioni  it  shown  in  Figure  11.  wtiloh  roprosonta 
tho  phaao  trajootorioa  of  aquation  (I. 41)  for  a  oink  on 
tho  phaao  piano  (r,  vr).  in  this  figure  tho  eurve  AB 
oorrooponds  to  notion  of  aoroaol  particles,  doaoribod  b y 
aquation  (1.47),  i.o.(  to  notion  ouoh  that  at  infinity  thoy 
aove  together  with  tho  air.  Bie  velocity  ur(r)  s  -  i/r 

is  roprooontod  by  tho  ourro  00.  (Bits  is  tho  ourve  of  tho 
aaxina  for  tho  phaao  trajootorioa).  Bio  curves  IP  and  IjFi, 

doaoribod  by  the  aquation  r  a  vr  -  l/vP,  roproaont  tho  goo* 
notrio  looua  of  the  points  of  inflexion  of  tho  phaao  trajoo-  1 

torioa.  The  phase  trajootorioa  (with  tho  oxooption  of  tho  I 

trajectory  AB)  are  represented  by  dashed  linos.  Ihe  arrows  f 

on  them  characterize  the  direction  of  notion  of  the  aerosol  ! 

particles  in  time.  As  shown  by  Figure  11,  the  phase  tra¬ 
jectory  AB  represents  an  asymptotie  curve  for  all  other 
phase  trajectories  as  t  o o.  ' 


From  the  methodological  point  of  view,  it  is  inter¬ 
esting  to  trace  the  variation  of  the  aero sol-parti ole 
concentrations  as  they  move  along  a  trajectory  with  ar¬ 
bitrary  initial  conditions.  To  employ  in  this  case  the 
concept  of  concentration  we  can  visualise  that  at  the  in¬ 
stant  time  t  s  to  there  are  contained  inside  the  annular 
region  bounded  by  the  aurfaoes  r  s  rot  r  *  r©  ♦  dr,  aerosol 
particles  with  concentration  Oq  and  velooity  vr  *  v0.  In¬ 
asmuch  as  we  have  along  the  trajectory 

7S— 1 *»•'  I1-26’ 

then  the  change  in  the  concentration  is  connected  with  the 
sign  of  dlv  v.  But  in  our  ease  [see  equation  (1.41)] 
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A 


Fig*  11.  Phase  trajectories  of 
equation  (1.41)  In  the  oase 
of  a  sink. 

The  expression  in  the  parentheses  reverses  sign  on 
the  curves  EF  and  EiFj.  In  the  regions  below  the  curve  £F 

and  between  the  ourve  EjFj  and  the  axis  vr  =  0  this  expres¬ 
sion  Is  positive*  and  below  the  ourve  KjFj  end  in  the  region 
between  the  curve  EF  and  the  axis  vr  s  0  it  is  negative. 

Consequently*  in  the  regions  designated  by  I  in  Figure  11* 
the  concentration  n  decreases  (while  in  the  regions  desig¬ 
nated  by  II  the  concentration  n  increases).  The  reduction 
in  the  concentration  along  the  trajeotory  in  oertaln  regions 
of  the  phase  plane  (r*  vrT  does  not  oontradlet  the  con¬ 
clusion  that  n  increases  along  the  trajectory*  a  conclusion 
given  in  Seotlon  3*  since  this  conclusion  was  based  on  the 
assumption  that  at  the  initial  Instant  of  time  dlv  v  ^  0. 
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Fig.  12.  Phase  trajectories  of 
equation  (1.41)  in  the  oase 
of  a  source. 

Let  us  consider  now  briefly  the  oase  of  a  source,  a 
oase  of  lesser  physical  interest  on  the  oase  of  a  sink. 
Figure  12  shows  the  phase  trajectories  for  equation  (1.41) 
(oase  of  source).  In  Figure  12,  the  ourre  AB,  which  cor¬ 
responds  to  a  reloolty  Uj.  s  i/r,  represents  the  geonetrlo 
loous  of  the  aaxlna  of  the  phase  trajectories,  me  ourre 
CD,  the  equation  of  which  Is  r  *  t**  ♦  l/rr,  Is  the  geonetrlo 
loous  of  the  points  of  inflection  of  the  phase  trajectories 
and  is  simultaneously  the  geonetrlo  loous  of  the  points 
where  dir  v  =  0,  in  the  regions  denoted  by  the  number  I, 
we  hare 

diy»-J.(o, +  i- f)>0 


and  the  oonoentratlon  n  decreases  along  the  trajectory.  In 
the  regions  denoted  by  II  we  hare 

dive<0«»|i^>0. 
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*  for  the  oui  of  o  point-like  link  or  source,  tho 
equation  of  notion  has  a  fora  analogous  to  that  of  aquation 
(X.4D.  ^  t 

Of-jr+oz-Tpi-  (1.49) 


By  aaaas  of  a  aystoa  of  substitutions 

l  »* 

v,-w—r,  p»j,  P-»±f 


aquation  (1.41)  la  reduced  to  a  Riooatl  aquation  [126]: 

j?±’,+T“  0. 


which  by  the  substitution 


is 


2  4« 
7T* 


oan  ba  rsduoed  to  tha  linear  aquation 


The  last  aquation  has  a  solution  that  oan  ba  expressed 
in  tarns  of  Besssl  functions  of  ordar  1/3.  Tha  rasults  of 
tha  analysis  of  aquations  (1.49)  ara  analogous  to  tha  argu- 
aants  nada  with  raspaot  to  aquations  (1.41).  Tha  phasa 
trajectories  of  aquations  (1.49)  coineida  qualitatively  with 
tha  phase  trajactorias  shown  In  Figs.  11  and  12. 


5.  CRITICAL  CONDITIONS  FOR  THE  SETTLING  OF  AEROSOL  PARTICilS 
FROM  A  STREAM  ON  AN  OBSTACLE 


We  have  already  seen  in  the  preceding  section,  with 
tha  inertial  settling  of  aerosol  partloles  on  a  wall  fron 
a  hyperbolic  stream  as  an  example,  that  there  exists  a 
oritioal  Stokes  number 


It  was  tihown  there  that  when  k  ^  kor  tha  aerosol 

partloles  do  not  settle  on  tha  wall,  and  consequently  their 
capture  coefficient  is  Is  0.  This  naans  that  in  tha  In¬ 
dicated  oase  there  exists  a  mininun  dimension  dBln  for  tha 

aerosol  partloles  that  settle  fron  tha  stress. 

Suoh  a  phenomenon  Is  observed  not  only  for  a  hyper- 
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bollc  stream.*  In  the  present  seotion  we  shall  prove  the 
exletenoe  of  orltioel  oondltlone  of  settling  for  s  large 
olass  of  syaaetrioal  aerosol  streaas  and  will  show  the  oon- 
neotion  between  the  value  of  the  orltloal  Stokes  nuaber  and 
the  behavior  of  the  streaa  near  its  symmetry  line  and  near 
its  oritioal  point  [21,  32].  We  shall  consider  the  flow 
around  syaaetrioal  bodies  bj  streaas  in  which  the  current 
lines  whioh  tereinate  in  the  forward  oritioal  point  are 
straight  lines.  Such  streaas  are  foraed  when  a  body  is 
placed  in  a  streaa  whose  veloelty  at  infinity  is  parallel 
to  the  axis  of  the  syaaetrioal  body*  These  bodies  should 
have  either  axial  syaaetry  (longitudinal  flow  around  bodies 
of  revolution),  or  an  n-fold  rotation  axis  (n^2).  such 
bodies  inolude  also  those  having  two  autually-perpendlcular 
syaaetry  planes,  and,  in  particular,  bodies  of  revolution 
whioh  have  a  syaaetry  plane  perpendicular  to  the  axis  of 
revolution,  in  the  oase  when  the  flow  around  then  is  trans¬ 
verse.  Finally,  suoh  bodies  Inolude  also  oyllndere  with  a 
plane  of  syaaetry  ( two-diaensional  flows  around  syaaetrioal 
oyllndere). 


y 


Fig.  13*  Coordinate  system. 

For  the  sake  of  being  specific,  we  shall  prove  the 
existence  of  critical  settling  conditions  for  plane  sym¬ 
metrical  streams,  since  all  the  aaln  features  of  this  proof 
reaain  in  force  also  for  all  the  other  streams.  Let  us 


*Even  in  the  first  paper  where  the  capture  coeffi¬ 
cient  was  calculated  [79],  it  was  found  by  calculation  for 
the  case  of  inertial  settling  of  aerosol  particles  on  a 
cylinder  from  a  potential  stream,  that  the  critical  Stokes 
nuaber  is  k  s  korP^O.l8,  which  is  the  upper  limit  of  the 

value  of  k  for  which  £  =  0. 
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oonai der  a  two-dlaaasloaal  synaetrloal  incompressible  flow 
of  aerosol  around  4  ayanetrioal  cylindrical  body  fa 
investigate  tha  aotloa  of  tha  aaroaol  partlolee  ia  a  plana 
parpaadlaular  to  tba  cylinder  axle,  wo  choose  tba  origin  of 
tha  Cart  it  lan  syatea  af  aoardlaataa  la  tha  forward  critical 
point  of  tha  atraaa  flawing  around  obataala  A  (Pig.  13). 
fha  Ox  axla  la  tha  ay wastry  llaa  of  tha  atraaa.  Sum.  tha 
velocity  veotor  af  tha  air  atraaa  u  will  have  oa  tha  Ox 
axla  ooapoaoBta  Uj  ■  Oi  ux  *  ^(x).  Za  tha  vicinity  of  tha 
syawetry  llaa  (tha  ooordlaata  p  la  aaall)  It  la  possible, 
taking  Into  aaoouat  tha  syanetry  of  tha  atraaa,  to  axpaad 
tha  ooaponanta  ux(x,  j),  Uy(x,  y)  la  powara  of  y 

««(*.  y)  -  ft*) +  yl?i(*) +  *•*(*)+• 
m*  (*.  V)  -  Itfi  (*)  +  **/»(*)  +  *•/•(*)  +  •  •  • 

Ualag  tha  continuity  aquation  for  tha  air  atraaa 


wa  obtain 


diva 


*£  +  !!!* 

Ar  * 


0. 


M*)  -  -<p'(*).  /•(*)-  ato. 


Conaaquantly,  accurate  to  taraa  of  ordar  of  aaall- 
naaa  In  y,  wa  hara  naar  tha  symmetry  llna 

uM  -  f(*)i  -  —  Pf'M-  (1.50) 

Lat  ua  oonaldar  now  tha  type  of  tha  function  qp(x). 
Raoogniaing  that  tha  dlnanalonlaaa  valoclty  u(r)  la  obtalnad 
by  dividing  tha  valoclty  ut(rj)  by  tha  atraaa  valoolty  at 
lntanalty  Uoo •  wa  obtain  that  p(x)  *  1  whan  x  *  -oe.  At  a 
larga  dlatanoa  froa  tha  body,  tha  valoolty  gradients  ara 
vary  small.  Conaaquantly,  whan  x  *  -00 tha  darivatlva  la 
if*  (x )  s  0.  In  tha  Interval  x[-oo,  -  el,  where  t>0  and  la 
aa  aaall  as  desired,  tha  funotlon  g(x)  la  positive  every¬ 
where  and  decreases  aonotonioally  with  increasing  x,  l.a., 
whan  — oo<x<  — *  wa  have 

q  (x)  >  0.  f'(x)  <  0.  ( 1.51 ) 

At  tha  origin  (orltleal  point)  wo  have  <p(x)  *  0.  Aa 
regards  tha  value  of  tha  darivatlva  qr '(x)  at  tha  origin.  It 
oan  differ,  alnoa  it  depends  on  tha  oharaetar  of  tha  atraaa. 


For  potential  strsaa s  it  usually  will  h*T«  a  flnita  negative 
value  v'(0)  *  -  a.  It  oan  be  shown  (•••  Appendix  I)  that 
for  bodies  that  hart  a  eonvex  wall  at  ths  orltloal  point,  a 
potential  stroaa  will  haws  at  ths  origin  flnlts  negative 
Talus •  of  ths  first  sad  ssoond  derivatives  <p*  (x)  andf>M(x). 
In  thsss  oasss  nsar  ths  orltloal  point,  ths  strsaa  velocity 
oan  bs  approxiaatsd  in  ths  following  fashion 

ax,  «f-+oy.  (1.52) 

Ibis  moans  that  nsar  ths  orltloal  point  in  this  oass 
a  potsntlal  air  strsaa  is  approxiaatsd  by  a  hypsrbolic 
strsaa  (ths  ourrsnt  linos  ara  ths  hypsrbolas  xy  =  const). 

In  ths  oass  of  a  vlsoous  air  strsaa,  ths  strsaa  veloolty  on 
ths  wall  Is  equal  to  ssro  (adhssion  oondltlon)  and  oonse- 
qusntly  on  ths  entire  surface  of  ths  body  ths  tangential 
component  of  ths  Tsloolty  is  equal  to  ssro,  and  in  par¬ 
ticular,  ws  haws  at  ths  orltloal  point 


We  then  have  by  virtue  of  the  continuity  equation 


Consequently,  near  the  origin,  the  following  approx¬ 
imate  expressions  will  be  valid  for  the  velocity  of  a 
viscous  stream:* 


u,  »uc|x|",  u¥  *  nay\x\n-1. 

(1.53) 

line 

The  motion  of  the  aerosol  particles  near  the 
will  be  described  by  the  equations 

symmetry 

dv 

kw  +  v*  m<fM* 

(1.54) 

,  df(x) 

*-ar  -xr 

(1.55) 

with 

the  following  initial  conditions: 

for 

t  as  —  oo:  x  —  —  oo,  vx  =  x  as  1,  y  *=  y0,  v,  -=  y  ~  0. 

(1.56) 

*We  note  that  ths  same  relations  (1.55)  can  hold 
true  also  for  a  potential  strsaa  if  the  origin  is  a  point 
on  the  counter  of  the  body  (see  Appendix  I). 
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The  first  equation  of  this  systea  is  lndspsndsnt. 

Lot  us  investigate  first  ths  solution  of  this  equa- 
tion  (1.54),  whioh  wo  rewrite  in  ths  font 

(1.57) 


Ws  art  intsrsstsd  in  solutions  of  aquation  (1.57), 
vj(x,  k),  satisfying  ths  oondition  (1.56),  l.e.,  ths  con¬ 
dition  vx  a  1  whan  x  s  -  oo .  Let  us  oonsldsr  tha  sat  of 
suoh  solutions  vj(x  k),  oorrssponding  to  values  of  k  froa  0 
to  +  oo.  tfa  shall  prove  that  this  is  an  ordered  sat.  For 
this  purpose  wa  apply  to  aquation  (1.57),  rewritten  in  tha 
fora 


<*>(»„  x) 


dvM  t  (*)  -  p,  n 
dx  kvt  m  U| 


(1.56) 


the  theorem  of  S.  A.  Chaplygin  concerning  differential  in¬ 
equalities  [72].  According  to  this  theorea,  if  we  suooeed 
in  choosing  such  a  function  z(x)  which  oolnoldes  with  vx 
when  x  =  —  oo,  and  which  satisfies  in  the  entire  reaalnlng 
Interval  the  relation 

$  (z,  x)  S  0 z  (x)  S:  vx  (x). 


By  way  of  such  a  function  we  choose  z  (*)  *  *(*). 

Then, 

4>(*,*)«jJ<o 


on  the  Interval  jc(— oo,  —  •)  ,  and  consequently  on  the  sane 
Interval  we  have 

*(*)=*  9  (*)<M*). 

It  follows  therefore  that  on  the  same  Interval 


do* 

IF 


<0. 


Employing  the  Chaplygin  theorem  in  the  same  way,  we  can 
readily  show  that  on  the  interval  x(—  oo,  — «) ,  we  have 

9 (x) < Oi (x, *.)<*! (*,*»)<  I.  (1.59) 
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if 

0<*,<A|. 

Zt  it  obvious  that  vj(0,  k)  ^  O.  When  k  •  ♦  oo  the 
solution  of  oquatioa  (1.57)  will  bo  V|(x,  i  00)  1  1,  and 
whon  k  «  0  wo  have  vi(x*  0)  •  <p(x)  (Pig.  14).  mo  oot  of 
oontinuouo  fuaotiona  V|(x,  k)  obi  ah  are  ordorod  in  aeoord- 
aaoo  with  expression  (1.59)  tanda  aa  k  -0  0  to  a  Halting 
function  inf  vj(x)  whioh  cannot  differ  froa  9(x),  for 

otherwise  at  very  snail  values  of  k  me  funotion  vi(x,  k) 

would  have  a  derivative  vhioh  would  be  aa  largo  in  absolute 
aagnitude  value  aa  do aired; 

«  %  lv  (*)--»»(«. 

at  eaoh  point  where  inf  vi(x)  differs  froa  f>(x).  Therefore 
the  sequence  v^(x,  k)  oonvergea  continuously  to  p(x)  aa 
k  -0  0  over  the  entire  interval  I—  oo,  —  s|  of  x. 


The  curve b  vj(x,  k)  on  the  phase  plane  (x,  vx)  can 
cross  the  0vx  axis  with  vx ^ 0  or  pass  through  the  origin: 

▼t (0»  k)  ^  0. 

In  the  first  case  the  derivative  Is  vx  (0,  k) ■  ^  ^ 

=  — ~ .  in  the  seoond  case  the  value  of  vi(0,  k)  is  in- 
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determinate,  sine*  the  origin  !•  ft  singular  point  for  aqua* 
tlon  (1.57).  For  the  oase  deserlbed  by  squatlons  (1.57; 
and  (1.52)  (ft  potontlftl  stream,  for  ifcloh  tafc  0),  qual¬ 
itative  ploturos  of  tho  intogrftl  ourre  naar  the  origin 
were  already  oonaldarad  by  ua  in  tha  praeading  section. 

Thay  wara  ahown  In  Flga.  7  and  8.  than  *  >  jj  tha  origin 
will  ba  a  singular  point  of  tha  atabla  focus  typa  and  there* 
fora  whan  k> ^  thara  will  exist  no  Integral  our  to  passing 
through  tha  origin  (sea  Fig.  7).  than  ^  tha  origin 
will  ba  a  singular  point  of  tha  stable  node  typa.  When 
fe  < ^  we  have  in  this  singular  point  two  exolusing  direc¬ 
tions,*  determined  by  the  equation  rx  *  A>jX  (this  diraotion 

corresponds  to  a  bundle  of  integral  surras  which  hare  at 
a  common  tangent  vx  a  Ajx)  and  rx  =  &2X  (corresponding  to 

this  direction  is  an  Isolated  Integral  curve ) ,  where  the 


*By  exclusive  directions  are  meant  suoh  directions 
along  whloh  the  integral  curres  can  enter  into  tha  singular 
point  [45].  Two  cases  are  possible:  either  tha  singular 
point  has  a  finite  number  of  excluslre  directions,  or  else 
the  integral  curres  enter  into  the  singular  point  along 
arbitrary  directions.  For  the  equation 

dy_  pj*±3 
\  * 

where  PB  and  Qq  are  homogeneous  polynomial  of  degrees  a  and 
n,  while  tij  and  include  the  terms  of  higher  order  relatire 

to  x  and  y,  the  exclusive  directions  are  determined  from 
the  characteristic  equation 

F  (?)  =  o, 

where 

F  (?)  *  Pm  (cos  ?,  sin  ?)  co*  ?  —  Q„  (cos  ?,  sin  ? )  sin  ?, 

and  the  direction  «p  =  cp0,  where  F(?0)  =  0,  is  certainly 
an  exclusive  direction,  if 

G  (to)  -  Q„  (cos  ?•.  *in  to)  cos  f  +  Pm(co**,  sin  ?•)  sin  f,*0. 


ooeffl  dents  r-a>Xt>Xt  are  daUnlMd  b y  aquation  (1.37) 

(•••  Pig.  8a).  When  ksi  there  la  one  exoluslve  direction 

4a 

vx  ■  -  2ax  (Pig.  8b). 

Let  ua  oonalder  now  the  pattern  of  the  Interval 
curve a  near  the  origin  for  the  oaae  deaorlbed  bp  equation* 
(I. 57)  and  (1.83)  (a  vlaooue  atreaa  and  aeveral  alngular 
oaaea  of  a  potential  atreaa,  when  a  •  0).  In  thle  oaae,  the 
exolualve  dlreotiona  are  deteralned  bp  an  equation  that 
plelda  two  solution a: 


0. 


The  affine  tranefornatlon 

»  *  1 

oonverta  equations  (1.57)  and  (1.53)  Into  the  Efeden  equation 

•  J  + 

Thus,  In  this  oaae  the  pattern  of  the  Integral 
ourves  near  the  alngular  point  la  the  aaae  as  near  the 
alngular  point  of  the  Baden  equation.  Moreover,  In  exactlp 
the  sane  manner  as  la  done  for  the  Baden  equation  [52],  It 
oan  be  shown  that  the  Integral  curves  for  equation  (1.57), 
for  whloh  when  x  -4  0  we  have  ?(*)-»  %  \x\'\  have  the  follow¬ 
ing  properties: 

1 •  For  a  given  k  there  exists  one  and  only  one 
Integral  curve  G(x),  which  enters  Into  the  origin  along  the 
direction  vx  =  -x/k»  This  ourve  G  divides  all  the  Integral 
curves  Into  two  olassess  the  class  of  ourves  F,  whloh  pass 
through  the  second  quadrant  above  the  curve  G  and  cross  the 
Ovx  axis  with  slope  v'x  *  -l/k ,  and  the  class  of  curves  M, 

which  pass  through  the  origin  and  whloh  lie  In  the  second 
quadrant  above  the  curve  G. 

2.  For  the  curves  of  class  M  we  have 
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Fig.  15.  Form  of  the  Integral  cur res  of  equation 
(1.57)  for  different  values  of  the  Stokes  number: 


o  S  >  t*i  (**  =*  F  (x,  A): 

b—k=  kcr,  pt (jr,  *)  -  0 (jt,  *); 
c  -  *  <  kCT ,  vt  {x,  k)  =  M  (x,  k). 

In  Figures  15..,  b,  *a<i  c  »re  shown  qualitative  pictures  of 
the  Integral  curves  for  three  cases,  when  vj(x,  k)  rep¬ 
resents  a  curve  of  the  path  F,  G,  and  M  respectively.  It  Is 
easy  to  see  [taking  formula  (1.59)  Into  ao count]  that  In 
Figure  15  cases  a.  b,  and  c  correspond  to  decreasing  values 
of  k. 


We  shall  now  define  as  the  critical  value  k  =  kcr 
the  upper  limit  of  the  set  X  of  the  parameters  k.  at  which 
the  ourve  vj(x,  k)  pass  through  the  origin  (kor  %  supX).* 


*We  note  that  the  set  X  Is  not  empty,  since  It  con¬ 
tains  at  least  one  element  k  s  0.  This  set  is  bounded  from 
above,  since  for  large  values  of  k  the  ourve  v1 (x,  k)  orosses 

the  ordinate  axis  above  the  origin. 
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We  shall  show  that  her  defined  la  this  aaaner  is  greater 
than  sero  and  when  k  is  less  than  or  equal  to  kcr  the  oo- 

efflolent  for  the  capture  of  the  aerosol  partloles  by  the 
body  under  consideration  Is  equal  to  sero.  we  shall  prove 
this  first  for  the  oase  of  a  potential  stress  (a  afcO). 

Were  we  to  have  kor  *  0,  then  for  all  values  k  >  6  the 
curve  V|(x,  k)  would  eross  the  0vx  axis  above  the  origin. 
Ihen,  for  a  very  snail  value  of  k  the  curve  v*(x,  k)  would 
pass  above  the  exoluslve  direction  vx  *  Apx  and  sinoe 
^2  -4-00  when  k  -e  0,  then  the  curve  vj(x,  k)  would  lie 
near  the  origin  very  olose  to  the  ordinate  axis.  But  when 
k  *  0  the  ourve  vi(x,  k)  oolnoldes  with  the  curve  <p  (x)  and 
consequently  It  Is  located  olose  to  the  origin  near  the  line 
vx  =  -  ax.  If  therefore  kor  =  0,  then  for  saall  but  finite 

values  of  |x(  the  continuity  of  the  funotlon  vj(x,  k)  with 

respect  to  k,  which  was  proved  above,  would  be  violated. 

From  this  follows  the  relation  kor^>  Q.  In  the  oase  under 
consideration  it  can  be  stated  that  ker  4 l/4a,  since  when 

k  >  l/4a  the  origin  is  a  singular  point  of  the  type  of  a 
focus  and  there  exist  no  integral  curves  passing  through 
the  origin,  l.e.,  when  k  >  l/4a  the  ourve  vr(x,  k)  always 
crosses  the  Ovx  axis  above  the  origin.  Thus,  for  a  poten¬ 
tial  stream  (a^O)  we  have 

0<fcr<£.  (1.60) 

We  shall  now  show  that  when  k^kor  the  capture  coefficient 
is  £  =  0.  For  this  purpose  we  consider  equation  (1.55), 
which  we  rewrite  In  the  form 

to*7E?  +  ~ **'(*)•  (1.61) 

According  to  equation  (1.61)  with  initial  conditions  (1.56), 
the  coordinate  y(x)  should  satisfy  the  equation 

x  X 

y(x)-y0=  $  v,dt  =  $  9fdx~-kvy(x)~ 

•  -Zb  —00  * 


y(x)  ?(*) 

94{*} 


dx. 


(1.62) 


But  when  k^kcr,  the  velocity  is  vx(x)^A^x  when 
x  -4  0.  Therefore,  y(x)  cannot  remain  oonstant  when  x  0, 
owing  to  the  divergence  of  the  integral  in  the  right  half 
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of  equation  (1.62).  Ads  leans  that  no  natter  how  saall 
tho  value  of  7q»  the  quantity  y/yo  beoonea  at  largo  at 
desired  as  tho  partlola  approaohos  tho  obstacle.  Con¬ 
sequently  ,  tho  loeal  oapturo  ooofflolont  soar  tho  orltloal 
point  of  tho  streaa  under  consideration  la  equal  to  soro 
when  k  4  ker*  The  result  obtalnod  can  ha  generalised  to 
Include  alao  tho  oapturo  ooafflolant  of  tho  entire  ooaffl- 
olant  aa  a  whola.  Indaad ,  whan  tha  aaroaol  partlola  sowing 
naar  tha  ayaaatry  plana*  on  leaving  tho  Tlolnlty  of  tha 
orltloal  point,  will  have  a  flnlta  velocity  vy  and  a  wary 
low  veloolty  vx.  81noa  on  tha  boundary  of  tha  obataola  tha 
normal  ooaponont  of  tha  air  veloolty  vn  *  0,  vn  will  bo 
anall  everywhere  naar  tha  obataola.  Thorafora  auoh  a  par- 
tlcla  la  earrlad  out  by  tha  air  atraan  and  doaa  not  atrlka 
.tha  obataola.  we  not a  furthar  that  tha  trajeotorles  of 
partloles  of  ldantloal  alia  sowing  to  Infinity  with  tha  air 
atroaa  should  not  eroaa  ona  anothor,  for  In  tha  opposite 
oasa  tha  partlola  velooitles  of  oonoantratlons  would  ba  as 
larga  aa  daslrad  naar  thaaa  points  of  intaraaotlon  [on  tha 
baals  of  the  continuity  aquation  (1.15)1*  Therefore  whan 
k  ^  kor,  tha  trajectories  of  tha  partlolaa  which  have  larga 
-values  of  y0  whan  x  =  -  oo  (they  are  looatad  away  froa  tha 
ayaaatry  line)  cannot  terninate  on  tha  obataola.  Conse¬ 
quently,  when  k  ^  kcr  tha  capture  ooafflolant  of  tha  obata¬ 
ola  aa  a  whole  la  equal  to  zero  [21]. 

Wa  now  proceed  to  consider  a  viscous  atraan.  In  this 
case,  too,  kor  cannot  equal  zero,  for  than  tha  curve  vj(x,  k) 
for  tha  very  suall  values  of  k  would  belong  to  olaas  F  and 
would  cross  tha  0vx  axle  along  tha  dlreotlon  v'x  *  -  l/k» 
dose  to  the  direction  of  tha  0vx  axis.  This  would  naan 
that  saall  but  flnlta  values  of  x  tha  continuity  of  the 
function  v| (x,  k)  with  reapeot  to  k  would  ba  violated,  alnoa 
whan  k  s  0  wa  have  vj(x,  k)  a  <y(x)  and  v'i(0,  0)  a  0.  it 
follows  therefore  that  for  vlsooua  flow  wa  have 

kor>0.  (1.63) 

It  la  obvious  that  when  k  •  kor  the  curve  vi(x,  kor)  rep¬ 
resents  a  G- curve  corresponding  to  tha  value  k  a  kor*  This 
is  aaan  froa  tha  faot  that  In  tha  opposite  ease  vj(x,  kcr) 
would  represent  a  curve  of  tha  type  M,  and  vj(x,  kor  ♦  8), 

where  £  la  a  saall  positive  nuaber  as  saall  SiS  desired, 
would  represent  a  type  F  ourve.  Slnoa  this  would  violate 
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the  continuity  of  Tj (x,  k)  with  respeot  to  k,  the  curve 
vi  (x,  kor)  le  k  curve  of  the  type  a.  81noe  when  k  <kcr 
the  ourve  V|(x,  k)  is  ft  eurve  of  olftee  M,  we  heve  from  the 
property  of  those  ourvee  vi(x,  k)  -e  <p(x)  when  x  -  o. 
Therefore  y(x)  In  equation  (1.62)  oonnot  remain  finite,  end 
ooneequently  when  k  <  k0r  the  looftl  oopture  coefficient  le 
equal  to  0.  By  virtue  of  the  oontlnulty  of  the  funotlon 
E(k),  the  looftl  oftpture  coefficient  ehould  equftl  0  aleo  when 
k  *  k0r*  Using  the  tftfte  arguments  te  for  ft  potentlftl 
s trees,  It  oen  be  shown  thftt  for  ft  vleoous  stress  the  csp- 
ture  ooeffiolent  of  the  obstsole  ss  s  whole  le  equftl  to 
sero  when  k  <  kor  [ 32] • 

6.  CRITICAL  VALUE  OF  THE  STOKES  HUMBER  kor  FOR  POTENTIAL 
AND  VISCOUS  STREAMS. 

ESTIMATE  OF  THE  INFLUENCE  OF  THE  BOUNDARY  LAYER  ON  kor 
■  OF  A  POTENTIAL 

In  the  preceding  section  It  wee  shown  thftt  for  s 
wide  class  of  lnoospressible  potentlftl  ftnd  viscous  streams, 
flowing  around  syssetrloftl  bodies,  there  exists  a  critical 
value  of  the  Stokes  nusber,  k  =  kor,  suoh  that  when  k ^  kcr 

the  oapture  ooeffiolent  of  the  obstaole  is  equal  to  zero. 
However,  this  proof  did  not  enable  us  to  deternlne  the 
value  of  kcr.  In  the  present  seotion  we  shall  deternlne  the 
value  of  kor  for  ft  potentlftl  stream  (when  0),  and  we 
shall  consider  a  calculation  method  and  an  Interpolation 
formula  for  kcr  of  a  viscous  stream. 

We  oonsider  first  ft  certain  relation  between  the 
values  of  kor  of  different  values,  ft  relation  which  will  be 
useful  for  an  estimate  of  the  value  of  kor*  If  we  have  two 
different  symmetrical  streams,  in  one  of  whloh  the  function 
<fI(x)  is  larger  everywhere  on  the  interval  x[-oo,  0]  than 
the  function  cpH(x)  of  the  second  stream,  then  for  a  speci¬ 
fied  value  of  the  parameter  k  we  oan  establish  the  following 
relation: 

Vi(x,  k)>v\'(x,  k).  (1.64) 

Inequality  (1.64)  can  be  readily  obtained  by  using 
the  Chaplygin  theorem  on  differential  Inequalities  [72]  as 
applied  to  the  equation  (1.58).  From  the  inequality  (1.64) 
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it  follows 


that 


(1.65) 


for  in  the  opposite  oase  when  k  a  k*  the  funotlon 

T  T 

vj(x,  k*r)  passes  through  the  origin,  while  the  funotlon 

▼^(x,  k^r)  crosses  the  0vx  axis  above  the  origin.  In  this 

case,  there  would  exist  on  a  finite  segment  to  the  left  of 
the  origin  the  inequality  o}1  (x,  klr)  >  vj (x,  /&•),  which  would 
contradict  relation  (1.64). 


u* 


From  equation  (1.65)  it  follows  that  for  a  stream 
having  the  function  2(x)  which  is  contained  on  the  inter* 
val  x[-  go,  0]  between  the  functions  ^j(x)  and 
namely 

(*)  <<M*)  <¥•<*) 


the  value  of  the-  critical  .-.tokes  parameter  k11  lies  between 

or 

the  values  of  k*  and  K*1*: 

cr  cr 


il  x  til  till 

*cr  *cr  ^  Sc r» 


(1.67) 


It  1b  now  easy  to  establish  the  value  of  kcr  for  a 
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large  olass  of  potential  streams.  For  thla  purpose  we  con¬ 
sider  an  artiflolal  atreaa  whloh  has  on  the  On  axis  a 
velocity  ux(x)  **fo(x)»  **»d  a  plot  whloh  Is  shown  in  Figure 
16  [fo(x)  *  1  when  x<£  -  l/aj  ^o(*)  ■  -  when  x>  -  1/a]. 
For  a  atreaa  whose  veloolty  on  the  Ox  axis  is  equal  to 
?o(x)»  *•  8*t  kjp  *  l/4a,  for  to  the  right  of  the  point 

x  8  -  i/a  it  ooinoides  with  the  hypeFbollo  streaa  oonsidered 
in  Seotion  4,  and  the  velocity  of  the  partiole  at  the  point 
x  s  -  i/a  is  equal  to  unity.  This  veloolty  corresponds  on 
a  phase  plane  (x,  vx)  to  a  point  line  below  the  line 
vx  s  A2x(  therefore,  as  was  shown  in  Seotion  4,  the  particle 
will  not  settle  on  the  obstaole  when  h  ^l/4a.  If  we  now 
consider  any  flux  whioh  has  on  the  interod.  x[-oo,  0]  a 
funotlon  cp(x)  <fo(x),  a  derivative  f»*(x)<  0  and  <p' (0)  = 

.s  -a  (Pig.  16),  then  for  such  a  streaa,  in  accordance  with 
(1.65),  the  following  inequality  holds  true 

&cr  ^  . 

On  the  other  hand,  for  such  a  streaa  we  have  established  In 
Seotion  5  the  limits 

0<*cr<i.  (1. 60) 

from  a  comparison  of  the  last  two  inequalities  we 
oan  conolude  that  for  a  stream  with  a  funotlon  ?(x)  as 
shown  In  Figure  16  (l.e.,  for  the  majority  of  the  potential 
streams),  the  critical  Stokes  number  Is*: 

(1.68) 


Formula  (1.68)  shows  that  In  the  oase  of  potential 
flow  around  bodies,  the  oritlcal  Stokes  number  is  connected 
with  the  behavior  of  the  stream  near  the  critical  point  and 
Is  completely  determined  essentially  by  the  value  of  the 
dimensionless  gradient  of  the  normal  component  of  the  vel¬ 
ocity  at  critical  point  a.  The  value  of  kcr  determines  for 

a  given  configuration  of  the  body  the  minimum  dimension  of 
the  particles,  d,^,  which  settle  on  the  body.  According 


It  was  previously  established  [21]  that  kcr  =  l/4a 

for  potential  streams  which  have  negative  derivatives (x) 
and  ^"(x)  on  the  interval  x[-  oo  ,  0]. 
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to  equation  (1.11)  we  hare* 


=  (1.69) 

Consequently,  the  oritloal  Stokes  number  kor  nay  turn  out 
to  be  the  orlterion  for  the  trapping  of  mall  partlolea  by 
the  obstacle:  larger  kor  the  worse,  other  conditions 
being  equal,  the  trapping  of  the  saall  parti oles  by  the 
given  obstacle. 

Table  2  lists  the  values  of  kor  for  syaaetrioal  ob¬ 
stacles  of  various  forms.  The  table  shows  also  for  oertaln 
forms  the  values  of  d*in  at  the  stream  parameters  en¬ 
countered  in  practice.  Table  3  lists  the  values  of  kor  for 
ellipsoids  of  revolution. 


An  examination  of  Tables  2  and  3  show  that  better 
stream  line  obstacles  are  characterised  by  smaller  values 
of  kor  (compare,  for  example,  the  potential  and  detached 

flow  around  a  plate,  flow  around  elliptical  cylinders  of 
various  elongations,  etc.).  In  particular,  a  two- 
dimensional  obstacle  gathers  minute  partioles  more  poorly 
than  a  corresponding  axially- symmetrical  obstacle,  having 
the  same  meridional  cro  is  section,  as  the  transverse  oross 
section  of  the  two-dimensional  obstacle  (round  disc  — 
plate,  round  cylinder  —  sphere,  etc.). 

For  an  obstacle  of  given  form  (and  consequently  for 
a  given  value  of  kcr),  the  larger  the  stream  velowlty  and 
the  higher  the  particle  density,  and  the  smaller  the  linear 
dimensions  of  the  obstacle,  the  better  are  the  particles 
trapped.  The  minimum  dimension  of  the  trapped  partioles 
(dfliln)  Is  proportional  In  this  case  to  the  square  root  of 
the  linear  dimensions  of  the  body  and  is  Inversely  propor¬ 
tional  to  the  square  root  of  the  veloolty  of  the  lnoomlng 
stream  and  the  density  of  the  particles. 


*For  non- Spherical  partioles  we  have 


where  Xf  is  the  dynamic  form  coefficient  and  d  is  the 
diameter  of  the  sphere  of  equivalent  volume  (see  page  9). 
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Table  2 

V*lu«  of  Crltioal  Stokes  Number  kcr  and  Minimum  Particle 
Dimension  d^  for  Symmetrical  Bodies  and  Streams 


Typ*  o i  obMoeto 
(baon) 


Ellipsoid 


a*  +  b*  +  c*  *• 
a  ¥>  b  +  e;  /  -  e 

Axial  flow  wound  sllip— 
sold  of  revolution 

a)  pralats . 


b)  oblate., 


TYwiSvers#  flow  wound 
ellipsoid  of  revolution 
a)  prolate . 


b)  oblate 


L'JlipUcal  cylinder 


Round  cylinder.. 


Round  disc.... . . 


a)  potential  stream 

b)  the  same  with 

detachment  of  jet 
Plate  In  a  tube 

a)  potential  stream  * 

b)  tne  same  with 

detachment  of  jet 
b)  the  same  with 

d«'tachn*»r:t  of  jet 

Impact  of  jet 

against  a  plane 


(2  -  A,)  b*c* 

T(5*Tc*j 


*6*1— -»>!**]  -  - 

BTl-  sin*  —  «  Vttl  -  - 


1B**(2  —  «*)  [d**  —  2*  -f- 

+(!-*»)  In  [ij] 

8#»  (2  —  *•)  +  *  ~ 
—  Vi  —  «*  arc  sine] 

1 

4(TM) 

1/8 

1/12 

k/16 


1/4 

4/  (»  +  4) 


2n  s,n  21 

2L  /  l£f*\* 

n  \tg2|*j 

27cos‘4(t) 


0,125  2,6 
0,083  2,1 
0,196  3,2 

0,250  3,6 
0,560  5,4 

0,248  3,6 

0,382  4,5 
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Table  2  (continued) 


i 

1 

Typ.  of  abatacla 
(bran) 

J 

n 

'IS.  aon*  (h  a  •#) 

2/« 

0,637 

4,5 

12 

Hall-body  (aokxca  plus 
hamoqanaoua  stroam) 

a)  two— dlmnalana) 

1/4« 

0,080 

2,0 

b)  axially  .yrrm.trlcal 

!/!• 

0,082 

1.6 

R— ark  a: 

1*.  The  characteristic  dlaenslons  were  chosen  to  be 
as  follows:  1  —  axis  of  ellipsoid  parallel  to  the  streaa 
u»i  Nos.  2,  3  —  transverse  axis  of  ellipsoid  revolution; 
No.  4  —  cylinder  axis  transverse  to  the  stream;  Nos.  5 ,  6, 

7  —  radius  of  cylinder*  sphere*  and  disc;  Nos.  8,  9  — 
half  width  of  plate;  Nos.  10,  11  —  half  width  of  Jet;  12  ~ 
half  width  (radius)  of  half-body  at  large  dlstanoe  froa  the 
nose. 


2.  In  calculating  the  following  was  used:  u»  * 

15  m/sec,  l  =  2.5  mm;  width  of  tube,  40  nm  (No.  9). 

oc 

3*  A,~abc{- - - 1“ ...  — e  —  eccentrloity 

(«  +  «»)  Vi"  M  *•)  (<  '-.»*)(•+«*) 

of  meridional  section  of  ellipsoid  of  revolution;  A  -«  ratio 
of  the  axis  of  the  elliptical  cylinder  whioh  Is  longitudinal 
relative  to  the  stream  to  the  transverse  axis;  L  —  ratio 
of  width  of  tube  to  the  width  of  the  plate.  No.  10  corresponds 
to  a  flat  Jei,  emerging  froj  a  fitting  of  width  21,  looated 
at  an  arbitrary  distance  h  from  the  plane*  No.  11,  h  *  oo . 

The  parameters  \ u  and  V  (Nos.  9  and  10)  are  determined  by 
equations  (/.  31)  ana  (A,  37,  of  Appendix  II,  tfhers  analytie 
expressions  are  also  given  for  Aq« 
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Table  3 


Valuta  of  Critical  Stokes  Number  kor  for  Longitudinal 
and  Transverse  flow  Around  niipsoida  of  Revolution 


c 

I 

11 

III 

IV 

c 

I 

II 

III 

IV 

0 

0 

1,125 

0,196 

0 

0,6 

0,059 

0,111 

0,109 

0,049 

0,1 

0,012 

0,125 

0,174 

0,0023 

0,7 

0,066 

0,104 

0,101 

0,059 

0,2 

0,020 

0,125 

0,156 

0,0064 

0,8 

0,073 

0,098 

0,095 

0,068 

0,3 

0,034 

0,124 

0,141 

0,017 

0,9 

0,078 

0,090 

0,069 

0,076 

0,4 

0,043 

0,122 

0,128 

0,027 

0,95 

0,061 

0,066 

0,066 

0,060 

0,5 

0,052 

0,117 

0,118 

0,038 

1.0 

0,063 

0,063 

0,063 

0,083 

Remark :  £  —  ratio  of  ainor  axis  of  naridional  section  of 

thaalllpsold  of  revolution  to  the  aajor  axla.  Columns  I 
and  II  —  for  prolate  ellipsoid  of  revolution;  III  and  IV 
—  for  oblate  ellipsoid  of  revolutions  I  and  III  —  for 
axial  flow  around  ellipsoid;  II  and  IV  —  for  transverse 
flow  around  ellipsoid* 


Let  us  proceed  now  to  consider  the  value  of  the 
critical  Stokes  number  ker  for  a  viscous  stream.  The  proof 
of  the  existence  of  a  value  kCr  )  0  for  a  viscous  stream 
(presented  In  Section  5)»  while  not  yielding  the  value  of 
k0r»  does  lead,  however,  to  a  relatively  simple  and  exact 
method  of  determining  kcr.  Ibis  method  Is  based  on  taking 
acoount  of  the  circumstance  that  when  k  =•  kcr  the  curve 
vj(x,  kcr)  Is  a  curve  of  type  3  (see  Seotlon  3).  The  curve 
a(x,  k)  for  a  chosen  value  k  =  kj  can  be  readily  plotted  on 

the  relatively  large  Interval  x[-b,  0],  If  we  expand  In 
(1.54)  or  (1.57)  the  right  half  In  a  Maclaurln  series  and 
then  seek  the  solution  of  this  equation  In  the  form  of  a 
series  with  undetermined  ooefflolents  (recalling  that  the 
Inclination  of  G(x,  k1 )  to  the  abscissa  axis  at  the  origin 
is  equal  to  -l/kj).  Then  determining  the  integral  curve 
v^x,  kj)  on  the  Interval  x[-oo,  -  b]  [for  example,  by 

numerical  integration  of  equation  (1.54)  or  (1.57)  subject 
to  the  condition  (1.56)1,  we  readily  establish  that 
kor$k1  If  vj(-  b,  ki)jgG(-  b,  kj).  Ihe  advantage  of 

suoh  a  method  of  determining  the  quantity  kcr  liss  in  the 


fast  that  la  this  oaaa  tha  oaloulatlon  of  vt(x,  k)  can  bo 

toralaatod  sufficiently  far  away  froa  tho  ourfaoo  of  tho 
body  (tho  oritioal  point).  On  tho  othor  hand*  oxaot  oal- 
eulatioao  of  tho  surve  Tf(a,  k)  noar  tho  body  aro  always 

ouabqrooao.  whereas  oaleulationo  of  0(x»  k)  aro  oloaoatary 
la  this  oaoo. 

On  tho  basis  of  foraula  (1.66)  for  a  potoatial 
strooa  aad  oa  tho  baolo  of  tho  aothod  of  proving  tho  exist- 
oaoo  of  ker  >  0  for  a  viscous  strooa*  wo  eaa  advaaeo  tho 

hypothosio  that  kor  of  a  visoous  strooa  io  dotovnlaod  by 

tho  behavior  of  tho  integral  ourvo  noar  tho  singular 
(oritioal  point  of  tho  strooa).  then.  taking  (1,53)  into 
account.  wo  oaa  assuao  that  k0r  1*  tho  funotion  of  tho 
paroaotor  a  only: 


*fr«/(s).  (1.70) 

Applying  to  equations  (1.57)  and  (1.58)  the  trane- 
fornatlon  x  =  /9xi,  we  obtain  the  equation 

froa  vhloh  on  the  basis  of  (1.70)  wo  can  oonolude  that 

*JL-f(«P*)-  (1.71) 

If  we  seek  a  solution  of  the  equation  (1.70)  In  the  fora 

Acr  —  Os". 

then  it  will  follow  froa  (1.70)  and  (1.71)  that 

*cr  . Cam  - p 7(ap")  - PC(af)m. 

ITn.e  last  relation  should  hold  true  for  any  value  of 
the  transformation  coefficient  a .  Consequently,  on  ♦  1  1  0 
and 


*cr  =  Ca 


(1.72) 


Fig.  17.  Velocities  of  artificial 
stream 8.  Numbers  on  the  ourves  correspond 
to  the  numbering  of  Table  4. 

For  a  potential  stream,  n  x  1  and  equation  (1.72)  leads  to 
the  relation  kor  s  c/a.  Actually,  under  certain  limitations 
we  have  In  this  case  kor  =  l/4a  [see  (1.68)].  For  a  viscous 
stream  usually  n  =  2  and  one  should  expect  kcr  x  0/  /oc. 

For  the  oase  of  a  stokes  flow  around  a  sphere  (oc  x  1.5), 
Langmuir  found  by  numerical  mean*  a  value  kcr  x  1.214  [103], 
Therefore,  under  the  assumption  (1.70)  which  we  Introduce 
we  can  expect 


C  -  ^  - 

-  1,214  /T5  =  1,49 
and 

=  (1.73) 

In  order  to  check  on  the  estimated  value  of  kcr  for 
a  viscous  stream,  determined  by  means  of  assumption  (1.70) 
and  consequently  by  means  of  equation  (1.73),  we  calculated 
(by  the  method  described  above)  value  of  kor  in  equation 
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(1.57)  for  different  font  of  the  function  <p(x),  cor¬ 
responding  to  artificially  oonatruotod  streaaa.  fable  4 
Slvos  tho  funotiona  9[x)  and  tho  firat  torn  a  of  tho  Mao- 
laurln  expansion  of  <p(x)  noar  tho  origin,  and  alao  tho 
value*  of  kor,  oaleulatod  by  nuaorloal  Integration  and  by 

noana  of  foraula  (1.73).  Figure  17  •how*  plot*  of  aoao  of 
thoao  function*. 


Table  4 


&rial 

No. 

<K*) 

a 

- - E 

Calculated  by 

Intention 

by  formula 

(1.78) 

1 

1  -1,5(1  — jr)-*-t-0,5  (1  -*)-»« 

=  l,5x*+  3,5x»  +  «x«  +  . . .  (Stows) 

1.5 

1,22 

1,214 

2 

|l_(l_,r)-iji«=Jr»+2jr»+3x«+  ... 

1 

1,53 

1.49 

3 

1—1 ,5  (1  — x)  »  -f 

-0,5  (l-x)-»  «=  x*  -f  x»-l  ,5x«  -f  •  •  • 

1 

1,32 

1,49 

4 

|1 —  (1  —  *)-»j‘=ftr*+36x»+9ejrH  . . . 

9 

0,40 

0,50 

5 

l“i7(1“jr)i  +  n<1“jr)',,= 
«=:9x*+66x»-f  35tx«  +  ... 

9 

0,57 

0,50 

6 

<p  (x)  =  x*  fO*  —  1  <  x  <  0; 
f  (x)  =  1  x  —  1 . . . 

T  (x)  =  9x*  fo*  —  ~  <  x  <  0; 

& 

<r  (x)  =  i  fort  x  <  —  j  . . . 

1 

0,60 

1.49 

7 

9 

0,20 

0,50 

8 

1-1,475(1  -x)»  +  0,93Q(l-x)«- 
— 0,45o  (S  —  x)*  =  -0,03x  + 
|-x*+  l,2x»  — 0,775x*4-  .  . . 

1,24 

From  aa  examination  of  hhe  first  five  *treaas  of 
Table  4  and  Figure  17  we  can  see  that  not  too  considerable 
a  change  in  the  general  form  of  the  curve  ?(x),  foraula 
(1.73)  yields  the  tentative  value  of  kcr  over  the  entire 
interval  xf  -  co  .  o]„ 

However,  this  formula  If-  not  exact.  In  addition  to 
depending  on  the  coefficient  oc,  kcr  is  also  influenced 


« 
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apparently  by  the  general  character  of  f  (x)  ourve.  The 
latter  oirounstaaoa  is  particularly  dearly  seen  in  etreaae 
Poe.  6  and  7,  far  whioh  the  values  of  kor  art  quite  renote 

fron  those  calculated  by  fomula  (1.73).* 

Starting  froa  the  foregoing,  we  oan  expect  fomula 
(1.72)  to  be  an  interpolation  (extrapolation)  fomula  for 
problens  where  It  le  neoeosary  to  find  the  value  of  kor  for 

a  faally  of  streans,  in  vhloh  the  general  fora  of  the  ourves 
f  (x)  on  the  Interval  x[-  oc,  oj  doee  not  change  very  strong¬ 
ly.  for  example.  If  we  oonslder  axial  flow  around  a  sphere 
(with  dlaaeter  D)  we  oan  apply  to  It  equation  (1.72)  in  the 
fom  (1.73),  for  in  the  Halt 


axial  flow  goes  over  into  the  Stokes  flow.  For  axial  flow 
around  the  sphere  we  have 


where 


q>  (*)=»**•  + 0(x*), 

24  +  12ReM 
*  =“  _1033R.f 


(see,  for  example,  [55]).  Consequently, 


kcr 


24  4-  1«#M  ' 


(1.74) 


•At  the  saae  tine,  for  streaas  of  this  type,  deter¬ 
mined  by  the  functions  <p  (x)  =  oc  fx  ln  when  0>  x  >  -  (ct)“ 
and  <p(x)  s  1  when  the  relation  (1.72)  kop  * 

s  Cct~'/D  Is  satisfied  perfectly  accurately,  slnoe  by  aeans 

n 

of  the  transformation  xi-xVT  equation  (1.57)  Is  reduced  to 
*  —  dv  | 

the  form  k  Ka  vxT±  +  0,  *=  |*il  (under  the  Initial  condition 

a*l 

ft 

vx  =  1  when  x1  =  -1),  which  has  the  saae  value  of  Mcr  Vi 
for  all  values  of  oc. 
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.  Ibr  R#u  *  0.1  formula  (1.74)  yields  kor  *  1.17* 
while  for  R#u  3  0.5  w  8*4  kor  3  1.03*  Iho  toIuo  kor  s 
3  1.17  oolnoldes  satisfactorily  with  the  value  kor  s  1.15 
±  0.01  oaloulatad  bj  0.  L.  Natan eon  for  R#u  s  0.1  [44]. 

As  shown  b 7  foraula  (74),  whoa  Reu  inoraasas,  kor  deoreaeoa. 
At  very  largo  value a  of  Rou,  whoa  the  axial  approximation 
for  flow  around  a  aphoro  no  longer  holda  and  when  the 
etreaa  oaa  bo  regarded  ao  potential  (as  9),  wo  have 

u  1  1 

*  5  “  II ' 

Analogously,  for  axial  flow  around  a  cylinder,  with 
aoouraoy  to  terms  of  order  Reu,  the  eoefflolent  la 


a(Re„)«- 


2+R«„|/C,(0,2M«(l)-0,25) 

l  +  2X.(6.tfket) 


where  Kq  Is  the  Macdonald  fun  tion.  (This  expression  for  at 
can  be  obtained,  for  example,  from  formulas  (5)  of  referenoe 
[44]). 


In  the  work  of  G.  L.  Natanson  [44],  a  value  kcr  s  4.3 
was  calculated  for  Reu  =0.1.  At  the  same  tine,  according 
to  the  formula  given  above,  ot(0. 1 )  =  0.272.  Therefore, 
according  to  (1.72)  we  can  assume  for  the  cylinder  a  value 

C  m  kcr  «  4,3  /<j^72  *  2,24 


and  we  can  consider  that  for  Reynolds  numbers  that  do  not 
differ  greatly  from  0.1,  the  crltleal  Stokes  number  for  a 
cylinder  in  a  viscous  stream  is  expressed  by  the  foraula 


kcr 


i  +  2/C,  (0,2^) 

2  +  Re„(/C,(0,25R*«)-0,25)  ' 


(1.74a) 


It  follows  from  (I, 74a),  for  example,  that  when 
Reu  3  0.2  we  can  expect  a  value  kor  3  3.75.  The  value 
ker  s  0.90  obtained  in  [85]  (for  Reu  =  0.2)  is  obviously 
In  error,  since  it  was  determined  by  the  authors  by  means 
of  formula  (1.68),  in  spite  of  the  fast  that  for  a  vlsooua 
stream  the  equation  a  =  0  should  be  observed  [44],  Anal¬ 
ogously,  the  same  authors,  approximating  ths  Thomas  solution 
for  Reu  =  10,  obtained  in  error  a  3  0,6,  and  consequently 
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ICqp  *  0.417* 

Let  us  turn  attention*  finally*  to  stream  No.  6  of 
Table  4.  For  It  there  exists  a  finite  value  a  =  0.03*  so 
that  aooording  to  formula  (1.68)  the  value  of  kor  for  this 
stream  should  be  8.33*  However*  in  view  of  the  violations 
of  the  oonditlons  for  whloh  formula  (1.68)  was  derived,  for 
this  stream  we  have  kor  *  1*24.  This  value  is  olose  to  the 
value  kor  =  1.32  for  stream  No.  3  of  Table  4*  which  has 
almost  everywhere  a  funotion  <p(x)  whloh  is  olose  to  qp(x) 
of  stream  No.  8  and  for  whloh  a  =  1. 

Let  us  estimate  now  the  influence  of  the  boundary 
layer  on  the  value  of  kor  of  a  potential  stream.  A-\  is 

known  from  boundary-layer  theory  [77],  near  the  orltlcal 
point  away  from  the  obstacle  the  velooity  components  of  a 
potential  stream  will  differ  appreciably  within  the  limits 

of  the  thickness  of  the  boundary  layer  &Z&  2.4(aReu)”1/2* 

[for  an  axially  symmetrical  stream  5  5^2.8(aReu)"1/2]  from 

the  approximation  expressions  (1.52)  near  the  critical 
point  of  a  purely  potential  stream.  Inside  the  boundary 
layer  they  are  determined  by  the  relations 

lix  =  j/^<p(VaRe„  x)\  l<p(/afe„x),  (1.75) 

where  the  function  <p  has  a  form  as  shown  in  Figure  18.  In 
this  case  we  have  near  the  origin 

ux  —  «.?*  -f  0  ( xa ). 

It  is  clear  from  general  considerations  that  because 
of  the  small  thickness  of  the  boundary  layer  the  value  of 
kcr.  for  a  potential  stream  with  boundary  layer  oannot  differ 
appreciably  from  the  value  l/4a  in  a  purely  potential 
stream.  To  estimate  the  change  in  the  value  of  k<jr,  brought 
about  by  the  presence  of  a  boundary  layer,  one  cen  use 


•>,  ei-e  the  -hlckneas  of  the  boundary  layer  is  referred 
to  the  characteristic  length  l  of  the  obstacle.  Hie 

Reynolds  lumber  is  Reu~  a  is  the  dimensionless  gradient 

of  the  normal  velocity  component  at  the  critical  point. 
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relation  (1.65).  Inaanuoh  as  the  real  stroan  oolnoldss  far 
away  fron  tbs  origin  with  the  purely  potential  stroan ,  while 
near  the  origin  the  funotlon  oorrespondlng  to  It  Is 
fp(x)  <  -  ax  (Fig.  18 ),  the  orltloal  Stokes  number  for  the 

real  stroan  will  he  In  aoeord  with  ( I • 65) > 

(1.76) 


Fig.  18.  Curve  AO  —  Fig.  19.  Type  G  curve 

velocity  ux  for  boundary  (DCO)  for  the  stream  ABO. 

layer.  Curve  A*0  — 
purely  potential  stream. 

Furthermore.  Inasmuch  as  <pp(x)  near  the  origin  exceeds 

everywhere  the  functions  of  <p*(x).  which  Is  made  up  of 
segments  AB  and  BO  (Fig.  18).  we  get 

kcr  <**,.,  (1.77) 

where  kor^  13  the  critical  Stokes  number  for  a  stream  that 

oolncldes  away  from  the  origin  with  the  real  stream,  and 
whloh  1 s  described  near  the  origin  by  the  broken  line  ABO. 
This  stream  will  coincide  In  practice  with  the  purely  poten¬ 
tial  stream  of  the  problem,  to  whloh  the  stagnation  region 
BO  is  added,  where  the  stream  velocity  Is  equal  to  zero. 

From  the  boundary-layer  theory  it  follows  that  for  a  plane 
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stream  the  segment  OB  *  f <5  0 . 27 S  (for  on  axially  sya- 

■•trical  stream  0B»0.5o).  To  caloulato  ker1  it  la  pos- 
a lb la  to  make  uaa  of  the  faot  that  the  ourve  G(x,  korI) 
for  the  atraaa  under  oonaidaration  oonsiata  (Fig.  19)  of  a 
segment  DC,  which  represents  the  curve  vj(x,  korI)  of  a 

purely  potential  stream,  and  a  segment  CO  corresponding  to 
motion  in  a  resting  medium  on  the  segment  OB  *  fo.  On 
this  segment  9=0  and  equation  (1.57)  has  here  a  solution 
▼x  =  - 

From  simple  geometric  considerations  (Fig.  19)  we 
obtain  for  the  determination  of  korI  the  equation 

BC  —  =  4-  =  Oi(0,  *'r),  (1.78) 

*cr  *cr 

where  v^O,  korI)  is  the  value  of  the  velocity  vi  for  a 

purely  potential  stream.  Equations  (1.76),  (1*77),  and 
(1.78)  establish  the  limits  of  kor  for  a  potential  stream 

with  boundary- layer  [32]. 

Numerical  calculations  of  v^O,  k),  carried  out  for 
potential  streams  near  a  cylinder  and  a  plate,  have  shown 
that  for  them 


o,(0 

where  A^l.8  for  a  plate  and  A»3.8  for  a  cylinder. 
Equation  (1.78)  then  assumes  the  form 


Solving  equation  (1.79)  by  iteration,  we  find,  for 
example,  that  for  a  cylinder  0,125^  kcr  ^  0.172  and  for  a 
plate  0.25  kCr  <  0,31.  The  upper  limit  for  kor  correspond 
to  an  Increase  In  compared  with  dj,^  for  a  purely  po¬ 

tential  stream  by  17  percent  for  a  cylinder  and  by  12  per¬ 
cent  for  a  plate.  The  actual  increase  in  d„,in  due  to  the 

boundary  layer  will  in  this  case  be,  of  course,  smaller. 

An  investigation  of  the  critioal  conditions  for  the 
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precipitation  wi  oim4  out  for  iquIiM  (1.57)  for  snail 
Reynolds  numbers  R*p.  At  largo  values  of  Rop,  it  la 

neoessary  to  consider  equation  (1.14),  vhloh  vs  rsvrits  la 
tho  fora 

♦  (»*,  *)“  7J-  — — w*)l(l  +0,I7RoJ^lv--o#|,/*}  =»0. 


(1.80) 


Confining  ourselves  to  tho  oaso  of  a  potential 
stroaa,  vboa  a  afc  0  (tho  oaas  of  a  vlsoous  strsaa  doss  aot 
bars  any  slgnlfloanoe  for  largo  Rep),  vs  oaa  prove  that 

aquation  (1.66)  holds  true  also  for  aquation  (1.80). 


Applying  to  aquation  (1.80)  tho  Chaplygin  thsoroa 
concerning  dlffsrsntlal  Inequalities,  vs  shall  provs  for 
tho  sot  of  Its  solutions  v1 (x,  k)  relation  (1.59)  [and 

consequently  ths  continuity  of  vi(x,  k)  with  rsspaot  to  k], 
and  also  ths  inequality 


vl>Vx, 


(1.81) 


vhsrs  v°  is  the  velocity  that  satisfies  aquation  (1.57)  for 

speolfled  ^P(x).  Comparing  formulas  (1.64).  (1.65),  and 
(1.81),  ve  conclude  that  for  equation  (1.80)  vs  havs 


^cr  ^  h*r 


(1.82) 


vhsrs  k£r  is  the  critical  Stokes  number  of  equation  (1.87). 

On  ths  other  hand,  near  ths  origin  of  ths  phase  plans 
(x,vx),  the  qualitative  patterns  of  the  trajectories  of 

equations  (1.80)  and  (1.57)  are  the  sane.  The  latter 
circumstance  together  vlth  the  continuity  of  the  funotlon 
Vf(x,  k)  of  equation  (1.80)  vlth  respaot  to  k  leads  (as  In 

the  case  of  Section  5)  to  the  relation 

0<*cr<c-  (1.60) 

Comparing  (1.60)  vlth  (1.82)  va  obtain  for  (1.80) 
va  obtain  for  (1.80)  the  sought- for  equality 
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t 

4o  • 


(1.83) 


kc  r  ■■ 


la  oonolusion  v«  not*  that  ths  capture  coefficient 
la  S  «  0  for  k  <  ker  only  for  laartial  precipitation  of 

aaroaol  partlolas  and  alao  if  we  neglect  tha  dlaaaalona  of 
the  preolpltatlng  parti o la e  eoaparad  with  tha  dlaaaalona  of 
tha  obstacle.  Othar  aaohanlaas  for  tha  praoipltatlon  of 
aaroaol  partlolas  on  aa  obstaola,  haaldaa  tha  lnartlal 
mechanism,  ara  alao  possible.  V.  a*  Lsvioh  haa  oarrled  out 
an  lataraatlng  investigation  of  turbulaat  and  Brownian  dlf- 
fualon  of  aaroaol  partlolaa  to  an  obataola  around  which  an 
aaroaol  atraaa  flow*  [37.  38] •  However,  owing  to  the  laok 
of  experimental  data  on  tha  aaln  oharaotarlatloa  of  tha 
turbulanoa  In  auoh  streams,  It  la  difficult  to  estimate  at 
praaant  the  magnitude  of  tha  oaptura  ooafflolant  foi  tha 
turbulent  diffusion  prooeaa.  On  tha  othar  hand.  Brownian 
dlffualon  la  negligible  for  partlolaa  with  d  >  1  mlerons 

(for  than  tha  diffusion  ooafflolant  la  D  ^  10"7  am2/a»o), 
Ohara  ara  grounds  for  stating  that  whan  k  4.  kor  tha  oaptura 

ooafflolant  will  usually  ha  very  small.  This  la  evidenced 
by  tha  fact  that  usually  the  samples  of  oloud  drops  do  not 
contain  particles  whose  diameter  la  smaller  than  tha  values 
of  dgin  calculated  by  formula  (1.69).  Ranz  and  Wbng,  In 
laboratory  experiments  with  Inspectors,  likewise  did  not 
observe  a  noticeable  precipitation  of  partlolas  in  which  the 
Stokes  parameter  is  less  than  crltleal  [114], 

If  the  dimensions  of  the  aerosol  partlolas  are  com¬ 
parable  with  the  dimensions  of  the  obstaola  (j£^1),  It  is 

Impossible  to  employ  the  methods  developed  for  the  deter¬ 
mination,  nor  can  the  equations  of  motions  (1.54)  and  (1.55) 
themselves  by  smployed.  At  thsse  parameters  of  the  pre¬ 
cipitation  prooess  an  appreciable  hydrodynamic  Interaction 
eets  In  between  the  particles  and  the  obstaola,  connected 
with  the  interaction  of  their  aerodynamic  flelda.  Neglect¬ 
ing  this  interaction,  we  can  take  into  account  the  finite 
value  of  d/l  (the  "coupling  effect") •  When  d/l4»  1  an 
account  of  the  coupling  effect,  developed  by  N.  A.  Puks 
[65,  66,  Section  34]  leads  st  k  <  kcr  to  nonzero  values  of 

the  capture  coefficient.  However,  the  values  of  E  obtained 
In  this  case  are  very  small  (Ea/9  for  a  plans  stream  and 

for  an  axially  symmetrical  stream;  the  value  of 
/J«2f  3). 
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7.  THEORY  OF  ABttSOL  TEAM.  PROCEDURE  FOR  CALCULATING  THE 
CAPTURE  COEFFICIENT. 

Various  physical  properties  of  aerosol  are  deter- 
alnod  to  a  otaeiderAble  decree  by  its  dlaporsioa.  There¬ 
fore,  eeasureaent  of  tM  aoroaol  particle  distribution 
funetion  bj  diaonsions  is  ons  of  the  lain  problsis  in  ths 
investigation  of  aorosols.  In  particular,  tho so  who  in- 
veatlaate  tho  physisal  prooossos  whish  give  riso  to  tho 
dovoImontandforMtion  of  clouds  have  oaoountorod  this 
problcaloiig  ago.  Many  asthods  have boon  proposed  for 
suoh  aoasuroaonts.  and  a  review  of  thoso  can  bo  found  in 
tho  book  by  N.  A.  Fuka  [66]  or  in  tho  artlolo  by  A.  M. 
Borovikov  1 3] .  In  tho  pro  son t  sootion  no  shall  dwell  in 
groator  detail  only  on  iapaotor  aothods  of  Investigating 
tho  structure  of  coarsely- dispersed  aorosols.  and  par¬ 
ticularly  clouds.  By  iapaotor  aothods  of  investigating 
tho  struoturo  of  olouda  wo  aean  aothods  eoaaooted  with  in¬ 
ertial  settling  of  aerosol  particles  from  the  •treason 
obstacles  and  the  subsequent  investigation  of  tho  gathered 
saaplo.  This  investigation,  in  a  aost  thorough  study  of 
tho  structure,  was  carried  out  by  aiorophotography  of  the 
settling  aerosol  particles  with  subsequent  determination 
of  their  dimensions.  Sometimes  the  investigation  is 
Halted  to  a  weight  or  chemical  analysis  of  the  gathered 
aerosol  samples.  For  microphotography  of  samples  of  oloud 
drops,  the  latter  frequently  trapped  on  transparent  ob¬ 
stacles,  covered  with  a  thin  layer  of  special  oil,  vnloh 
prevents  the  evaporation  of  the  water  drops  striking  it. 
Sometimes  the  drops  are  trapped  on  obstacles  covered  with 
a  thin  layer  of  magnesium  oxide  or  lampblaok. 

Impactor  methods  of  measuring  micro structural  char¬ 
acteristics  of  a  coarsely  dispersed  aerosol  are  widely  used 
at  the  present  both  in  the  USSR  and  abroad.  An  essential 
element  of  this  procedure  is  the  transition  from  a  speetrua 
of  particles  (funotion  of  distribution  by  dimensions), 
settling  on  the  gathering  part  of  the  employed  traps,  to 
the  spectrum  of  particles  of  toe  unperturbed  aerosol.  FOr 
suoh  a  transition  one  uses  the  capture  coefficient  of _the 
gathering  part  of  the  trap  as  given  by  equation  (2).  There¬ 
fore  the  theory  of  aerosol  traps  is  connected  to  a  con¬ 
siderable  extent  with  a  calculation  of  the  caP^r® 
ficlent  of  the  simplest  forms,  used  as  P*rtj ' 

traps.  Ab  was  incldatad  in  Ssctions  1--2,  the  determination 
of  the  capture  coefficient  of  an  obstaole  involves  the 
solution  of  equations  of  motion  of  the  aerosol  par  tides. 
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For  aerosol  traps,  it  Is  post lb Is  to  nsgleot  in  these 
equations  all  the  forces  exoept  the  aerodynealo  forces,  and 
to  consider  notion  of  partloles  as  described  by  equation 
(1.14).  ibis  equation  Is  a  system  of  nonlinear  differential 
second-order  equations,  slnoe  the  vector  of  air  veloolty  u, 
which  is  oontalned  In  the  right  half  of  equation  (1.14),  is 
a  nonlinear  function  of  the  coordinates. 

Even  without  the  fact  that  the  analytic  solution  of 
such  equations  are  not  known  at  the  present  tine.  It  nust 
be  noted  that  a  nunerioal  solution  of  this  systen  over  a 
wide  range  of  initial  conditions  entails  in  nost  oases  ap¬ 
preciable  computational  difficulties  owing  to  the  oumber- 
soaenees  of  the  oaloulatlon  of  the  veloolty  field  (r). 

There  are  well  known  calculations  for  the  capture  coef¬ 
ficient  of  a  cylinder  and  a  sphere  (in  the  oase  of  potential 
streans),  carried  out  by  Albreoht  [79],  Sell  [121],  alauert 
[89],  Langmuir  and  Blodgett  [102],  Kanin  [41],  Davies  and 
Piets  [85J,  and  others.  These  exaaples  are  perhaps  the 
only  cases  when  the  field  u(r)  is  relatively  easy  to  cal¬ 
culate.  However,  the  geoaetrloal  fonts  of  these  bodies  are 
not  convenient  for  use  it:  a  procedure  where  the  aerosol 
particles  m  e  trapped  and  then  nlorophotographed,  slnoe  the 
latter,  naturally,  calls  for  the  use  of  bodies  with  flat 
portions  of  the  surface  as  trapping  obstaoles.e  It  is 
therefore  dtMirable  to  consider  the  settling  of  aerosol 
particles  f-o::  a  stream  onto  a  plate  (strip)  [22  ,  35].** 

For  th».  :*  of  a  potential  non-detached  flow  around 
a  plate  (Fig.  20),  the  air  velocity  field  u(x,  y)  is  de¬ 
scribed  by  ...  'oxlo'rfng  equations  [15,  page  271 J: 

*0 p  .f’.rse.  It  Is  possible  to  use  curvilinear  sur¬ 
faces  with  largo  radii  of  curvature.  In  this  oase  the  di¬ 
mensions  of  the  obstacle  turn  out  to  be  large  {1  is  large), 
and  at  a  given  velocity  u„  and  a  given  value  of  k0r  of  the 
surface  this  increases  the  minimum  dimension  dmln  of  the 
trapped  particles  (*'oe  Section  6). 

«*CA\c-.t3iiT.ionB  of  the  capture  coefficient  for  a 
atrip  crou.ii  whi  fr  •.  potential  stream  flows  were  carried 
out  by  Largi-.ulr  paid  Blodgett  [102].  In  view  of  the  in¬ 
accessibility  of  these  results,  these  calculations  were 
repeated  ov  ur.  1>:  1951  and  Independently  of  us  also  by 
Khrglan  ami  xazla  !  •»•  ].  It  seems  to  us,  however,  that  it 
is  essential  to  investigate  the  settling  of  aerosol  par¬ 
ticles  on  a  pJLute  around  which  a  stream  flows  with  Jet 
detachment  (see  auction  8). 
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Ux 


(1.84) 


non-detached  flow  around  a  plate* 


It  Is  obvious  that  the  cumbersomeneas  of  these  for¬ 
mulas  makes  it  very  difficult  to  carry  out  the  oaloulatlons 
even  in  this  relatively  simple  case.  In  the  case  of  po¬ 
tential  flow  around  a  plate  with  detachment  of  the  stream 
on  the  edges  (the  so-called  Klrohhoff  flow*  Fig.  21)*  the 
velocity  field  is  given  by  the  following  equation  [15*  page 
312]: 


z 


4 

"+4 


(1.85) 


where 


C  ta  ux  —  iuu\  z-  x  +  ig. 


This  is  a  transcendental  equation  and  cannot  be 
solved  in  explicit  fora  with  respect  to  the  oomplex  vel¬ 
ocity  £  .  Since  in  the  solution  of  the  equation  (1*14)  it 
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la  necessary  to  obtain  from  aquation  (1.85)  tho  velocity 
field  u( x ,  y).  It  la  neoessary  for  this  purpose  to  solve  a 
aeries  of  transcendental  equations  in  the  real  donain  with 
subsequent  double  interpolation**  Analogous  transcendental 
equations  of  the  type  s  =  F  (g  )  are  obtained  for  a  broad 
class  of  flow  of  practical  Interest  with  separation  sur¬ 
faces  (for  example,  for  a  Jet  leaving  a  nestle,  striking  a 
plane  or  a  corner,  in  the  oase  of  detaohed  flow  around  a 
plate  In  a  tube,  the  escape  of  the  liquid  through  an 
aperture  from  a  vessel,  etc.). 


.n g,  21.  Diagram  of  detached  (Klrohhoff) 
flow  around  a  plate. 

1 l  follows  from  the  foregoing  that  calculation  of 
the  cap fur .  .oefficient  for  a  series  of  praotleally  inter¬ 
esting  obovAf.les  entails  considerable  difficulties.  Yet, 
the  calcole t ion  of  the  capture  ooefflolent  for  the  entire 
obstacle  as  a  whole  (and  consequently,  the  calculation  of 
the  drop  trajectories  over  a  Wide  range  of  inertial  con¬ 
ditions;  is  organically  not  required  by  the  drop-trapping 
procedure.  To  investigate  the  structure  of  the  aerosol  it 
is  sufficient  to  calculate  the  capture  coefficient  not  of 
the  entire  obstacle  as  a  whole,  but  only  of  a  certain  part 
of  it,  such  a  formulation  of  the  problem  makes  it  possible 
to  simplify  greatly  the  calculations  and  also  the  experi¬ 
mental  procedures,  for  in  this  case  there  is  no  need  for 


^Expansion  in  series  does  not  lead  here  to  results 

that  are  of  practical  use. 
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micro photography  to  bo  carried  out  over  the  entire  obstaole. 
It  ie  sufficient  to  photograph  the  drops  that  settle  only  on 
a  definite  part  of  the  obstaole.  It  is  possible  to  simplify 
the  calculations  appreciably  by  seeking  for  the  obstacle 
with  the  symmetry  plane  (for  a  two-dimensional  stream)  or 
with  symmetry  axis  (for  a  three-dimensional  streaa)  the 
looal  oapture  coefficient  for  the  oentral  part  (for  the 
vioinity  of  the  crltloal  point  of  the  stream  flowing  around 
the  obstacle). 


Let  us  trace,  using  Kirchhoff  flow  around  a  plate  as 
an  example,  the  simplification  in  the  calculation  that  is 
obtained  thereby.  The  current  lines  of  the  air  are  shown 
in  this  case  in  Figure  21,  and  the  velocity  field  is  given 
by  equation  (1.85).  On  the  symmetry  plane  y  =  0,  x  <  0 
the  component  uy  =  0  (because  of  the  symmetry  of  the  flow) 
and  consequently  £  =  Ux .  Near  the  symmetry  plane,  the 
velocity  field  can  be  readily  obtained  by  expanding  in  a 
Taylor  series  the  right  half  of  equation  (1.85).  Near  the 
symmetry  plane,  Uy  and  y  are  email.  Consequently, 


83  *  +  iy  =  F(“x  —  ittff)  r»  F (ux)  +  (—  |  ^  ^  + 


*lc., 


+  ... 


Separating  in  this  equation  the  real  and  imaginary 
parte  we  obtain*  the  formulas 


*  —  F  («,)  +•  0  (uj) 

(1.86) 

(1.87) 

Accurate  to  Infinitesimals  of  second  order 

we  have 

F(  ^  w+4  12  lni-;-ux+  (i -«;)*/’ 

(1.88) 

dF(ux) 

y-  -«»  du 

(1.89) 

*It  is  obvious  that  formulas  (1.86)  and  (1.87)  are  ob¬ 
tained  in  any  case  when  F($  )  is  a  real  function  of  £  ,  i.e. , 
for  any  flow  which  is  symmetrical  about  the  Ox  axi.-.-. 
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or 


u. 


y 


14-«S 


yf  (•*•)■ 


The  tables  of  the  functions 

*< 

f(u„)aiulF  (u,,)  =■  — 


(1.90) 


make  it  possible  to  oaloulate  readily  the  velocity  field 
near  the  symmetry  plane  using  the  soheme 

x-+UM-+f(uM)-+u9. 

Thus,  to  find  the  local  oapture  coefficient  of  a 
symmetrical  body  at  Its  forward  oMtloal  point  It  is  neces¬ 
sary  to  solve  the  system  of  equations  (1.14),  which  for  the 
case  of  a  plane  stream  is  written  in  the  forms 

-(.W-i|{l+0,17Re}*|»W-i|m).  (1.91) 

*#>l-  w'M  -9l(l+«.  17Re}"  |  *  W  -  i  |w).  (1.92) 

The  first  of  these  equations  does  not  oontain  the 
coordinate  y  and  Is  independent.  Equation  (1.92)  is  linear 
in  y.  Therefore,  without  loss  of  generality,  we  oan  assume 
the  following  initial  conditions. 

'/{hen  t  —  —  oo: 

*  — oo,  vx  =  x  -  1;  y  -  1;  y  »0.  (1.93) 


By  finding  the  point  where  the  trajectory  of  the  par¬ 
ticle  cresses  the  body  x  =  0,  y  =  yj ,  we  determine  the  looal 
capture  coefficient  E/  from  the  equation 

£,=-±.  (1.94) 

Vi 

The  determination  of  the  coefficient  E;  can  be 
sirupli  flea  in  many  cases  by  taking  into  account  the  contin¬ 
uity  equation,  which  for  a  region  close  to  the  symmetry 
line  can  be  written  in  the  form: 


n(x)vx(x)  y  ^  n^. 


(1.95) 


Then 


and  formula  (1.94)  assumes  tha  fora: 

Bt-l&Vxfrk),  (1.96) 

l%00 

where,  aa  was  found  in  Saetlon  5,  Vj (0,  k)  la  tha  solution 
of  aquation  (1.91)  subject  to  Initial  oondltlon  (1.93)  at 
tha  point  x  =  0. 

Lot  ua  oonaldar  oaaaa  whan  tha  variation  of  tha 
aaroaol  part  Ida  ooneantratlon  n  can  be  naglaotad.  than 


and 

Et^Vii 0,k).  (1.97) 

This  naans  that  in  caaas  whan  tha  ooneantratlon  of 
tha  aaroaol  particles  changes  level  on  flowing  over  an  ob- 
ataola,  tha  capture  ooafflolant  E /  can  ba  oaloulatad  bj 
formula  (1.97) ,  solving  for  this  purpose  only  tha  first  of 
tha  aquations  of  notion,  namely  aquation  (1.91)  [46].  The 
oonoantratlon  n  Is  almost  constant  over  the  entire  aaroaol 
stream  flowing  around  the  obstaele,  whan  the  value  of  k  la 
small  (when  k  =  0  tha  oonoantratlon  n  la  oonstant;  aaa 
Section  3).  However,  this  case  is  of  no  praotleal  Interest 
for  tha  calculation  of  E i  ,  since  at  small  values  of  k  <  koj. 
tha  ooafflolant  Ej  =  0.  Tha  small  variability  of  tha  con¬ 
centration  n  appears  also  In  a  different  extrema  oase,  that 
of  vary  large  values  of  k,  whan  tha  inertia  of  tha  aerosol 
particles  is  vary  large  and  whan  the  air  stream  Influenoea 
their  motion  little  (sea  Section  3). 

Ye.  A.  Novikov  established  certain  conditions  under 
which  the  variability  of  the  concentration  n  Is  small  [46] . 
Let  us  examine  for  the  sake  of  being  definite  the  oase  of 
small  Reynolds  numbers  Rap,  whan  In  aquations  (1.91)  and 

(1.92)  the  factor  ( 1  +  0, 17  Re'/' |  q>  —  x  |v*]  ova  ba  sat  equal  to 
unity.  We  shall  oonslder  hare  tha  quantities  vx  and  y  as 
being  functions  of  x.  Then 
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*  -  W,  y  -  vty'\  y  =  +  v}y* 

and  equations  (1.91)  and  (1*92)  as  well  as  the  Initial 
conditions  (1.93)  as suns  the  fora 


to «>;  +  0,-9(x), 

(1.98) 

to'y+(i*)'~o. 

(1.99) 

we  have 

Vm  -  1,  y  —  1,  \f  —  0. 

(1.100) 

Noting  that  the  first  torn  of  equation  (1.99)  is 

Kf-kwv-wwt* 

we  stipulate  that  the  following  Inequality  be  satisfied 

*lN>J)'f<|(jflP)'|.  (1.101) 

Then,  replacing  in  (1.99)  the  tern  kv^y"  by  we 

readily  obtain  the  first  Integral  of  this  equation.  Taking 

(1.100)  and  the  equation  ?(-  oo)  =  i  into  account,  this 
Integral  assumes  the  form 

toJy'+iW=l- 

Substituting  here  the  expression  for  ?(x)  from  (1.98),  we 
obtain  the  equation 

ko*  (o*y)'  4-  vxy  =  1, 

the  solution  of  which  subject  to  Initial  condition  (1.100) 
will  be 

v*y  =  1.  (1.102) 

From  this  we  oonolude  on  the  basis  of  the  continuity 
equation  (1.95)  that  n(x)  =  n«o.  Thus,  if  the  inequality 

(1.101)  is  observed  in  the  aerosol  stream,  then  it  is  pos¬ 
sible  to  neglect  in  It  the  variation  of  the  aerosol  particle 
concentration. 

Let  us  interpret  now  the  meaning  of  the  inequality 
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( I • to 1 ) •  For  this  purpose  we  first  derive  a  few  auxiliary 
relations.  We  note  first  that  the  equation  for  the  current 
lines  of  the  airstreaa  will  have  the  fora 


IMP  (A  *  con**  -  V**» 


(1.103) 


where  yu  is  the  coordinate  y  of  the  current  line  of  the  air. 


From  this  we  oonolude  that 


(sinoe  <p'(x)  <  0,  see  seotlon  5).  For  the  sake  of  being 
specific,  we  consider  the  upper  half  of  the  streaa,  for 
which  y  >  0,  and  consequently  yu«*  >  0  and 


>0, 


if* 


W,-2(<p'),<0.. 


Writing  (1.99)  in  the  form 


♦  (*,  x)  *  t  +  a*  +  z  +  -jL 


0, 


(1.104) 


where  z  =  y'/y»  we  obtain  on  the  basis  of  (1.104)  the 
formula 


•(£•*)-♦(-*•*)— w+ar 

— n ^^>0. 


from  which,  according  to  Chaplygin's  theorem  on  differen¬ 
tial  inequalities  [72]  we  conclude  that 


z 


X 

f 


*The  condition  (1.104)  is  satisfied  for  a  broad 
class  of  air  streams. 
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or 


«*>'<°-  (1.105) 

Using  this  relation  and  aquation  (1,99)  we  obtain* 

jf  «  (1.106) 


Since  the  derivative  y '  =  0  when  x  *  -  •*  [  see  con¬ 
ditions  (1.100)],  the  last  inequality  enables  us  to  state 
that  everywhere  on  the  interval  x[- oo,  o] 

y‘  >  0.  (1.107) 

On  the  basis  of  the  inequalities  (1.105)  and  (1.107), 
and  also  the  inequality 


v'<0,  (1. 107a) 

which  is  the  consequence  of  equations  (1.59)  and  (1.98),  we 
can  rewrite  the  condition  (1.101)  in  the  following  form: 


—  2ky’v,v'x  <  —  (yq>)'. 

Substituting  here  the  values  of  y,  y',  and  v^,  ex¬ 
pressed  on  the  basiB  of  (1.98)  and  (1.102)  in  terms  of 
9>(x)  and  vx,  we  obtain  the  formula 


*  + 


t  (p,  -  y) 


>  — 


2 


(1.108) 


Inasmuch  as  the  concentration  of  the  aerosol  par¬ 
ticles  increases  with  increasing  x  (see  Seotlon  3).  the 


*We  note  that  by  using  (1.105)  and  (1.59)  we  can 
readily  obtain  on  the  basis  of  Chaplygin's  theorem  from 
equation  (1.99)  a  relation  that  is  convenient  for  the 
analysis  of  the  motion  of  the  aerosol  partloles: 


where  yr  and  y2  are  the  solutions  of  equations  (1.99)  and 
(1.100)  at  values  of  the  parameters  k,  equal  to  kj  and  k2 
respectively*  with  kj  >  k2. 


greatest  change  in  n(x)  is  observed  at  the  oritioal  point 
of  the  obstaole.  Therefore  the  satisfaction  of  the  con¬ 
dition  i  at  the  oritioal  point  guarantees  the  ful- 

fl Ilmen t  of  this  condition  at  any  other  point  of  the  in¬ 
vestigated  region  of  the  stream.  But  at  the  oritioal 
point  the  condition  (1.108)  assumes  the  following  form 
(inasmuch  as  f(x)  s  0  at  this  point)  [46]*: 


k> 


2 

VW 


8kt 


cr- 


(1.109) 


The  criterion  (1.109)  that  the  particle  eonoentra- 
tion  change  in  the  aerosol  be  small  can  be  used  in  praotioe 
in  the  following  manner.  The  calculations  of  the  oapture 
coefficient  £/  begin  at  small  values  of  k,  by  solving  equa¬ 
tions  (1.91)  and  (1.92)  and  determining  E/  from  formula 
(1.94).  Simultaneously  one  determines  at  the  oritioal 
point  the  value  of  n(0)  from  formula  (1.95).  If  for  a 
certain  value  k  =  kj  the  concentration  n(0)  becomes  equal 
to  n oo  with  sufficient  degree  of  accuracy,  then  it  is  pos¬ 
sible  to  detennine  for  k  >  kj  the  value  of  E;  by  formula 
(1.97),  solving  thereby  only  the  one  equation  (1.91). 


8.  CALCULATION  0?  THE  CAPTURE  COEFFICIENT  FOR  SURFACE  AND 
AIRBORNE  AEROSOL  TRAPS 


The  selected  scheme  for  a  surface  trap  for  cloud 
drops  (coarsely* dispersed  aerosol)  is  shown  in  Figure  22. 

A  stationary  and  homogeneous  stream  of  aerosol  is  produced 
in  tube  A  with  the  aid  of  fan  B  which  is  connected  to 
electric  motor  c.  A  glass  plate  D,  covered  with  a  shutter, 
is  installed  in  the  stream.  After  the  stationary  stream 
has  been  established  in  the  tube,  the  shutter  is  opened 


#In  the  axially  symmetrical  case  analogous  deriva¬ 
tions  lead  to  the  condition 

k  >>  6kcr.  (I.109a) 

When  Rep  are  not  small  and  one  cannot  neglect  in  (1.91)  and 

(1.92)  the  deviation  of  the  force  acting  on  the  particle 
from  the  Stokes  law,  we  can  obtain  a  condition  analogous 
to  (1.109). 
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for  *  definite  time.  Then  the  Mroaol  particles  settle  on 
the  glass.  The  velooity  of  ths  straws  is  calculated  from 
ths  readings  of  a  aanoaetsr  which  asasurts  ths  static  prss- 
surs  on  ths  mil  of  ths  tubs.  Suoh  a  sohsas  for  a  surfaos 
trap,  unlike  ths  ons  previously  used,  aakss  it  possible, 
as  a  result  of  the  stationarity  of  ths  strsaa  froa  which 
ths  aerosol  particles  are  precipitated,  to  take  into  ao- 
oount  the  oapture  coefficient  of  ths  asrosol  partiolss  by 
ths  plats  and  thus  determine  ths  trus  oonosntratlon  and 
ths  asrosol- partiols  distribution  function. 


Fig.  22*  Sohsas  of  Fig.  23.  Schema  of  air- 

surface  trap  for  strsaa  in  ths  trap  for 

asrosol  partiolss.  asrosol  partiolss. 

Ths  capture  coefficient  for  the  surfaos  trap  ware 
calculated  in  accordance  with  a  two-dimensional  sohsas  (Fig. 
23).  It  sseas  to  us  that  in  connection  with  the  relatively 
small  width  of  ths  plat*  in  the  trap  (the  ratio  of  the 
width  of  the  plats  2 l  to  the  tub*  diaaeter  2L  is  13  peroent) 
and  the  location  of  the  shutter  in  ths  central  part  of  the 
tube  the  oholoe  of  a  two-dimensional  scheme  for  calculating 
the  stream  in  the  trap  eannot  lead  to  any  appreciable  errors. 

Assuming  that  the  air  stream  in  the  tube  flows  around 
the  plate  In  accordance  with  a  Klrohhoff  flow,  the  air- 
velocity  field  around  the  plate  oan  b*  deteralned  by  ths 
method  of  N.  Ye.  Zhukovskiy  [10]  (see  Appendix  ii).  it  is 
given  by  the  equation* 


*We  reoall  that  the  unit  of  length  is  oho sen  to  be 
the  half-width  of  the  plats. 
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where 


(1.110) 

(i.iil) 

From  equation  (1.110),  by  determining  ds/df  at  the 
erltlcal  point  of  the  plate,  we  oan  readily  obtain  the 
value  of  the  orltical  Stokes  parameter  for  the  plate  in  the 
tube: 


2 L  tg»i* 
r-  tg*  2|t 


(1.112) 


As  L  varies  from  1  to  infinity,  the  value  of 

TT  1 

changes  from  0  to  ->g->  ,  while  kcr  changes  from  to 


The  last  value  of  kflr  =  corresponds  to  Klrohhoff  flow 

around  a  plate  by  an  unbounded  stream  (see  Section  6).  Fig¬ 
ure  24  shows  the  connection  between  the  quantities  L  and 
kcr  and  the  parameter  p. 


In  accordance  with  the  procedure  used  to  calculate 
the  capture  coefficient  and  developed  in  the  preceding 
section,  we  tabulated  the  functions 


and 


1 

/(«,) 


iLr_L_.j_  — J _ 

*  [  1  —  ti*  Ctg*l*  — 


ctg* 


=*] 


dux 

f<ux> 


at  a  value  of  fi  =  0.575,  corresponding  to  the  structural 

parameter  of  the  manufactured  trap  (1  =  0.13).  The  oalou- 

L 

lation  of  the  aerosol  particle  trajectories  at  different 
values  of  the  Stokes  number  k  was  oarrled  by  numerical  in¬ 
tegration  of  the  differential  equations  (1.91),  and  (1.92) 
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by  the  Bits*  method  [12],  whloh  is  very  convenient  for  thtso 
aquations. 


/ 


Fig.  24.  Dependence  of 
the  dimensionless  width 
of  the  tube  L  and  the 
crltloal  Stokes  number 
kor  on  the  parameter  p. 


Fig.  25.  Dependence  of 
the  capture  ooefflolent 
E  for  the  plate  In  the 
tube  on  the  Stokes 
number  k  at  1/ L  =  0.13. 


Figure  25  and  Table  5  show  the  values  of  the  depend¬ 
ence  E(k) .  The  Ej  curve  corresponds  to  calculations  without 

aooount  of  the  deviation  of  the  aerodynaalo  force,  aotlng  on 
the  par  tide,  from  the  Stokes  value  [this  corresponds  to 
asswing  Rep  a  0  In  equations  (1.91)  and  (1.92)].  The  curve 
Exi  Is  calculated  with  aooount  of  this  deviation  at  a 
stream  velocity  in  the  tube  uoo  =  20  a/seo  (Ray  a 

~  =*  ****)•*■  ®*n  be  seen  from  Figure  25,  both  plots 

are  quite  close  to  eaoh  other  all  over  the  entire  Interval 
of  the  ealoulated  values  of  k. 

For  airborne  traps  for  cloud  drops,  a  very  simple 
scheme  of  an  unbounded  stream  was  oho  sen,  flowing  around  a 
long  plate  with  Kirohhoff  flow.  It  seems  to  us  that  such 
a  scheme  should  refleot  more  accurately  the  flow  around  the 
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Plato  than  the  soheae  employed  by  mwal  authors  of  using 
noa-detaohed  potential  flow.  Ibis  oaa  bo  verified,  for  ox- 
sap  lo,  froa  an  oxaalnatlon  of  Figure  >6,  whleh  sbovs  tho 
distribution  of  tho  dimensionless  prossuro  oosfflolont 


on  tho  frontal  sldo  of  tho  plato  for  tho  plaoe  of  Klrohhoff 
and  noa-dotaohod  potontlal  flow  around  a  plato*  Tho  olroloo 
In  Plguro  26  show  tho  experimentally  aoasurod  values  of  tho 
ooofflolont  Op  C 1091  •  Tho  funotlons  F(ux)  and  f(ux)  oor- 

rospondlng  to  aquations  (1.88)  and  (1.90)  were  tabula  tod. 

Tho  oapturo  ooofflolont  was  oaleulatod  by  tho  saao  aothod 
ao  for  a  surfaoo  trap. 

Tsblo  5 

Valuos  of  tho  Oapturo  Ooofflolont  I  for  a 
Plato  In  a  Tuba 


ft 

£l 

*»l 

*cr  *=  0*384 

0 

Q 

3 

0,167 

0,203 

— . 

— 

1.0 

0,349 

0,285 

8 

1.6 

0,300 

— 

— 

2,3 

0,619 

0,543 

12 

5 

0,730 

— 

— 

10 

0,620 

0,793 

25 

20 

0,873 

0,833 

35 

too 

0,932 

0,918 

80 

Figure  27  and  Table  6  show  the  value  of  the  oapturo 
ooofflclent  for  two  oases.  The  curve  Ej  corresponds  to 

oaloulatlons  without  Inclusion  of  the  deviation  of  the 
aerodynamio  foroe  Fa  from  the  Stokes  value,  while  curve  Ijj 

1s  calculated  with  account  of  this  deviation  and  corresponds 
to  Re,*  s  50,000  (l  a  0.9  cm;  u«e  *  80  a/sec). 

As  can  be  seen  from  Figure  27,  at  such  large  Reynolds 
numbers  the  calculation  of  the  oapturo  ooeffiolent  oust  bo 
parried  out  with  aeoount  of  the  deviation  of  the  foroe 
noting  on  the  partiole  from  the  Stokes  foroe  (ROpj  0). 


Fig.  26.  Distribution  of  the  dimensionless 
pressure  coefficient  cp  on  the  front  side 

of  the  plate: 


1 --potential  stream;  2— Kirchoff  flow;  3— 
experimental  values. 


e 


Fig.  27.  Dependence  of  the  oapture 
coefficient  £  for  a  plate  In  an 
unbounded  stream  on  the  Stokes 
number  k. 
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Table  6 


Capture  Coefficient  X  for  e  Plate 
in  an  Unbounded  8 trees 
(Klrohhoff  Plow) 


k 

*1 

*|| 

Vr-  o.seo 

0 

0 

25 

1 

0,150 

0,095 

34 

2 

0,547 

0,255 

49 

3 

0,445 

0,517 

55 

4 

0,492 

0,552 

67 

5 

0,552 

0,411 

75 

7,5 

0,627 

0,490 

92 

to 

0,510 

0,540 

105 

15 

0.724 

— 

130 

20 

0,768 

— 

150 

30 

0,813 

184 

After  taking  the  sample  of  the  aerosol  particles  on 
the  plate,  the  regions  near  the  symmetry  line;  of  the  plate 
are  photographed.  In  this  type  of  photography,  certain  of 
the  ploture  frames  may  deviate  from  the  central  line  of  the 
plate,  and  the  width  of  the  frame  can  In  some  cases  be 
comparable  with  the  width  of  the  plate  (it  may  amount  to 
10 — 15  percent  of  the  width  of  the  plate).  It  IS  therefore 
of  interest,  in  order  to  make  more  precise  the  pattern  of 
the  settling  of  the  aerosol  on  the  plate  from  the  stream, 
to  oonsider  the  variation  of  the  looal  capture  coefficient 
transversely  to  the  plate  [11].  Inasmuch  as  it  is  im¬ 
possible  to  carry  out  this  operation  on  sohemes  using 
Klrohhoff  flow  (see  Section  ?),  we  shall  oonsider  this 
problem  for  a  non-detaohed  potential  flow  around  a  plate, 
assuming  that  the  main  results  obtained  here  are  qual¬ 
itatively  duplicated  also  in  streams  with  detachment,  by 
virtue  of  the  identical  geometry  of  the  obstaole. 

As  was  already  indicated  in  Section  7,  calculation 
of  the  potential  field  of  the  air  speeds  around  the  plate 
by  means  of  formulas  (1.84)  is  too  cumbersome.  Stic  cal¬ 
culation  can  be  simplified  if  it  is  taken  into  aooount  that 
we  are  Interested  In  trajectories  lying  in  a  band  cor¬ 
responding  to  values  of  the  ordinate  y  lying  between  ±  1 • 


In  this  region  it  ia  possible  to  effectively  expend  the 
velocity  components  ux(x,  y)  and  uy(x,  y)  in  powers  of  y. 
This  expansion  is  best  carried  out  by  noting  that 

C  =  u,  -iu„  -  F(x  +  iy)  *  F(x)  f +  ••• 


Separating  the  real  and  imaginary  parts  in  this 
equation  and  recognizing  that  for  potential  flow  around  a 
plate  we  have 


F{x) 


x  sign  or 

VT+*' 


we  obtain 


Ux 


'sign*  | .  3y»  8y«(3-4*»)  , 

yT+~x*  \ ^  2 (!  +  *•)•  *r  TIT+aV  **' 


,  7y*  (5— 28jt*  +  8**) 
+  16  (1  -H  x*)* 


+  0(y*)}, 


y sign*  f,  _  j/*(4*«- 1)  3y« (l~12x*+8jr«) 

7(T+7*?  1  2.(1  +  x*)*  ^  8  (!  +  *•)« 


(5  -  144**  -  320*«  -  64**) 
16(1+7*)* 


(1.113) 


Fox-  the  velocity  field  (1.113),  equations  (1.91)  and 
(1.92)  were  solved  for  the  following  initial  conditions: 

when  v  ■=  —  oo:  x  -  1,  y  —  0,  y  =  y0. 


The  ordinate  y|  where  the  calculated  trajectory 

crosses  the  plate  determined  the  averaged  capture  coeffi¬ 
cient  Ey ^  on  the  plate  Inside  the  band  +  7|  from  the  formula 

%1  =  yQ/y1 .  The  results  of  the  calculations  are  shown  in 

Figure  28  and  in  Table  7. 
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Fig.  28.  Variation  of  the  average 
capture  coefficient  transversely 
to  the  plate. 


Table  7 


Average  Capture  Coefficient  Ey 1  for  a  Plate 

In  an  Unbounded  stream  (Potential 
Non- Detached  Flow) 


L  1 

W-0,2 

y*  »  0,3 

a- 

0,5 

^  1 

y\ 

!  yi 

Vi 

K 

0,5 

0,27 

j  0,65 

0,31 

0,88 

0,34 

— 

1,0 

0,51 

0,37 

0,54 

0,56 

0,55 

0,86 

0,58 

2,5 

0,73 

0,27 

0,74 

0,41 

0,74 

0,66 

0,76 

10 

0,(U 

0,22 

0,91 

0,33 

0,91 

0,54 

0,92 

It  is  seen  from  Figure  28  and  Table  7  that  the 
average  capture  coefficient  of  the  region  (-  y^ ,  ♦  y  ^ ) 

changes  Insignificantly  with  the  variation  of  yj ,  In¬ 
creasing  slightly  with  increase  of  yj.  When  k  >2.5 


•  *\J 


inside  a  band  amounting  to  50  percent  of  the  entire  plate 
(jl  =  0.5),  the  capture  coefficient  Eyj  ohangea  by  leas 

than  2  percent,  and  only  when  k~0.5  does  this  ohange 
reaoh  10  percent.  Thus,  it  oan  be  assumed,  with  perfectly 
satisfactory  praotloal  acouraoy,  that  In  the  oentral  half 
of  the  plate  (y  j  <  0.5)  the  oapture  coefficient  is  oonstant. 

In  this  respect  the  plate  differs  considerably  from  the 
ourvillnear  surfaces  (in  particular,  from  a  clroular  cyl¬ 
inder),  where  the  looal  capture  coefficient  has  a  maximum 
near  the  symmetry  plane  of  the  surface,  by  virtue  of  the 
geometry  of  the  surface,  and  decreases  rather  sharply  with 
increasing  distance  from  the  symmetry  plane. 

9.  GATHERING  AEROSOL  SAMPLES.  THE  ASPIRATION  COEFFICIENT 
WHEN  AEROSOL  IS  DRAWN  INTO  A  TUBE  OR  A  SLOT 

Usually  in  investigations  of  aerosol,  it  is  neces¬ 
sary  to  draw  a  sample  of  the  aerosol  in  some  instrument.  By 
virtue  of  the  inertia  of  the  aerosol  particles,  as  was 
already  Indicated  in  Sections  1  and  3,  changes  will  ooour 
in  the  concentration  and  in  the  aerosol  particle  distribu¬ 
tion  function  in  the  sample  as  compared  with  the  concen¬ 
tration  and  the  particles  spectrum  in  the  unperturbed  aero- 
sol.  In  the  present  section  we  shall  consider  the  variation 
of  the  average  flow  concentration  of  the  aerosol  particles 
as  the  aerosol  is  drawn  into  a  small  tube  or  a  narrow  slot, 
disregarding  for  the  time  being  the  settling  of  the  parti¬ 
cles  on  the  walls  of  the  tube  or  the  slot.  We  shall  take 
account  here  of  the  influence  of  the  wind  velocity  and  the 
sedimentation  velocity.  This  problem  was  solved  by  Davies 
[84]  and  by  Walton  [128],  who  neglected  the  inertia  of  the 
particles.  However,  in  such  a  formulation,  the  solution 
thoy  obtained  for  the  problem  Is  somewhat  trivial.  As  was 
already  Indicated  in  Section  3,  if  the  inertia  of  the  par¬ 
ticles  la  negligible  (k  =  0)  the  aerosol  particle  concen¬ 
tration  in  a  field  of  solenoidal  forces  (div  F  =  0;  the 
force  of  gravity  is  also  solenoidal)  should  not  change  on 
being  drawn  into  an  instrument. 

To  investigate  the  variation  of  the  average  flow 
concentration  of  the  aerosol  particles  as  the  aerosol  is 
drawn  into  a  small  tube,  let  us  consider  the  motion  of  the 
particles  of  monodiapersed  aerosol  in  the  field  of  a  homo¬ 
geneous  wind  in  the  presence  of  a  point  sink.  We  assume 
here  that  away  from  the  sink  the  particles  move  with  the 
wind  velocity.  Such  a  formulation  of  the  problem,  subjeot 
to  a  certain  limitation  which  will  be  referred  to  below, 
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imitates  th*  motion  of  the  partloi**  outaldo  th*  tub*  but 
of  oour**  do* a  not  t*k«  Into  aooount  th*  s*dia*ntatloa  of 
th*  partloi**  on  th*  wall  tuba  [29]. 

L*t  th*  wind  v*looity  b*  uv  and  th*  volua*  rat*  at 
whioh  th*  air  *nt*r*  th*  *lnk  Q.  Th*  rat*  of  settling  of 
th*  partloi**  (th*  **dla*ntatlon  velocity)  1*  d*not*d  by 
vB.  Than  th*  aquation  of  notion  of  th*  a*ro*ol  partloi** 

will  b*  written  In  th*  form: 

m  iJJ-  =  3"**  («i  ~  *i)  +  mf  «  3tctjd  (#t  —  o,  —  o.).  (1.114) 


If  we  plao*  th*  sink  at  th*  origin,  and  the  axle  of 
a  cpherloal  (or  oyllndrieal)  coordinate  *y*t*a  1*  dlr*ot*d 
along  th*  vector  uq  =  uw  ♦  v8*.  than  In  dla*n*lonl**a  quan¬ 
tities  equation  (1.114)  assumes  the  fora: 

k%  +  v  =  u,  (1.115) 

where  u  Is  the  dimensionless  vector  sum  of  the  velocity  of 
the  air  stream  uj  and  the  sedimentation  velocity  vg.  To 
obtain  a  simple  form  for  writing  down  u  it  is  necessary  to 

choose  as  the  characteristic  length  /  ~  and  as  the 

characteristic  velocity  Uq.  Then  the  dimensionless  velocity 
will  have  in  the  spherical  coordinate  system  components 


Ur  -  cos  5  —  ,  ut  —  —  sin  b. 

The  Stokes  number  k  will  be  expresoed  as 


(1.116) 


k 


z£l/ 

'  — 


l«r. 


r/ 

-n1  U 


(l)' 


h  2  -—-cos (oif  *»))*/., 

Uw  >  "w 


(1.117) 


*Such  a  choice  of  the  coordinate  axis  direction  l*ad* 
to  an  axially  symmetrical  pattern  of  the  aero sol- partloi* 
trajectories. 


32 


where  t 
tlelee. 


is  the  relaxation  tiae  of  the  aerosol  par- 


Let  us  oonslder  first  the  solution  of  the  problen  in 
the  oase  when  the  inertia  of  the  aerosel  partioles  oan  be 
negleoted  (rand  consequently  k  are  very  snail),  then 
equation  (1.115)  assuaee  the  foras 

~  TT  “ C08*  — h •  v*  "f  IT"  ~sln®-  (1.118) 

The  solution  of  (1.118)  aust  be  sought  under  the 
following  initial  conditions: 

when  t  st  —  oo:  x  «  —  oo,  g  m  1,  p  =»  p,,  p  «0.  (1.119) 


Fig.  29.  Qualitative  picture  of  the 
trajeotorles  of  inertlaleee  aeroeol 
partioles  (eurrent  lines  of  the  air) 
when  a  moving  aerosol  is  drawn 
into  a  tube. 

The  partiole  trajectory  will  be  deeorlbed  in  this 
case  by  the  equation 


/■*  sin*  0 
2 


+  cost- 


const. 


(1.120) 


The  system  of  equations  (1.118)  has  two  singular 
points:  a  stable  node  at  the  origin  and  a  saddle  at  the 
point  A( 1 i  0)  on  the  aotion  axis.  The  qualitative  pleture 
of  the  trajectories  (in  the  meridional  plane)  whleh  satisfy 


the  relations  (1.118)  and  (1.119)  la  shown  in  Figure  29. 

As  can  be  seen  from  Figure  29,  the  eeparatrix  AB  which 
passes  through  the  saddle  A  is  the  Halting  trajectory  and 
separates  two  classes  of  the  trajectories  under  considera¬ 
tion:  those  terminating  at  the  origin  (l.e.,  those  entering 
into  the  drawing  tube)  and  those  going  to  infinity  (*  =  ♦  oe). 
Its  equation  is  obtained  from  foraula  (1.120),  after  de- 
ternlnlng  the  integration  constant  from  the  condition  that 
r  a  1  when  6=0.  After  simple  transformations  we  find 
that  the  equation  of  the  eeparatrix  AB  has  the  form: 

(f).  (1.121) 

and  its  distance  from  the  symmetry  axis  at  z  -  w  (0  s  it) 
is  Pq  a  2.  The  number  of  particles  entering  per  unit  time 
inside  the  si  nit 

where  noo  is  the  counted  particle  concentration  away  from 
the  sink. 


the  aerosol-particle  trajectories 
when  a  moving  aerosol  is  drawn 
into  c  tube. 

Tne  .ivara.eu  flow  concentration  of  the  particles  of 
the  drawn- In  aero not  (in  the  tube)  is  therefore 

;V  •irJ*U0'»oo 

C6  —  Q  **  Q~  ~  W 
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Thus  (as  was  generally  proved  in  Ssotion  3),  if  ws 
neglect  the  insrtia  of  ths  asrosol  par  tides,  thsir  con¬ 
centration  doss  not  o hangs  oh  being  drawn  into  ths  tubs. 

It  Is  obvious  that  ths  trajsetoriss  of  ths  lnsrtlal 
partiolss  (k  afc  0)  will  diffsr  froa  ths  trajectories  shown 
in  Figure  29.  in  this  oass,  ths  qualitative  picture  of 
ths  trajsotoriss  will  havs  ths  fora  shown  in  Pigurs  30.  In 
oonstruoting  this  pattsrn  of  transforasd  trajsotoriss, 
aeoount  was  taksn  of  ths  faot  that  ths  gsoastrio  loous  of 
ths  singular  points  of  ths  ay a tea  (1.115)  in  ths  plans 
(s,  p )  coincides  with  the  geometrio  loous  of  the  singular 
points  of  the  system  (1.118).  Consequently,  ths  singular 
(1.0)  of  ths  systsa  (1.118)  should  bs  a  singular  point  also 
of  ths  systsa  (1.115).  Ths  separatrix  AqD|P  passing 

through  it  should,  in  view  of  ths  physloal  continuity  of 
the  problea  at  saall  values  of  k,  bs  a  Halting  trajsotory.* 
Our  task  is  to  traos  quantitatively  ths  transforaatlon  of 
the  ssparatrlx  AqBqC  into  Aqd1f  on  going  from  the  system 

of  equations  (1.118)  through  the  systea  (1.115). 

To  find  the  trajectories  of  equation  (1.115)  for 
small  values  of  k,  we  employ  the  method  of  small  parameter. 

We  seek  a  solution  of  (1.115)  in  the  form  of  a  series  in 
powers  of  k: 

i  +  ***  +  ...  +  k-vn  +  .  . . .  (1.122) 

We  substitute  the  series  (1.122)  into  equation  (1.115) 
written  in  the  form 


*We  did  not  suoceed  in  proving  mathematically  that 
the  singular  point  Aq  for  k  afeO  under  conditions  (1.119)  Is 
a  singular  point  of  the  saddle  type  in  the  plane  (s,  p). 

An  analogous  problem  of  the  transformation  of  the  trajectory 
pattern  near  the  separatrix  when  k  varies,  for  the  case 
when  the  separatrix  is  a  straight  line,  was  considered  by 
us  in  Sections  5  and  6.  We  have  shown  there  with  mathemati¬ 
cal  rigor  that  when  k  varies  in  the  interval  0  ^  k  ^  l/4a 
(where  a  is  a  dimensionless  gradient  of  the  velocity  at  the 
singular  point)  the  singular  point  remains  a  saddle.  For 
the  problem  considered  in  the  present  section,  a  s  1  and 
when  k  ^0.25  the  point  should  be  a  singular  point  of  the 
singular  type.  We  Justify  assumption  not  only  by  the  phys¬ 
ical  continuity  of  the  problem  but  also  by  the  results  of 
the  calculations  given  below. 
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(1.123) 


and  equate  the  expressions  containing  equal  powers  of  k.* 

We  then  obtain  for  the  sought  functions  vq,  v^ ,  ...  yQ 
the  reourrenoe  formulas 

•*=■«;  *  «  -  (w0 v)  w0.  w*=  -  (W#v)  -  (w«  V) ®, 

v„  =  —  (©,?)  Wfl-J  —  (WiV)  Wn-1  —  ...  —  (tv,?)tv  (I  •  124) 

If  we  recognize  that  for  arbitrary  vector  fields  a 
and  b  the  following  relation  holds  true 

(a v )  0  f  (0? )  a  -  grad  ( ab )  —  [a,  rot  0]  — 10,  rot «), 

then  relatione  (1.124)  can  be  simplified.  Indeed,  lnasmuoh 
as  rot  u  ~  C  we  have 

rot  Oj  —  0  and.  =  —  -i-gradt>*. 


Consequently, 


rot  Vi  -  0  and  vt~  —  grad  (©„©,)  etc  .** 
We  ultimately  obtain 


v0  —  u  vt  --  - 


t'J;  f,  =  —  grad  (®0y,) .  .  . 


v,  -  -  grac!  (v0v„_,  -f  ViVn~t  +  . .  .) 


(1.125) 


^The  method  of  small  parameter  was  u-oed  by  Ya.  M. 
Yaglom  for  equation  (1.123)  in  solving  the  problem  of  the 
flow  of  an  aerosol  stream  around  a  cylinder  (see  the  foot¬ 
note  on  page  16). 

#*Thus,  in  the  case  when  the  solution  (1.122)  exists, 
we  obtain  still  another  proof  that  the  field  v  is  potential, 
since  <» 

rot  v  =  ^  k*  rot  vn  —  0. 
n-0 


O  *-> 


Applying  the  general  expression  (1.125)  to  the  prob¬ 
lem  which  W3  are  considering,  we  obtain 


V„  =»  COS  9  —  —  ,  t>o»  =  —  Sin  0  Vir  — ■  — 

sinO  3(1  — 3 cos*#)  ,  20 cos 8  14 

y*#5* - 7f~>  v»  - - fi - u  4- — - -f, 


(1.126) 


OsinOcosO  .  4sin0 
* - 7* - +  71 

It  is  easy  to  see  that  all  the  vn  for  n  >  1  vanish 
when  z  =  -  (l.e. ,  when  rs<»,  0  =7 >-)  and  consequently 

00 

the  solution  o  *  2  satisfies  the  initial  conditions 

n-t 

(1.119).  To  the  trajectories  it  is  necessary  to  solve  the 
equation  r2vr  sin  6  <*0  -  r  vq  sin  0  dr  =  0,  in  which  we 
substitute  the  values  of  vr  and  v@  from  (1.126).  Accurate 

to  second-order  terms  inclusive,  we  obtain  after  simple 
transformations 


k  s  in*  0 


f[Jl$lL+Cos0- 

it  f 


2k  sin  8  <18  Utk*  sin  8  dO 

r*  r* 


!U:*cos0siii!fl  kl  sin*  8 
r‘  '  7* 

I  18fes  sin  0  cos  0  dO 

_  .  . 


(1.127) 


To  find  the  separatrix  AqD^  F  we  put  in  the  right  half 

of  (1.127)  in  first  approximation  r  —  cos  1  ,  which  is 

equivalent  to  assuming  that  the  separatrix  AqD^F  differs 
little  from  separatrix  Aq3qC .  After  such  a  substitution 

equation  (1.127)  can  be  readily  integrated.  The  integration 
constant  is  obtained  from  the  condition  that  the  separatrix 
must  pass  through  the  point  Aq  (1.0).  After  finding  thus  in 
first  approximation  the  equation  of  the  separatrix  AqD^F, 

we  substitute  the  value  r  =  r(0)  obtained  from  it  into  equa¬ 
tion  (1.127)  and  again  integrate  the  latter.  From  the 
equation  obtained  in  the  second  approximation  for  the  curve 
AqDjF  we  obtain  for  its  distance  jpF  from  the  axis  when 

z  s  -  0°  the  expression 
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from  which  we  readily  determine  the  average  flow  oonoen- 
tration  cq  of  the  particles  in  the  tube  and  the  aspiration 
coefficient  in  the  inlet  section  of  the  tube 


*(P/rO*«» 

- 5~ 


\- 0,8k +  0,08#  . . . 


(1.128) 


To  check  at  which  values  formula  (1.128)  still 
yields  satisfactory  results  and  to  check  on  the  character 
of  the  pattern  of  the  trajectories,  equations  (1.115)  and 
(1.116)  were  integrated  numerically  for  k  =  0.25  and  0.5. 
Figure  31  shows  the  results  of  these  calculations  for  k  = 
s  0.25.  As  assumed,  the  point  Ao  (1,0)  in  Figure  31  is  a 
singular  point  of  the  saddle  type.  When  k  =  0.25  the  ratio. 
cq/cpo  lies  in  the  interval  0.810  —  0.795,  differing  from 
the  value  Qq/cc„  =  0.805  obtained  from  equation  (1.128)  by 
not  more  than  one  percent.  '/hen  k  =  0.5  the  ratio  Cq/coo 
lies  in  the  interval  0.625  —  0.635  and  differs  from  (1.128) 
.by  not  more  than  2,5  percent. 


Stokes  number  k  =  0.25. 


Let  us  proceed  now  to  a  specific  analysis  of  the 
results  obtained.  In  Table  3  are  listed  the  values  of  k 
for  different  values  of  the  volume  flow  q,  the  velocity  uq 


for  *  water-aerosol  (pp  s  1  g/oa3j  yj  =  1.8  x  10**  poise). 

Table  8 


Dependence  of  the  Stokes  Nuaber  on  the  Partlole 
Dlaaeter  of  the  Aerosol  D,  the  Velocity  u q» 
and  the  Voluae  How  Q 
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Table  9 


Dependence  of  Q  satisfying  the  Condition  (1.130) 

on  d^  and  uq 
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In  order  for  the  reduction  in  the  concentration  in 
the  tube  not  to  be  excessive,  it  is  necessary  that  the 
criterion  k  not  be  large*  If  we  oonfine  ourselves  to  the 
requirement  that  cq/c*  >  0.8,  then  this  will  lead,  in  ac¬ 
cordance  with  equation  (1.126),  to  the  condition  k  0.25. 
It  is  seen  from  Table  8  that  k  <  0.25  for  drops  with  diam¬ 
eter  d  =  30  microns  at  a  wind  velocity  2  m/sec  only  when 

Q  >  10^  cmVsec,  while  for  drops  with  diameter  d  s  1C 

microns  this  holds  for  Q,  >  102  omVdec.  At  very  small 
flows  (Qsasl  cm3/sec)  we  can  expect  small  changes  in  the 
spectrum  of  particles  in  the  range  d  < 10  mlorons  when  the 
aerosol  is  drawn  in  only  when  the  wind  velocity  does  not 
exceed  0.5  m/sec.  In  the  range  d  <100  microns  consider¬ 
able  variations  of  the  spectrum  can  occur  when  Q  < 102 
cm3/sec  given  in  the  absence  of  one  since  for  drops  of 
100  microns  In  diameter  the  sedimentation  velocity  la 
Vg  s  31  cm/sec. 

On  the  basis  of  equation  (1.117)  we  can  find  the 
relationship  between  the  parameters  of  the  phenomenon  at 

which  the  condition  it. >  0,8  (fc  <  0,25)  is  satisfied: 

f«e 


16*pl  d*uj 


(1.129) 


For  water  aerosol  the  relation  (1.129)  has  the  form 


Q  >  lt910-*4«4.. 


(1.130) 


where  dfi  is  the  diameter  of  the  drop  in  microns; 
uqu  Is  the  velocity  in  meters  per  second; 

Q  Is  the  volume  flow  in  cm3/sec. 

Table  9  shows  values  of  Q  [cmVsec]  satisfying  con¬ 
ditions  (1.130)  for  different  values  of  uom  and  d^,*  It 


*If  we  consider  the  drawing  in  of  aerosol  from  quiet 
air  (uw  =  0,  uqjj  =  vs  =  0.3  x  10“^  dj§),  then  conditions 

(I. 130)  will  usually  be  satisfied  for  cloud  drops  at  very 
small  flows  Q,  Thus,  for  example,  when  d  =  50  microns, 
the  flow  Q  should  be  larger  than  6  cm3/aec.  But  even  when 
d  =  100  microns  the  condition  (1.1 30)  calls  for  Q  >  5700 
cm3/sec.  Thus,  when  drawing  in  drops  from  quiet  air  a 
drop  with  diameter  d  <50  microns  will  hardly  change  its 
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follows  from  Table  9.  for  example,  that  In  ordsr  to  talcs 
In  a  sampls  of  quality  drops  in  surface  aerosol  traps  it 
Is  nsesssary  to  use  flows  A  >  12,000  em3/see  In  ordsr  to 
ensure  a  weakly  distorted  speotrum  down  to  diameters  of 
30  mlorons  and  at  a  wind  veloelty  not  larger  than  two 
meters  per  seoond.  In  this  oase,  for  drops  with  diameter 

d<20  mlorons  the  oonoentratlon  ratio  is  2Si.  >  0.9*  On 

Ooo 

the  other  hand,'  In  drawing  In  finely  dispersed  aerosol 
(d  <  1—2  mlorons)  In  various  instruments  (for  example  In 
a  themoresplrator) ,  one  can  use  flows  QftdO.1  cm3/s#c  if 
the  wind  velocity  does  not  exoeed  two  meters  per  seoond. 

At  large  wind  velocities  (uofttfS— 10  m/seo).  In 

order  to  draw  In  partioles  20—  30  mlorons  In  diameter,  It 
Is  necessary  according  to  Table  9  to  employ  devices  with 
very  large  values  of  Q  (100—1,000  litres  per  seoond).  An 
analogous  deduction  Is  obtained  also  for  airplane  aerosol 
gathering  devices.  In  these  oases,  however.  It  Is  not  ad¬ 
visable  to  attempt  to  effect  nearly  lsoklnetlo  Ingathering 
of  the  samples,  taking  Into  account  the  orientation  of  the 
wind  relative  to  the  tube  axis. [66,  sec.  32].  At  the  same 
time,  at  wind  velocities  less  than  2  or  3  meters  per  seoond 
(which  usually  change  rapidly  In  magnitude  and  direction) 

It  is  convenient  to  gather  the  aerosol  samples  without 
regard  for  the  wind  direction.  It  Is  then  necessary  to 
satisfy  condition  (1.130). 

We  have  considered  the  process  of  drawing  in  aerosol 
Into  a  tube  under  the  assumption  that  the  tube  diameter  Is 
very  small.  One  can  expect  the  theory  developed  to  retain 
its  principal  features  If  the  radius  of  the  tube  R  Is 
smaller  than  the  distance  from  the  saddle  A 0  to  the  origin, 

l.e.,  when  R  <1.  If  we  denote  by  u  the  average  veloelty 
of  air  in  the  tube,  then  Q  =ttR2u  and  consequently_the 
ratio  R  <  l  will  be  equivalent  to  the  inequality  u  >  4uq. 

Finally,  it  is  easy  to  see  from  general  considerations 
that  an  increase  in  the  tube  dimaeter  for  a  given  flow 


average  concentration  in  the  inlet  opening  even  at  very 
small  flows  q  (see  [84],  where  it  is  indicated  that  experi¬ 
ments  show  no  noticeable  distortion  of  the  concentration 
when  particles  with  d  <£  100  microns  are  drawn  in  from 
quiet  air  at  Q  >  100  cm3/eec). 
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should  lead  to  a  reduction  in  tha  flow  concentration  of  the 
asrosol  partlolss  in  ths  tubs,  for  ths  radial  ooaponsnt  of 
ths  air  velocity  nsar  ths  tubs  it  dsorsassd  than. 


Ho  investigate  ths  change  in  ths  asrosol  partiols 
oonosntratlon  whsh  ths  asrosol  is  drawn  into  a  narrow  slot, 
1st  us  oonsldsr  ths  notion  of  ths  asrosol  partiols  in  ths 
flsld  of  a  homogensous  wind  in  ths  presence  of  a  straight- 
11ns  sink  and  the  fores  of  gravity.  It  is  obvious  that  in 
this  case  ws  can  confine  ourselves  to  the  oass  whan  ths 
vector  uo  =  uw  +  v8  is  perpendicular  to  ths  sink  11ns,  for 
in  the  opposite  case  we  can  resolve  the  veotor  uq  into  two 

ooaponsnt s,  one  parallel  and  one  psrpsndioular  to  the  sink 
line,  and  we  need  to  take  into  consideration  then  only  the 
perpendicular  component,  The  veotor  ooaponsnt  of  uq  paral¬ 
lel  to  the  sink  line  causes  the  aerosol  partlolss  to  move 
along  the  sink  line  and  cannot  exert  any  influence  on  ths 
drawing  In  of  the  particles  into  the  sink. 


Thus,  the  problem  unde;,  consideration  is  two-dimen¬ 
sional,  and  to  answer  the  posed  questions  it  is  necessary 
to  find  the  trajectories  of  motion  in  a  plane  perpendloular 
to  the  sink  line.  As  before,  by  locating  the  point  of 
Intersection  of  the  sink  line  with  the  plane  of  motion 
under  consideration  at  the  origin,  and  by  choosing  as  the 
characteristic  velocity  u0  and  as  the  characteristic  line 
l  =  Q|./2*u  o  (where  Q1  is  the  volume  inflow  of  air  per  unit 

length  of  the  sink  line),  we  can  write  down  the  equation 
of  motion  of  the  aerosol  particles  in  the  form  of  the 
equation  (1.115)* 


(1.131 ) 


(1.132) 


The  qualitative  picture  of  the  trajectories  will  in 
this  case  be  the  same  as  in  the  case  of  a  tube.  The 
singular  point  of  the  saddle  type  Aq  has  coordinates  (1,  0). 

When  k  =  0  the  equation  of  the  trajectories  has  the  fora 

r  sin  q>~cp  =  const,  (1.133) 


♦Here  r  and  <f  are  the  polar  coordinates,  the  axis  of 
which  is  directed  along  the  vector  uq. 
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and  the  separatrix  AoBqC  (eat  Fig*  30;  It  is  necessary  here 
to  raplaoa  only  tha  ooordlnata  z  by  x  and  p  by  y)  is 
dascrlbad  by  tha  aquation 

y»rsin<p»f.  (1*134) 

It  is  sean  from  formula  (1.134)  that  the  dlstanoa 
from  the  separatrix  AqBqC  to  tha  Ox  axis  when  x  =  -  #•  la 
Yq  s  rr.  Since  tha  dimensionless  valoclty  gradient  near  tha 
singular  point  Ao  is  equal  to  unity,  wa  can  axpaot  that 
whan  k  i  0*25  tha  singular  A o  will  remain  of  tha  saaa  type 
(saddle).  Employing,  as  before,  tha  method  of  small 
parameter,  we  obtain 


tv  =  cos*  —  -1;  v„  =  —  sin*;  vv-~  ; 


Viv  =  — 


Vv  = 


2cos  2f 


+  ^--4;  U.»») 


Substituting  the  obtained  values  of  vr  and  vp  into 
the  equation  rvrd?  -  Vpdr  =  0,  we  obtain  the  trajectory 
equation 

,r  .  Jksin v  **sin2f  ,  2**»infl 

d  [rsin*  —  * - ^ - -jr3-  + — - 

(1.136) 

Substituting  in  the  right  half  of  (1.136)  in  the 
first  approximation  r  =  p/sinp,  i.e. ,  assuming  that  the 
separatrix  Aq3oC  and  AoO|F  differ  little  from  aaoh  other, 
we  can  Integrate  the  equation.  Carrying  out  than  tha 
iteration,  the  same  as  in  the  preceding  case  when  aerosol 
was  drawn  into  a  tube,  we  determine  the  distance  yp  of  the 
separatrix  AqD^ f  from  the  axis  when  x  =  -  oo; 

y,  =  «  —  kSi  (2k)— 0,4654* ...  (1 .137 ) 

From  equation  (1.137)  we  can  already  determine 
readily  the  average  flow  of  concentration  of  the  particles 
in  the  slot  and  the  aspiration  coefficient  in  the  inlet 
section  of  the  slot: 
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(1.138) 


A  -  A.  „  i^n? »  0L  »  1  -0,45»*-0,i48* . . 

Using  equations  (1.138)  end  (1.132),  we  can  obtain 
the  relation  between  the  parameters  of  the  phenomenon,  at 

whloh  the  oondltlon  0,8  (ft  <0,45)  is  satisfied: 


U.139) 

For  a  water  aerosol  the  relation  (1.138)  assumes  the 

form 

Qt  >  0,44  dp  <£».  (1.140) 

Hie  relations  obtained  are  applicable  If  the  half-width  of 
the  slot  le  smaller  than  I,  l.e. ,  when  the  average  velocity 
of  air  In  the  slot  Is  u  >sru0. 

On  the  basis  of  formulas  (1.118)  and  (1.138)  we  oan 
determine  the  variation  of  the  spectrum  and  the  main  spec¬ 
tral  characteristics  of  the  aerosol  (the  number  of  partloles 
per  unit  volume  N,  the  water  content  q,  the  specific  cross 
section  of  the  particles  Sg,  the  mean-cube,  mean- square,  and 
mean  diameters  dj,  dg,  and  dj),  when  the  aerosol  Is  drawn 
Into  a  tube  or  Into  a  slot.  If  we  designate  by  n(d)  the 
normalized  distribution  density  of  the  number  of  particles 

n(d)Dd=*  lj,  then  the  number  of  particles  In 

the  range  of  diameters  from  d  to  d  4  Dd  will  be  Nn(d)Dd. 

When  aerosol  is  drawn  into  a  tube  or  a  slot,  this  number 

becomes  equal  to  Nn(d){1  -  fd2)Ddt  where  T=-0,8 

Up 

for  a  tube  and  y  —  0,45  for  a  slot  [we  confine  ourselves 

to  the  first  two  terms  of  the  series  In  (1.128)  and  (1.138)] 
We  denote  the  1-th  moment  of  the  distribution  n(d)  by 

Mi  *  C  dfn  (d)  Dd  (It  Is  obvious  that  d,  =»  A#,;  d\ - Mt\  dj  - MJ. 


by  diameters  ^ 


Theh  the  number  of  parti ole ■  per  unit  volume  ineide  the 
tube  or  slot  ie* 


N'  (1.141) 

and  the  normalised  density  of  the  distribution  n*  in  the 
tube  or  in  the  slot  has  the  fora 

n*(d)=  .  (1.142) 

l-T< 

From  this  we  readily  find  that  the  water  content  o', 
the  specific  oross  seotion  s'g,  and  the  diameters  0*3,  d'2» 

and  d'j  in  the  aerosol  that  is  dram  into  the  tube  or  the 

slot  will  be  related  with  the  corresponding  quantities  in 
the  free  aerosol  by  the  following  equation: 

«'-*(»- r3).*-*(i— rig). 

(aj)  (i)  -  ■ 

•  (1.143) 

Let  us  consider  in  conclusion  the  process  of  drawing 
in  aerosol  into  a  tube  of  finite  width.  Not  being  able  to 
investigate  at  present  this  question  to  its  full  extent,  we 
oonfine  ourselves  to  qualitative  considerations  of  the 
phenomenon  of  the  gathering  of  the  aerosol  samples  through 
a  thin-walled  tube,  oriented  parallel  to  the  stream  at  in¬ 
finity.  Three  different  oases  arise  in  this  oase  and  are 
shown  schematically  in  Figure  32,  The  first  case  (Fig. 

32a)  corresponds  to  the  so-called  isokinetic  conditions  of 
sample  gathering,  when  the  velocity  of  the  air  stream  Inside 
the  tube  is  equal  to  the  velocity  of  the  incoming  stream. 


^Usually  the  overwhelming  number  of  partloles  lie  in 
the  diameter  range  0  —  2.5  d2.  Therefore,  in  spite  of  the 
use  of  formulas  (1.128)  and  (1.138)  is  restricted  to  small 
values  of  k(d),  integration  with  respect  to  d  for  the  cal¬ 
culation  of  N'  and  then  q'  and  S'*  can  be  extended  to 

d  =  <30. 
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In  this  case  (neglecting  the  thickness  of  the  wells)  the 
tubes  introduce  no  distortions  whatever  in  the  aerosol 
stream.  The  stream  remains  inhomogeneous  everywhere,  and 
therefore  (see  Section  3)  the  counted  concentration  no  (and 

also  the  flow  concentration  c*  =  “T2- “  «#)  inside  the  tube  is 

ux% 

equal  to  the  concentration  n«*»  of  the  unperturbed  aerosol. 
In  the  second  case  (Fig.  32b)  the  velocity  of  the  air  in¬ 
side  the  tube,  uq,  exceeds  the  velocity  of  the  Incoming 

stream  in  u^,  while  the  third  (Fig.  32c)  Uoo/uq  >  1.  In 
all  these  figures  the  solid  lines  represent  the  current 


lines  of  the  air,  while  the  dashed  lines  show  the  trajec¬ 
tories  of  the  aerosol  partioles.  The  lines  AB  correspond 
to  the  boundary  lines  of  the  air  current,  whioh  separate 
the  region  of  the  air  stream  entering  into  the  tube  from 
the  region  whioh  flows  past  the  tube.  The  lines  AjBC 
Show  the  limiting  particle  trajectories.  It  is  easy  to 
see  from  Figure  32  that  the  flow  concentration  of  the  aero¬ 
sol  particles  Inside  the  tube,  co»  exceeds  the  concentration 
of  the  particles  at  Infinity  (cM  s  nw)  if  uq/um  <11,  and 

that  co  <  coo,  if  uq  >  uM.  This  follows  from  the  feet 
that  in  the  former  case  the  limiting  trajectories  of  the 
aerosol  partioles  lie  outside  the  limiting  ourrent  lines  of 
the  air,  and  in  this  latter  case  they  lie  inside  the  limit¬ 
ing  lines  of  the  air  current. 

For  very  small  particles  (the  Stokes  parameter  k  is 
small)  we  have  v  ftju  and  n  «  const.  Consequently,  in  small 
particles  the  counted  and  the  flow  oonoentrations  inside 
the  tube  are  close  to  nw .  For  very  large  particles 
(k  -»  ©o)  the  velocity  is  v(r)j»  v^  =  u^o  and  n(r) 

(see  Section  7).  Therefore  It  is  sufficiently  large  dis¬ 
tances  from  the  entry  into  the  tube,  inside  of  which  the 
air  stream  speed  becomes  uniform  and  equal  to  uq,  the  flow 
concentration  is 


C  _  nV*  “co 
*00  nooux»  Ut 

For  intermediate  values  of  k,  the  ratio  n/nw  >  1 
(see  Sec.  3)  and  the  ratio  o/epo  lies  between  1  and  v^/uo 

(Fig.  33).  Of  course,  all  these  relations  are  qualitative 
in  nature.  They  can  be  greatly  distorted  by  settling  of 
particles  of  the  wall,  which  is  connected  to  a  considerable 
degree  with  the  form  of  the  air  stream  near  the  inlet  to 
the  tube,  etc.  For  a  more  or  less  rigorous  solution  of  the 
problem  under  discussion  it  is  necessary  to  carry  out  cal¬ 
culations  of  the  aerosol  particle  trajectories  for  spe¬ 
cifically  chosen  schemes  of  air  streams  aspired  through  the 
tube.  However,  an  analytic  expression  for  the  veloolty 
field  u(r)  is  in  these  cases  (for  example,  for  the  Borda 
fitting  [19])  very  complicated,  and  it  is  likewise  in¬ 
efficient  to  carry  out  such  calculations  without  electronic 
computers , 
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Fig.  33.  Variation  of  flow  and  counted 
concentrations  of  aerosol  particles 
with  Stokes  number  k  when  drawing- In 
aerosol  into  a  tube  parallel  to  the 
air  stream. 


The  variation  of  the  aerosol  particle  concentration 
during  the  gathering  of  samples  was  investigated  expert-  ^ 
mentally  by  many  workers  (see,  for  example,  [90,  108,  129]). 
We  shall  dwell  here  only  on  some  of  the  results  obtained  In 
the  semi-empirical  work  of  Watson  [129],  In  this  investi¬ 
gation  we  consider  the  ratio  of  the  diameters  of  the  current 
tubes,  formed  by  the  boundary  current  lines  of  the  air  Da 
and  the  limiting  trajectories  of  the  aerosol  partloles  Dp 
(see  Fig.  32).  From  similarity  theory  It  is  clear  that 
this  ratio  is  a  function  of  the  Stokes  number,  Reu,  Rep, 
the  relative  thickness  of  the  wall,  and  the  velocity  ratio 
uq/uoo.  Watson  proposes  that  the  ratio  Dp/Da  Is  a  function 

of  the  Stokes  number  only, 


CO 

TE1T- 


where  D  is  the  tube  diameter. 

Introducing  the  notation 


(1.144) 
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he  obtain*  for  th*  ratio  oq/o*,  th#  formula* 

5  -  §  -  ^10 + co.-m/w  - 

+  (I-U5> 

•lnoo  J 


On  th*  basis  of  th*  two  *xp*rla*nt*  performed, 
oharaot*rl**d  by  quantities 

1)  ^  —  2,28;  k  m  1,30;  D  -  1,05  cm;  3-1,57; 

2)  ^  -  0.43;  *  -  3. 19;  D  -  0;46  cm;  £  -  0,49, 

Weston  calculates,  starting  from  formula  (1.145).  th* 
corresponding  values  of  f(k)  and  plots  th*  ourv*  of  f(k) 
as  shown  In  Figure  34  (It  is  obvious  that  wh*n  k  -*  oo  th* 
function  f(k)  -4  0). 

//*/ 


Fig.  34.  Plot  showing  the 
d*p*nd*noe  of  th*  funotion 
f(k),  determined  by 
equation  (1.144). 


*lt  must  b*  noted  that  Watson.  Ilk*  others,  did  not 
distinguish  between  the  flow  and  th*  counted  concentration, 
designating  c  as  merely  the  concentration. 
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We  not*  that  the  plot  of  Figure  34  has  been  plotted 
essentially  only  from  two  experimental  points,  correspond¬ 
ing  to  appreciably  different  ratios  Ugg/uo.  it  seeas  to  us 

that  additional  experlaental  material  Is  neoessary  to 
olarlfy  the  dependence  of  cq/cq,  on  the  parameters  listed 

above  and  to  oheck  the  correctness  of  Watson's  assumption 
(1.144). 


I 
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CHAPTER  XX 

ELECTR08TATXC  COAGULATION  AMO  SETTLING  OF 
AEROSOL  PARTICLES 


10.  FORMULATION  OF  THE  PROBLEM 

Xn  the  present  chapter  it  is  our  task  to  examine  the 
rule  of  eleotrostatio  forces  la  processes  involving  the  co¬ 
agulation  of  the  particles  of  a  coarsely-dispersed  aerosol, 
and  also  in  processes  of  settling  of  euoh  partlolee  free 
the  stress  on  different  obstacles.  The  first  problsn  Is  of 
oertaln  physical  and  geophysical  Interest,  slnoe  coagulation 
prooes.ses  play  an  appreciable  role  In  the  aging  of  coarsely* 
dispersed  aerosol,  occupying  a  large  volume,  and  In  portion* 
lar  In  the  growth  of  oloud  droplets  leading  to  proolpltatlon 
An  examination  of  the  seoond  problem  can  have  various  tech¬ 
nical  applications,  oonneoted  with  elimination  of  aerosol 
partloles  from  air,  the  preolpitatlon  of  aerosol  partloles 
on  eleotrlo  wires,  eto. 

As  regards  the  role  of  electrlo  forces  In  ooagulatlon 
processes  of  oloud  drops,  the  information  and  opinions  ex¬ 
pressed  In  the  literature  are  oontradlotory.  Thus,  for. 
example,  Shushkln  [76]  believes  that  electrlo  foroes  do  not 
play  an  appreciable  role  In  processes  of  coagulation  In 
olouds. 


In  many  other  works  [23,  83,  117,  123]  an  opposing 
point  of  view  Is  expressed.  It  seems  to  us  that  sueb  con¬ 
tradictory  notions  are  connected  with  the  inadequacy  of  tho 
theoretical  research  on  this  question,  and  also  wit®  tho 
fact  that  the  magnitudes  and  signs  of  the  eleotrlo  charges 
of  the  individual  oloud  drops  have  still  been  poorly 


Investigated  up  to  now. 

Whereas  the  final  solution  of  the  problea  is  left 
until  thorough  experiments  are  performed  on  the  neasursaent 
of  the  oharges  of  Individual  cloud  drops  In  olouda  of 
various  types  and  experlnents  on  the  dlreot  Investigation 
of  the  Influence  of  eleotrlo  forces  on  the  ooagulation  of 
oloud  drops.  It  Is  advantageous  to  oonslCor  theoretically 
the  effoot  expected  from  the  aotlon  of  the  electric  oharges 
of  the  drops  and  of  atmospheric  electric  fields  on  the 
growth  of  oloud  droplets.  Naturally,  such  an  Investigation 
should  be  oarrled  out,  wherever  possible,  under  broad  as* 
euaptlons  oonoernlhg  the  slses  of  the  charges  and  electric 
fields,  so  as  to  be  able  to  extend  the  Investigation  to  the 
phenomenon  of  ooagulation  and  sedimentation  of  partlolos  of 
any  coarsely- dispersed  aerosol. 

Anticipating  the  results  of  suoh  an  investigation, 
it  should  be  noted  here  that  even  relatively  snail  oharges 
of  oloud  drops  nay  turn  out  to  be  essential  for  the  growth 
of  drops  with  disaster  d  *  1  —  30  nierons.  The  point  is 
that  according  to  aodern  theory  of  fomatlon  of  precipita¬ 
tion  [103,  76]  the  growth  of  oloud  drops  in  the  indicated 
range  of  disasters  oannot  ooour  as  a  result  of  gravitational 
ooagulation,  and  is  determined  only  by  the  condensation  of 
the  water  vapor.  This  Is  oonneoted  with  the  existence  of  a 
orltloal  Stokes  number  kor  =  1.21  for  the  presses  of  iner¬ 
tial  sedloentatlon  of  drops  on  the  sphere  around  whloh  a 
viscous  stream  flows  (see  Section  5),  leading  to  the  elim¬ 
ination  of  gravitational  ooagulation  In  the  ease  of  drops 
with  a  diameter  less  than  30  miorons  [76], e  on  the  other 
hand,  the  condensation  growth  of  oloud  droplets  occurs 
sufficiently  rapidly  only  for  small  drops  (d  <  1  aloron). 
Therefore  the  condensation  growth  of  drops  up  to  dlaaeter 
d  2$  30  nicronu,  when  the  gravitational  ooagulation  goto 
Into  effeot,  occurs  too  slowly.  Fbr  example  [76],  whan  the 
rising  air  stream  has  a  velocity  10  oentloeterc  per  oeoond, 
the  dlemetor  of  tho  drop  Increases  as  s  result  of  oondon- 
■atlon  from  11  to  30  microns  within  7.5  hours,  and  than 

*A8  was  already  noted  (Seotion  6),  an  aooount  of  tho 
finite  dimensions  of  the  small  drop*,  and  also  an  aooount 
of  the  Brownian  and  turbulent  diffusion  of  tho  drops  lifts 
the  absolute  oharaoter  of  the  exclusion  of  coagulation  in 
the  range  under  consideration  [37,  38,  86],  Kowevor,  tho 
ooagulation  whloh  is  brought  about  by  these  effects  has 
apparently  low  intensity. 


increases  to  1,300  microns  »»  *  result  of  grotltotlonal 
ooagulatlon  (the  letter  is  the  dta^oiottof  too  paln  toop) 
a  ft  or  15  —  20  aim  too.  Buoh  a  length  of  foraattoaofrata 
drop*  in  a  cloud  exceeds  greatly  the  axially  observed  tines 
of  foraatloa  of  proolpltation  froa  tho  oloud.  It  is  aelnly 
by  virtue  of  tho  circumstances  that  ooagulatlon  of  oloud 
drops,  brougit  about  by  olootrto  forooo,  can  gay  an  ap¬ 
preciable  rolo  in  tho  development  of  a  oloud  faring  lti 
initial  stags,  when  tho  gravitational  ooagulatlon  Is  still 
alsolng  [23,  26,  26] • 

Tho  speed  of  ooagulatlon  of  tho  aorosol  parti ole • 
is  dotominod  by  tho  value  of  tho  capture  oooffiolont  t  of 
tho  saall  partlolos  (with  disaster  d),  aoving  roUtivo  to 
tho  largo  particle  (with  dlaaotor  D).  Wo  shall  soohtho^ 
valuo  a  of  tho  oapturo  oooffiolont  X,  dotominod  by  the  dif¬ 
ference  in  tho  rates  of  drops  of  tho  partlolos  and  the 
electrostatic  Interaction  between  the*,  lb  find  the  cap¬ 
ture  coefficient  E,  as  was  indicated  in  Seotlon  1,  it  is 
necessary  to  find  the  Halting  trajectories  of  the  saall 
particles  relative  to  the  large  ones. 


U  K 
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Fig,  35.  Coordinate  system . 

<;5xe  trajectories  of  motion  of  the  saall  partioles 
of  aerosol  will  be  sought  In  a  coordinate  systen  oonnooted 
with  the  center  of  Brevity  of  the  large  petioles.  In 
this  system  the  Os  axis  will  be  directed 
(Fig.  35).  In  this  systea  of  coordinates  there  is 
ioming  on  the  large  particle  a  »f  Jir wl 

u  at  1  -  -  00  (u^  is  the  rate  of  fall  of  the  large  par- 

»•  mrtl  p.rtloi.1.  utrt  upon  by  th.  for;,  of 
gravity,  by  the  aerodynamic  foroe  Pa,  and  by  the  electro¬ 
static  force  F«. 


It  should  bo  no tod  that  Langmuir  [103]  and  Shuahkln 
[76]  otaunt  without  oonaiatsncv  tho  thsorv  of  lodlaontotlon 
of  asrosol  parti oloa  on  obataoloa  and  appllod  to  tho  thsory 
of  growth  of  oloud  drops.  Tho  oapturo  oooffloloat  In  tho 
ooduontotlon  of  on  aorosol  on  o  aphoro  was  oaloulsted  by 
Langaulr  [ 10  3],  who  assuaod  that  this  aphoro  is  nuoh  larger 
than  tho  aorosol  particles.  Thoroforo  tho  rosults  of 
thooo  oaloulatlons  ean  bo  appllod  to  tho  falling  of  drops 
of  rain  dimensions  in  a  oloud.  and  not  whon  both  drops  aro 
of  ooaparablo  dlaonslons.  Yot  In  tho  calculation  of  tho 
voloolty  of  growth  of  tho  oloud  drops,  Langmuir  aotually 
aa tunes  all  tho  oloud  drops  to  bo  flxod  In  spaoo,  exoept 
for  on*  (soaotlnos  hawing  tho  aaao  dlaonslons  as  tho  rs- 
aalndor,  and  sonatinas  ovon  aaallor),  tho  lattor  aorlng 
undor  tho  Influonoo  of  gravity  and  of  tho  rising  stroaas 
[103].  Shuahkln,  on  tho  othor  hand,  assuaos  that  tho  oo- 
agulatlon  of  tho  drops  doponds  only  on  tholr  relative 
velocity  [76],  although  it  la  easy  to  soo  that  In  tho  oaoo 
of  drops  of  coaparablo  dlaonslons,  tho  air  voloolty  flolds 
near  tho  drops  dopOnd  on  tho  drop  voloolty  rolatlvo  to  tho 
air,  and  not  on  tho  rolatlvo  velocity  of  tho  drops. 

Not  being  able  to  account  for  tho  Interaction  of 
tho  aorodynanie  flelda  of  both  drops,*  wo  oonoldor  It 
rational  to  oarry  out  the.  oaloulatlons  for  oases  whon  one 
drop  Is  aueh  aaallor  than  tho  othor,  and  assuao  at  tho 
saao  tine  that  tho  aerodynamic  field  of  tho  small  drop 
doss  not  influonoo  the  field  of  tho  largo  drop.  Then  be¬ 
cause  of  the  saallnoas  of  tho  Reynolds  number  corresponding 
to  the  rates  of  fall  of  cloud  drops  and  the  smallness  of 
tho  ratio  d/D  we  oan  assume  for  the  aerodynamic  force  tho 
expression  wliloh  la  deteralned  by  tho  Stokes  law* 

In  the  chosen  system  of  coordinates,  tho  equation 
of  notion  of  tho  small  particle  vlll  then  be  equation 
(1.12),  where  tho  electroatatle  force  is 

Fe=amf(r,  +  (XI. U 

whore  q;t  and  q2  are  the  electric  charges  of  the  largo  and 
the  email  particle,  respectively, 
x  *  q2/qi  5 


♦Several  recent  papers  [49,  50,  51,  til,  117,  118, 
119,  125]  indicate  the  Important  effect  that  the  hydro¬ 
dynamic  interaction  between  dropa  exerts  on  their  coagu¬ 
lation. 


U'4 


Ee  —  external  •l*o trie  field; 

Tm  la  the  electrostatic  interaction  foroa  of  tha 
*  parti elaa,  dua  to  polarisation  of  tha  particles 
la  tha  external  field  if. 

Tha  influence  of  tha  remaining  aerosol  partloles, 
whether  large  or  mall,  is  neglected,  slnoe  usually  the 
aerosol  particle  oonoentratlon  is  snail  sad  the  dletaaoes 
between  then  exceed  by  tens  of  tines  the  dlaneter  of  the 
larger  par tlole.  The  funotion  f(r,z»  d/D)  in  equation 
(11.1)  represents  a  dlaensionless  correction  faster  to  the 
Couloab  force  didg/r*,  due  to  the  lnduoed  (nlrror)  forces 

which  beooae  significant  when  the  dlstanoe  between  par- 
tides  is  ooaparable  with  their  diaeneions.  The  expres¬ 
sion  for  f  (r)  will  be  deternlned  below.  We  aerely  note  at 
present  that  When  r  eo  the  funotion  f(r)  -¥  1. 

We  shall  henceforth  consider  various  particular 
oases  of  the  general  expression  (II. 1),  slnoe  it  Is  very 
difficult  to  deteralne  analytically  the  trajectories  of 
the  partloles  froa  the  general  expreselon  (II. 1)  for  the 
eleotro static  foroe  acting  on  the  partlole.  WO  shall  oon- 
slder  here  oases  when  both  particles  are  charged  by  like 
or  unlike  charges,  when  one  of  the  partloles  is  not  charged, 
and  when  the  particles  aowe  In  a  hoaogeneous  eleotrlo  field. 
Although  we  shall  consider  electrostatic  coagulation  and 
sediaentatlon  of  spherlod  particles  of  aerosol  (drops), 
the  prlnolpal  results  can  be  transferred  to  a  certain 
degree  also  to  partloles  of  Irregular  shape  (Including  the 
dyhaalo  fora  coefficient). 

11.  COAGULATION  OF  TWO  AEROSOL  PARTICLES  OF  UNLIKE  CHARGE 


In  equation  (1.12)  for  the  notion  of  the  aeroeol 
particles,  we  confine  ourselves  for  F#  to  the  first  tern 

of  expression  (II. 1).  Taking  as  the  characteristic  length 
l  the  radius  of  the  larger  partlole  and  as  the  character¬ 
istic  Telocity  the  rate  of  fall  of  the  large  particle 

we  write  down  equation  (1.12)  In  dlaensionless 


form  [2J]: 


k +  v(r)  =  «(r)  —  kctf  (r,  x,  g,)£  +  giOu  (H »2) 
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where 


_  >/l  # 

(n.j) 

flit  dimensionless  or  1  tar  ion  Oj  characterises  tha 

ratio  of  tha  alaotroatatlo  forea  of  attraotlon  of  tha  two 
partlolea  to  tha  insrtial  foroes  acting  on  tha  Mall  par* 
tides.  It  la  obvious  that  whan  d|  1  we  oan  aaglaot  la 

tha  aquation  of  aotloa  (II. 1)  tha  laartla  tara  k£|,  aad 

whan  1  wa  oan  negleet  tha  alaotroatatlo  lataraotlon. 

In  particular  for  large  values  of  0  (and  ocnaaquantly 

•_  D*g 

alao  for  large  raluaa  of  U*  =»  ■  )  tha  quantity  d|  will 

ha  Mall.  This  meant  that  one  oan  expect  the  eleotro- 
atatlo  forces  to  Influence  the  ooagulatlon  of  charged  par¬ 
ti  ole  t  of  the  aero to 1  only  In  tha  oaaa  when  these  partlolea 
are  relatively  Mall  (see  section  15).  It  Is  obrloua  that 
aquations  (II. 2)  and  (II. 3)  are  applicable  alao  for  the 
Investigation  of  the  sedimentation  of  oharged  partlolea 
fron  the  streM  on  a  oharged  spherical  oo Hector,  if  uw 
la  taken  to  mean  the  velocity  of  the  streaa  in  coming  on 
the  collector  at  infinity,  and  if  gi  la  set  equal  to  zero 
(the  force  of  gravity  is  neglected), 

To  investigate  the  dependence  of  the  capture  coef¬ 
ficient  E  on  the  parameters  of  the  phenomenon,  l*t  us  Con¬ 
sider  first  the  oaue  when  dj  1 •  In  this  case  we  can 

neglect  the  equation  of  notion  of  the  particles  (II.2)  the 
inertial  term,  xhich  assumes  the  form 

v  =  u  —  kai f(r,  *,  £i)£r  +  (II.*) 

In  spherical  coordinates  r,  0  (see  lug,  35) *  equa¬ 
tion  (II .4)  can  be  rewritten  as 

Vr  -  U,  —  ~f(r)  —  g,C0se(  p,  -  Ui  -{  gt;‘n  v,  (II. 5) 

where 

at  =  koi 


The  coefficient  a  >  0  if  the  particles  have  opposite 


g,  am  — _ Ijfeil,  -  * 

*  vSo< 
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charges,  and  a  <  0  If  the  oherges  ere  of  the  s&ae  sign. 

By  rirtue  of  the  inooapreaelbillty  of  the  air  at 
the  velocities  of  lotion  and  oounted  in  our  problem,  we 
have  diT  u  *  0.  The  last  equation  together  with  the  axial 
s jane try  of  the  problem  oauses  the  existence  of  a  current 
function  V'Cr,  9 )  for  the  velocity  field  u  such  that 

“•“""TWrr't-  (n.6) 


equations  (II. 5)  aad  (II. 6)  yield  an  equation  for 
the  trajectories  of  the  aeroaol  particles  in  the  fora  [23] 


4r 

7X 


«v  TTOTfSr- 


(II. 7) 


or  -  of  (r)  sin  8 49,  ( II  .8 ) 

where  $t  =»  ^  — .  (II. 9) 

Inaenuoh  as  the  run  of  nuaber  is  snail  also  for  the 
large  particles,  we  can  assuae  that  the  velocity  field 
u(r)  is  described  by  a  Stokes  flow  around  a  sphere,  mis 
means  that 


(11.10) 


In  this  oase  equation  (9)  assumes  the  fora 

+. I'  +  s-  <«•»» 

/or  the  oase  when  the  induotion  foieee  can  be  neg¬ 
lected  [f(r)  a  l},*  equation  (11,8)  can  be  integrated  in 
final  fora  and  the  partiole  trajectories  are  described  by 
the  following  equation  (we  consider  trajeotorlea  in  the 


*Ihis  case  corresponds  to  sufficiently  large  values 
of  u ,  wnen  the  Halting  trajectory  is  located  far  away 
frv.m  the  large  particle  and  in  its  oaloulation  one  can 
neglect  the  mirror  forces. 
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meridional  Motion  70*)* 


*5(i-f»)- t 

- gpi - , 


(IX.18) 


where  jir  is  tbo  ralue  of  tbo  coordinate  7  of  the  trajectory 
when  0  •  ir  (l,e,,  when  s  *  -  00 ), 


Vo  not#  that  equation  (IX, 4)  hot  *  solution  in  ox* 
plioit  fora 

41  —  fly  -  at m(r,  I)  ■  const  (XX.1J) 

for  «n7  rolooit7  fiold  u(r)  haying  0  stroaa  fuaotioa  y-  and 
for  any  intorruption  foroo  *F(r,  t)  for  whloh  dir  F  ■  0. 
mis  follows  fron  tbo  foot  that  aquation  (XX  ,4).  loads  in 
this  oaso  to  tbo  equality  dir  v  *  0.  Proa  tbo  soloaoidal 
naturo  of  tbs  fiold  v  It  follows  that  thors  oxists  for  it 
a  ourront  funotion  which  reprosonts  tbo  sua  of  tbo  ourront 
funotiono  of  tbo  oomponents  of  aquation  (II  *4)  (by  virtue 
of  tbo  llnsarlt7  of  tbo  operation  (X1.6)).  The  oxistsnoo 
of  a  stream  function  for  the  field  ▼  loads  in  turn  to 
aquation  (11.13),  To  separate  froa  tbo  family  of  trajeo- 
torios  (II. 12)  the  limiting  trajeotory,  a  quail tat Ito  in- 
rest  lgat ion  was  made  of  the  87 a tea  of  differential  equation 
(XX.5T  (see  Appendix  III).  Pigure  36  shows  qualitative 
patterns  of  the  trajectories  of  equations  (II.5),  At 
snail  ralues  of  ct  (Pig.  36a)  there  are  seren  singular 
points  (the  four  saddles  A,,  A2»  Aj,  and  A4  on  the  Os  axis, 

the  dipole  at  the  origin,  and  two  points  Ag  of  the  center 

type  away  from  the  axis).  At  large  ralues  of  0*  (Pig.  36b) 
only  three  axial  singular  points  are  loft,  A] ,  A2,  and  0, 

mess  figures  show  that  the  separatrloes  passing  through 
the  saddle  A1  are  limiting  trajeotorles  which  separate 
the  trajectoriio  into  two  olasses:  trajeotorles  which 
terminate  Inside  the  sphere  r  s  1,  and  trajeotorles  by¬ 
passing  the  sphere  r  s  1  and  go  into  infinity  (r  ■  ♦  00). 

A  proof  of  this  statement  is  contained  in  Appendix  XIX, 


•Equation  (11.12)  is  valid  for  any  font  of  the 
ourront  function  ^(r,  6)  for  an  air  stream  flowing  around 
a  sphere,  since  we  always  bays  at  infinity  (r  — ►  00, 
e  -eiri  z  -4-0®)  that  the  funotion 

1*  tin*  I  fS 


&•  yaluo  of  tha  ooordinat*  y  whoa  a  *  -  oo  (y  =  y*)  for 
thla  soparatrix  B4j  dotorninoa  tho  oroaa  Motion  of  tho 

ourront  tub#  of  tho  trajootorioa  that  torninat*  on  tho 
aphor*.  Tho  sought- for  eooffieionta  for  tho  oaoturo  of 
■noil  partiolaa  by  tho  largo  partiolaa  la  B  *  74* 


y 


Fig.  56.  Quanta  tiro  pattarn  of 
trajaotoriaa  of  oquationa  of 
notion  (1.3),  whioh  da  torn in*  tho 
olootroatatie  coagulation  of 
oppoaitoly  ohargod  aaroaol 
partioloa: 

»  .*_  1  .  3  rj—  i 

a— when  ■  <  JL  —  *  b— whan  «  >  -y  —  • 

Iha  value  of  y^  for  tho  aoparatrix  BA1  can  b* 
roadily  obtainod  fron  aquation  (11.12),  it  it  ia  rooogniaad 
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that  on  thla  separatrix  the  radius  too tor  r  will  have  a 
fiBito  valuo  r  «  OAt  *  r0  whoa  0  ■  0.  According  to  equa¬ 
tion  (11*12) «  tho  last  oirouaotaaoo  it  valid  only  whoa  tho 
nuaerator  of  tho  rigit  half  of  equation  (11.12)  to  equal 
to  soro  for  9  >  Oi  consequently,* 

E-yl-j*: (ii.H) 


Fig.  37.  Currant  linoo  of 
air  flowing  around  a  aphoro. 


Foraiula  (11.14)  ia  ralid  not  only  for  tho  oaao  of 
Stokoo  flow  around  a  largo  parti ole,  but  also  for  alaoat 
any  flow  around  a  aphoro  by  a  atroaa  of  inooaproaalblo 
liquid,  if  at  tho  aaao  tine  thero  aro  no  backward  flows 
(uq  £  0)  and  the  veloolty  along  tho  Oz  axis  behind  tho 

aphoro  Increases  aonotonioally  (^*£)0when  r  >  1  and  0  9  0) 

[26,  28,  36] .  Indeed,  as  a  result  of  tho  Inooaprooslbllity 
of  tho  liquid  (dlT  u  s  0)  thero  exists  a  current  funotlon 
y(r,  0)  which  yanlahea  on  the  axis  of  notion  and  on  tho 
sphere .  Outside  tho  sphere  (r>  1)  tho  eharaotor  of  tho 
current  lines  and  the  variation  of  the  function  V*  (r,  0) 


This  formula  was  first  obtained  by  us  in  1953  [23l. 
Formula  (11.14)  can  be  obtained  also  by  a  simpler  method 
(see  Section  16).  However,  the  procedure  for  f lading  tho 
oaptu're  coefficient  with  the  aid  of  a  Qualitative  Investi¬ 
gation  of  the  differential  equations  or  sot ion  and  using 
equation  (II.8)  turned  out  to  be  fruitful  for  aaay  oases 
when  the  method  of  Seotlon  16  oannot  bo  eaploved  (aoeount 
of  the  induoatlon  forces,  case  of  drops  with  like  charges, 
coagulation  of  drops  in  an  external  eleotric  field,  aooouat 
of  the  coupling  coefficient,  etc...).  Wo  therefore  leave 
here  the  proof  of  formula  (11.14)  obtained  above. 


IIP 


are  shown  in  Fi gure  37. 

If  one  kotos  along  a  certain  radius  (e  =  const), 
then  ourrent  Unas  will  ba  crossed,  oorraspondlng  to  aono- 
tonic ally  increasing  values  of  the  etraaa  function  y  ,  for 
in  this  oase  dy  s  -  r  sin  0  dr  >  0  (II. 6).  When 
r  -*  oo  the  funotlon  ywill  tend  to  a  value  /*sin*e  It 

2  ‘ 

follows  therefore  that  the  current  lines  corresponding  to 
the  strean  function 


will  have  the  sane  structure  as  the  lines  y  =  const  but 
only  not  outside  the  sphere  r  *  1,  but  outside  sons  oloeed 

surface  on  whioh  y  s  ^g1r2sln2e,  l.e.,  on  which  yj  a  0. 

Tiae  latter  olrouastanoe  follows  fron  the  faot  that  the  two 
aonotonlcally  Increasing  functions  of  the  radius  vector 

y(r)  and  ^g|r2ain2©  (for  6  «  const)  will  be  equal  at  one 
and  only  one  point,  which  has  r  >  1,  for  when  r  s  1  the 
function  y  =  0,  ^g^sin2®  ^  0,  and  when  r  oo  the  func¬ 

tion  <jf  -*  y  r*  sin*  9  >  1  gtr*  sin*  0. 

Let  us  consider  now  for  this  oase  the  aggregate  of 
singular  points  on  the  Oz  axis.  By  virtue  of  the  axial 
symmetry  of  the  problea,  the  function  y  (r,  9)  near  the 
axis  of  notion  (6  -e  0)  can  be  represented  in  the  fem 

(11.15) 


(11.16) 


♦('.  9)==gP(r)  +  S*(0  + 


Therefore 


ur 


v, 


Pi  (r)  —  i 

r* 


+  0(0*), 


and  cor  c-  quently 


where 

P\  {r)  =  p(r)  —  gxr*.  (11.18) 


The  stream  line  a  0 ,  a*  was  already  determined 

above,  oonslsts  of  the  Oz  axis  and  a  oloaad  surface  cros¬ 
sing  the  Oz  axla  at  the  point  z  *  r 2,  where  r2  la  given  by 
the  root  of  tha  aquation  pi(r)  *  0;  ra  >  1,  Since  Uy  Is 
a  monotonloally  increasing  positive  function  of  r  whan 
e  a  0t  tha  funotlon  p/r2  -  g1  whan  r  >  r2  la  likewise  of 
tha  sana  kind,  by  virtu a  of  aquation  (11,16),  and  con¬ 
sequently  also  tha  function  P|  *  p  -  gjr2  (being  tha  prod¬ 
uet  of  two  positive  aonotonloally  lnoraaalng  fuhotiona). 
Therefore  the  equation  Pj(r)  =  ex  has  one  and  only  one  ao lo¬ 
tion  r  =  r0  >  r2.  Consequently,  on  tha  Os  axla  there  Is 
one  and  only  one  singular  point  Aj  outside  tha  surfaoe 
1^1  a  0  (when  6  s  0). 

Let  ub  determine  the  character  of  this  singular 
point  (see  Appendix  III).  Elementary  calculations  with 
tha  aid  of  formula  (11.17)  show  that  at  this  point  we  have 


dvr 

'  d, 7 


■-=  a 


r*  dr  r  <Jt) 


1  dvr 
r  dO 


=  6=  0 


dv. 

^‘=.£  =  0, 


Consequen u.y ,  as  in  the  case  analysed  Jn  Appendix  III  of 
a  Stokes  flow  around  a  sphere,  this  point  will  be  a  sin¬ 
gular  point  of  tho  saddle  type.  The  separatrioes  in  thle 
point,  as  before,  will  pass  along  the  Oz  axis  and  perpen¬ 
dicular  to  the  axis.  The  sign  of  ve  in  tho  vicinity  of 
point  A|  will,  on  the  basis  of  formula  (11,17),  be  opposite 
that  of  dpv/dr,  thus,  it  will  be  negative.  The  separatrlx 

emerging  from  this  point  satisfies  the  equation  (11.8) 

(f(r)  w  1],  Therefore,  following  this  separatrlx  from 
towards  increasing  values  of  ©  ws  shall  get  to  ever  in¬ 
creasing  values  of  YU  consequently,  in  this  oase  r  will 

always  be  larger  than  r0  >  r2  >  1  and  the  separatrlx  will 
not  oross  the  surfaoe  of  the  sphere  anywhere.  When 


i  *  -  oo  it  will  past  at  a  finite  dlstanoe  y  ?  from  the 
motion  axis*  therefore  tho  investigated  separatrlx  1b  tho 
limiting  trajectory  of  our  problem. 

By  Tirtuo  of  formula  (II. 8),  tho  aquation  of  the 
trajectory  has  the  form 

.«♦».«  —  •  0  -1  cos 6)  ■  -  ~ y\ ( 1  —  gi)  —  2« cos1  .  (11.19) 

Near  the  axis  (6  -*  0)  the  equation  of  the  separatrlx  as¬ 
sumes  by  virtue  of  formula  (11.15)  the  form 

j-  (11.20) 

Inasmuoh  as  when  6=0  the  eeparatrix  passes  through 
the  point  r  s  rn  >  1|  equation  (11.14)  will  follow  directly 
from  formula  (11.20). 

From  the  arguments  presented  it  follows  that  expres¬ 
sion  (II. 14)  for  the  capture  coefficient  will  be  valid 
also  for  laminar  flow  around  a  sphere  without  detachment 
of  vortices,  and  In  particular  for  a  potential  and  axial 
flow  around  a  sphere  [26], 

We  oall  attention  to  certain  limitations  on  the 
applicability  of  formula  (II .14).  It  obviously  will  be 
satisfied  if  the  distance  from  the  vertex  Aj  of  the  limit 

line  to  the  center  of  large  particles  exceeds  some  of  the 
radii  of  both  particles  (r0  y  1  ♦  V  61 ) • 

In  the  opposite  case,  toe  small  partlole,  the  center 
of  which  moves  along  the  separatrlx  BA},  will  be  tangent 
to  the  large  drop  at  some  nonvanishing  value  6  *  9^,  From 
the  aggregate  of  trajectories  lying  above  the  separatrlx 
3A | ,  there  will  be  one  tangent  the  Sphere  with  radius 
1  +  y.'g1  when  6  =  6q  ^  °1»  I*  will  represent  in  this  case 
(r0  *<  1  +  Vgi )  the  Uniting  trajectory  and  will  determine 
the  value  of  the  capture  coefficient.  This  circumstance 
can  play  a  noticeable  role  for  a  potential  stream  near  toe 
large  sphere.  For  the  viscous  stream  of  Interest  to  us  at 
present,  flowing  near  the  large  particle,  this  circumstance 
is  significant.  On  toe  basis  of  toe  equation  a:  Fj(ro)» 
which  determines  r0  [see  formula  (p.  43)  of  Appendix  III], 


it  la  mi;  to  show  for  a  vlsoous  streaa  that  ro  >  1  +  Y$\ 
for  any  value  of  ot,  if  gj  >  0.02.  Hhea  gj  >  o.Ot  tho 
relation  r©  ^  1  ♦  /g"i  ia  satisfied  if  at -c  0.0025,  and  con¬ 
sequently  I  ^  0.01.  therefore,  la  tho  eaaa  of  a  vlsoous 
atroaa  fonsula  (11.14)  ia  valid  for  all  valuta  of  tho 
oaptura  coefficient  I  >0.01  whioh  art  of  praotioal  ln- 
toroat. 


Lot  ua  consider  now  tho  of  foot  of  Induction  (lea go) 
for ota  tu  tho  notion  of  a  partiolo,  tho  valut  of  idiioh 
fortta  oan  be  apprtoiablt  aa  tho  parti alt a  oeae  oloat  to* 
aether.  Aa  ia  known  froa  oloetrbatatiea,  tho  intaraotion 
rortt  bttwotn  two  oonduotors*  whioh  carry  char go a  ia  given 
by  tho  expression 

f«" — + 2  If** +  £?«!).  <«•«> 

where  a^k  are  tho  potontial  oooffioianta  whioh  deteruine 
tho  eonaootion  batwtaa  tho  potentials^  and  Tg)  and  tbt 
oharges  of  tho  conductors,  in  aeoordanot  with  tho  equation  a 

Vi  =  sllql  +  Syfo  \ 

V*  =  sirft  +  iirf»  I  (11.21a) 

TO  dotoralno  tho  functions  slk  and  thoir  darivativaa 
in  tho  oaao  of  two  charged  spheres,  the  isage  aethod  ia 
usually  caployed.  This  aethod  ia  based  on  the  faet  that 
a  point  charge  q,  looated  at  distanoe  rj  froa  the  tenter 
of  a  spherical  oonduetor  of  radiua  R,  and  its  "iaage  in 
the  sphere. N  l.e.,  the  charge  q'  a-Rq/r  looated  at  the 
distanoe  R2/x*i  from  the  center  of  the  sphere  (Tig.  36)  pro* 
duoe  an  electrio  field  of  which  the  surface  of  the  sphere 
is  an  equipotential  line.  Therefore,  in  order  to  obtain, 


•We  can  oonsider  cloud  drops  and  the  aajority  of 
the  aerosol  particles  as  oonduotors,  since  the  have  con* 
si dor able  conductivity.  Thus,  for  exaaple,  in  distilled 
water  the  conductivity  is  <T  ~2  x  10"4  i/eha-aeter,  whioh 
corresponds  to  a  relaxation  tlae  of  the  aedlua  f  a  f/d'ag 

7ti  3.6  x  10"6  sec  [59],  Thus,  when  the  configuration  of 
the  drops  changes,  the  equlllbriua  distribution  of  the 
oharges  on  their  surfaoes  is  established  within  a  tine 
Interval  10" 5  seoond. 


for  example,  the  interaction  batmM  *  point  charge  q  and 
a  sphere  having  a  oharge  Q,  ten  fiotitlous  chargee  are 
located  inside  the  sphere:  q',  whioh  together  with  Q 
aakes  the  surface  of  the  sphere  equipo ten tial ,  and  the 
charge  (~q‘),  looated  at  the  oeater  of  the  sphere,  so  that 
the  total  oharge  of  the  sphere  is  Q  +  q'  ♦  (-q')  =  q. 

The  force  acting  on  the  point  charge  q  is 


Qqrx  q'R*(2r\-R*)r  t 

r?  (11.22) 


Fig.  38.  "Image"  of  point-like 
charge  in  a  sphere 
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ri 


R» 
r \ 


It  to ‘.lows  from  equation  (11,22)  that  at  a  large 
distant-  •  b>R)  the  oharge  q  is  noted  upon  by  a  force 
wh  et  p  ni'A  a  ny  equal  to  the  Coulomb  force,  kt  small 

dibtait  -„;4  '  "  R  .c  1)  ,  the  induction  term  of  equation 


i 


(II, aa)  oaa  play  aa  apmiUbU  rolo  aad  mi  im  ««m4 
la  hbaoluto  laadtan  Ilia  Coulomb  f»m,  flat#  Dm  in¬ 
duction  ten  of  omuatloa  (IX.at)  iliaji  oirrifiUi  te  a 
traatloa  foroo,  11  followa  fm  (Uo,  la  MPUnOari  that 
at  oaffloloatly  email  talwi  of  (rj  -  ft)  tho  teoffii  will 

attract  oaah  other  owaa  if  they  harm  Dm  mh  polarltloo« 

9m  latoraotloa  of  two  charged  spheres  hawlag  radii 
Kf  aad  Rg  tad  ohargos  qj  and  q8  oaa  bo  obtolaod  by  con¬ 
sidering  two  laflalto  rows  of  ohargoo*  ooaolotlag  of 
ohargoi  41(43)  aad  tholr  oaoooaolwo  images  la  Dm  spheres* 


fFRiiiL’ ’.wir"'.: 'Tnmiii ,  .  niiTT 


99]»  di)a*q2.2> £*■•*•  #f  ahorga  q1t1(4a.i)  la  aphoro  1(f), 
oto]*,  9m  latoraotloa  forces  oaa  bo  roproaoatod  la  this 
oaao  la  tho  fora  of  aa  laflalto  series*  oaob  tom  of  «Meh 
oorroapoada  to  ohargoa  obtained  la  Dm  a»th  oaseesslwe 
laago.  For  example,  whoa  wo  ooaflao  ourselves  to  oao 
Imago  (ohargoo  41t  qg.t*  -  02.1  011  •Phere  1  aad  Ohargoo 
43»  q1#1,  -  41tf  oa  aphoro  2)  tho  foroo  F,  oaa  bo  ropro* 
aoatod  aa  folio  vat 


+ ~ 5jrgi]}-  <«•»> 


In  aquation  (11.23)  aro  roproaoatod  tho  flrat  two 
toraa  of  tho  aforementioned  laflalto  aeries.  9m  flrat  of 
thoa  represents  tho  Coulomb  foroo,  and  tho  aoooad  (la  tho 

•Tho  system  of  laagea  for  two  ohargod  spheres  1st 


<°j)i  -f,,|(0»); 

2nd  - 

t.i"*  t,» ~fi,i  -*  f»,,(c,);  —a*.  «(<*); 
fki “*  4m (®i>»  -S.|W; 

Za  thla  oaao  t 

PiPi-ri;  °*°i * 7- ;  °‘°i -  vfirit  •'  °»°i 


braoos)  the  interaction  between  the  fictitious  ohargaa  of 
tha  first  imago  with  aaoh  othar  (tha  third  tara  In  tha 
braoaa)  and  with  ohargaa  qj  (first  tana)  and  q2  (aaoond 

tarn  in  tha  braoaa)*  Tha  tarn  in  tha  braoaa  nan  ba  rapra- 
aantad  in  tha  fora  of  an  intaraotion  of  tha  quasi- dipolaa 

q1.1;  "  ql.l  1104  q2.15  “  q2  1  wlth  ••oh  otk*p  an<1  tha 
ohargaa  and  qf.  Zn  tha  next  tanas  of  this  aeries,  an 
Intaraotion  appears,  oonnaotad  with  tha  qua ei- qua  drupo las 

q2«2*  *  q2»2*  q*2,2*  ”  q ' 2 . 2  q1*2*  *  q1*2’  q*t*2* 

-  q'1<2  (aoa  Pig.  39),  and  also  with  tha  quael-multlpoloa 

◦f  higher  order*  Tha  infinite  aariaa  which  are  obtained  in 
the  general  case  fro*  such  calculations  oonverga  vail  at 
largo  values  of  rj  and  oonverga  poorly  when  rj  «  +  R2. 

We  shall  give  later  on  the  results  of  the  calculations 
for  some  particular  assumptions  concerning  the  ratio  of 

the  charges  and  q2* 

Let  us  proceed  now  to  a  determination  of  the  trajec¬ 
tories,  particularly  the  limiting  trajectory.  Introducing 
the  notation  X  =  -  q2/qj,  *•  can  represent  Fe,  in  accord¬ 
ance  with  formula  (11*21),  In  dimensionless  coordinates 


where 


fir,  *,  gi)  =  1  4-  /,(/,  gx)  -f  */,(r,  g,)  + 
+  gi)  —  t  4*  L  (r,  *,  gt)- 


(11.24) 


(11.25) 


Taking  formula  (11.23)  into  account,  ve  oan  write 
for  the  functions  l  ± 


h(r,  g«) -*/*»[?  +  ifilhsF 


ltV\  gi)  =  r$r=T)%  + 


lt(r,  gi) 


to*  —  gl 
r  (f*  —  fi)' 


+  •  •  • 


(11.26) 


In  formula  (11.26)  are  shown  only  the  first  terms 
corresponding  to  the  first  Images  of  the  chargee  and  the 
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spheres.  As  r 


and 


oo  ,  the  funotion  la 


lt(r) 


+  0;Jr* 


It  la  obvious  that  m  r-*oo  all  tha  ii,  and  oonaaquantl y 
also  L,  tand  to  saro  and  f(r)  -a  1.  If  tha  drops  hara  op¬ 
posite  charges,  than  X>0  and  f(r)  has  for  r>  1  ♦  KSi* 
tha  form  shown  In  Figure  40.  In  Appendix  IV  wa  analyse  In 
datall  an  exact  aethod  of  calculating  tha  funotlons 
l±irt  g|),  and  glva  a  tabla  of  Talus a  of  lj(r)  and  &2(p) 

•for  gj  *  0.01  (d  a  0.1D)  and  gj  a  0.04  (d  *  0,20).  It  Is 

also  shown  thars  that  whan  tha  dlstanoas  between  tha  sur- 
faoaa  of  the  drops  axoaad  tha  radius  of  the  small  drops  wa 
oan  assume  accurate  to  8  percent 


l  +  « 


2r*-l 
r(r»  _  W  ' 


(I I. 25a) 


Fig.  40.  Appearanoe  of 
the  function  f(r). 


Fig.  41.  Appearance  of 
the  funotlons  Ff(r) 

and  F2(r). 


Thus,  In  taking  Into  aeoount  tha  Induction  foroes, 

If  It  is  possible  to  nagleot  tha  Inertial  forces  (<T|  Is 

large),  wa  obtain  the  equation  of  motion  of  the  partloles 
(II. 4)  where  f(r)  is  specified  by  equation  (11.25)  and 

•Obviously,  the  values  r  <  1  +  l/gj  are  of  no  physloal 
Interest,  Blnce  r  =  1  ♦  Vgi  corresponds  to  spheres  In 
oontaot. 


(11.26).  Consequently*  in  the  ease  under  consideration 
equation  (II. 8)  is  also  valid,  but  It  1*  not  integrated  in 
this  oese  in  flnnl  fora  (div  F,  0).  However*  it  is 

possible  to  obtain  here*  likewise*  s  sufficiently  exact 
and  convenient  Method  for  oaloulating  the  eoeffioient.  For 
this  purpose  we  consider  first  the  systea  of  the  singular 
points  of  equations  (II. 5)  with  allowance  for  relation 
(11.25)*  As  before,  we  oan  readily  establish  that  the 
singular  points  on  ths  Os  axis  have  ordinates  that  satisfy 
the  following  equations 

*  =  Ft  ( r )  =  ,  U  z  >  0, 

*  =  -Ft(r)  =  -F-±&,  tf  z<0. 

Inasmuch  as  when  r  >  1  ♦  l/gj  we  have  f(r)  >  1,  then 
F2(r)  has  the  fora  shown  in  Figure  41.  Thus*  the  singular 
point  Af*  which  has  an  ordinate  z  *  r0  >  1*  has  shifted  to 

the  right  on  the  Os  axis  as  a  result  of  allowing  for  the 
induction  forces.  Repeating  the  arguments  made  in  page  llo 
we  oan  show  that  this  singular  point  will  be  of  the 
caddie  type  and  that  ths  character  of  motion  in  its  vicinity 
will  be  the  same  as  in  the  case  when  the  induction  foroes 
are  neglected.  The  separatrlx  Merging  from  this  point 
will  satisfy  equation  (II.8),  and  consequently  by  following 
this  separatrlx  from  the  point  Ai  we  shall  proceed  to  ever 
increasing  values  of  f  \  and  r.  Thus*  this  separatrlx  will 
be  the  limiting  trajectory  and  in  order  to  obtain  the  value 
of  the  capture  ooefflolent  it  is  sufficient  to  find  for 
this  separatrlx  the  value 

h.*  --  —gi)  g,). 

But  it  follows  from  (II .8)  and  (11.25)  that 


<j,,  „  =a$f(r)sin9d0  -  2a  +  a jj L (r) sin 0 </9.  (11,27) 


Integrating  by  parts  and  taking  into  aeoount  the 
fact  that  L(r)  and  its  derivatives  with  respect  to  6  vanish 
as  r  -4  co,  wo  obtain  the  expression 


^L(r)sinfld8  — 

o 


—  L(r) cos 6  j  +  cos 0^0  - 

0  0 


«  S-TTll'<si,,9)* - 

0 


tf-(')  — 


d*L(r)  ,  <flV)L(r) 
dw  'r "  2S« 


•  •  l  ,, 


Tfao  series  obtained  converges  poorly,  but  oalou- 
let Ions  show  that  in  first  approximation  we  can  confine 
ourselves  to  the  first  tern  of  the  series,  and  then  intro¬ 
duce  a  correction  faotor  k«,  which  obviously  depends  on 
rQ.  We  thus  obtain  (26,  2o,  36]* 

^JizLgL>  =  6,.,  :  2«  1 1  i-4  ^  (ro)**(re)J  (11*20) 

Calculations  oarried  out  for  certain  particular 
values  of  X  show  that  the  correction  factor  k ,  ( tq  )  changes 
little  with  variation  of  tq,  and  is  dose  to  unity* 

Thus,  formula  (11.28)  shows  that  calculations  of 
the  capture  coefficient  for  electrically  charged  aerosol 
particles  reduces  in  the  case  of  large  values  of  9\  to  a 

determination  of  the  values  of  ro  from  the  equation 
ct  =  FgXro),  the  function  L(ro)  and  the  correct  ion  factor 
k| ( rQ ) .  in  addition,  it  follows  from  formula  (11.28) 
that  an  account  of  the  induction  foroes  leads  to  a  larger 
value  of  £  than  calculation  with  account  of  the  Coulomb 
foroes  only. 

To  obtain  the  capture  coefficient  in  the  case  when 
one  of  the  particles  la  not  charged,  it  la  sufficient  to 
put  in  (11.26)  either  q.i  =  0  (the  large  particle  is 
neutral)  or  q2  =  0  (the  small  particle  is  neutral).  We 

*lhe  fact  that  ^lt^is  a  function  of  r0  follows 

directly  from  equation  (11.27),  which  after  change  of 
variables  assumes  the  form 

co 

('•»)  \f  (')  |cos0  (r,  r0)j. 


then  obtain  [26,  26,  36]  the  expressions 

I>  ft  “  0;  £  (I  —  Ri)  =  2P t,  (rt)  *,  (re);  Max; 

_  =  „  Ijgi  .  g  . 

1  *  ttpprf'Da*,  *  3x^4£>tu00  ’ 

It)  £(l-«l)  =  2p1/,(r,)*,(r0); 

li  12??  ■  a  jg* 

*  *  jtpp^u^  ’  ‘  3kijD*«„ 


(11.29) 


(11.30) 


where  r0  Is  deteralned  froa  the  relations 

Fi(r,)  -  P/,(r,).  (11.31) 

M%>  -  PiM's).  (II.  32) 

while  k2(ro)  and  kj(ro)  are  the  corresponding  correction 
factors. 

The  values  of  these  ooeffiolents  for  different  val¬ 
ues  of  g|  are  listed  in  Table  10.  The  values  of  kg(ro)  and 
kjfro)  were  deteralned  by  numerically  integrating  equation 
(II.8)  under  Initial  conditions  r  *  ro  with  0  =  0.  This 
equation  turns  out  to  be  highly  convenient  for  the  In¬ 
tegration  and  aade  it  possible  to  deteralne  the  limiting 
trajectory  directly. 

On  the  basis  of  Table  10  and  foraulas  (11.29) and 
(11.30)  we  calculated  the  values  of  capture  coefficient  E 
as  a  function  of  the  values  of  the  paraaeters  p  and  p\. 

The  results  of  these  calculations  for  gj  =  0.01  are  shown 
in  Figure  42.*  The  sane  Figure  42  shows  by  means  of  a 


*We  note  that  Table  10,  and  consequently  also  the _ 

plots  of  Figure  42,  were  calculated  for  values  r0  >  1  ♦VSi* 

l.e. ,  for  cases  when  the  coupling  effect  can  be  neglected. 

As  shown  by  the  plots  of  Figure  42,  we  can  disregard  the 
coupling  effect  even  at  very  small  values  of  the  capture 
co e f f  1  c  1  ent  E^O.U 
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dotted  line  the  valuta  of 


£(»  =  £(W=.[-j— S-Pf. 

oaloulattd  for  the  oast  of  a  homogeneous  atrtaa  flowing 
around  a  largo  drop*  and  for  tht  ainpllf ltd  fora  of  tht 

2 

funotlona  /*(r)  -  /*(r)  =  — .  Such  a  problem  waa  aolvtd  by 

Coohtt  [83].  It  la  obvloua  that  for  largo  valuta  of  E,  cor¬ 
responding  to  largo  valuta  of  rQ  (or,  what  la  tht  east,  /* 

or  ft\)t  the  txaot  solution  obtained  by  ua  In  oonaldtratlon 
of  Stokes  flow  around  the  larger  partlelt  and  the  more  tx¬ 
aot  value  of  the  funotlona  1 2(r)  and  J3(r),  aet  by  means  of 

formulas  (11.26),  nuat  go  over  Into  the  Coohet  solution. 

An  examination  of  Figure  42  shows  that  when  £  1  the  exaot 

aolutlon  of  the  problem  yields  a  value  of  the  capture  coef¬ 
ficient  which  la  approximately  three  times  smaller  than  the 
Coohtt  solution.  When  E~0.1,  this  ratio  increases  to  tlx, 
and  only  when  E  >  10  does  the  ratio  of  the  two  solutions 
become  smaller  than  1.5. 

Table  10 

The  Coefficients  kg(ro)  and  ^(x'q) 


P‘P: 


Fig.  42.  Dependence  of  the  oapture 
coefficient  E  on  the  parameters 
/3and  fty  for  oases  when  one  of  the 
aerosol  particles  Is  neutral: 

1  —  Co chet  solution; 

2  —  E((i){  3  — 

In  the  cases  gj  =  0.04  and  0.1,  the  plots  of  E(/9) 
and  E(/9|)  practically  do  not  differ  from  the  plots  of  Fig. 
42,  calculated  for  g-j  =  0.01  for  values p  >  0.1  and 
j3y  >0.1.  Mien /3  <  0.1  and  (by  <  0.1  the  value  of  E  for 
g|  =  0.04  and  0.1  Is  somewhat  smaller  than  shown  in  Fig.  42. 


Mien  the  described  calculations  of  the  oapture  coef¬ 
ficient  were  made  and  reported  to  the  fifth  Intergovern¬ 
mental  Conference  on  Problems  of  the  Investigation  of 
Clouds,  Precipitation,  and  Thunderstorm  Eleetrlolty,  a 
paper  appeared  by  Kreamer  and  Johnstone  [101]  devoted  to 
preolpltatlon  of  aerosol'  particles  from  a  stream  on  obsta¬ 
cles,  under  the  Influence  of  eleotrostetio  foroes.  Using 
the  Illlao  electronic  computer,  Kreamer  and  Johnstone  cal¬ 
culated  the  trajectories  of  the  aerosol  particles  using 
equations  of  motion  analogous  to  (II. 4),  lu  which 


U(r)  -  4awt  **<') 

r* 


2 r*-\  * 


♦The  calculations  In  [ 101 ]  were  made  under  Initial 
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Comparison  of  the  plots  of  Figure  42  with  Figures  4 
end  5  of  [101]  shows  good  agreement  between  the  results  of 
the  calculations  by  both  methods. 


Let  us  consider  now  methods  for  finding  the  limiting 
trajectories  talcing  into  aooount  the  inertial  term  k  dv/dt 
in  equation  (II. 2).  We  note  first  of  all  that  in  this  ease 
the  same  position  is  retained  for  the  singular  points  of 
the  trajectory  family,  as  considered  above.  Indeed,  equa¬ 
tion  (11,2)  can  be  represented  in  the  fora  of  a  system  of 
differential  equations  of  first  order  relative  to  the  four 
unknown  functions  z,  y,  vz,  and  vy: 


~dt  =  U*;  =  ~ v*  +  F”  ~ *»• 

dy  dv 

—  v/<  =*  ud~  vt  +  F >i  • 


(11.33) 


The  aggregate  of  all  the  singular  points  of  the  sys¬ 
tem  (11.33)  is  determined  by  the  relations 

dz  dvz  dy  dvf 

*  =0’ 

from  which  follow  directly  the  equations 

vt  —  0;  Vy  —  0;  u2  •+•  F t2  —  gi  —  0;  Uy  -f*  F ty  =  0, 

whloh  oolnclde  with  the  conditions  that  determine  the  ag¬ 
gregate  of  the  singular  points  of  the  system  (11,4), 

On  this  basl s  we  oould  seek  the  limiting  trajectory 
by  calculating  the  separatrlx  that  emerges  from  the  point 


conditions  r  ■  700;  0  =  rr.  By  varying  the  initial  con¬ 
ditions,  a  set  of  trajectories  was  obtained,  from  among 
whloh  the  computer  selected  the  limiting  one.  We  note  here 
that  the  procedure  developed  In  the  present  seotlon,  con¬ 
nected  with  a  qualitative  analysis  of  the  differential 
equation  ( II ,4) ,  makes  it  possible  to  calculate  directly 
only  one  limiting  trajectory  with  the  aid  of  equation  (11,8). 
The  latter  clrcumstanoe  greatly  simplifies  the  determine 
atlon  of  the  capture  coefficient. 


A|(z  s  r0,  y  s  0) ,*  after  first  eliminating  from  the  system 

(11.33)  the  time  t  and  finding  the  solution  in  the  vicinity 
of  point  Af  by  the  method  of  indeterminate  coefficients  by 
expanding  the  sought  functions  in  Taylor  series. 

However,  specific  calculations  made  by  this  method 
have  shown  that  it  is  necessary -to  carry  out  very  labori¬ 
ous  calculations  of  a  very  large  number  of  terms  of  Taylor 
series  in  order  to  go  over  Into  a  region  where  it  is  con¬ 
venient  to  employ  ordinary  difference  methods  of  numerical 
Integration  of  the  equations.  Therefore  an  estimate  of 
the  Influence  of  the  inertial  term  was  made  by  a  calcula¬ 
tion  on  the  basis  of  equations  (11.33)  of  a  series  of 
trajectories,  which  have  different  values  of  jrr  when  z  = 

k  -  co  .  For  large  values  of  y if  these  trajectories  went  to 
+  oo  ,  while  for  small  values  of  y^  they  crossed  the  surface 
of  the  sphere.  Usually,  by  means  of  a  small  number  of 
trials  in  the  choice  of  the  value  of  it  was  possible 
to  find  two  more  or  less  nearly  equal  values  of  Ttr,\  and 
2»  of  the  first  determined  a  trajectory  of  the 

first  class  and  the  other  a  trajectory  of  the  second  class. 
It  is  clear  that  the  capture  coefficient  is  determined  in 
this  case  by  the  value  of  y^  lying  between  1  and  y^g. 

An  estimate  of  the  influence  of  the  inertial  term  of 
the  equation  (II. 2)  was  made  for  several  particular  values 
of  3,  gj,  q1 ,  and  qg,  neglecting  induction  forces.  Table  ft 

lists  the  results  of  these  calculations,  while  Figure  43 
shows  the  calculated  trajectories,  between  which  Ilea  the 
limiting  trajectory  (the  dashed  lines  on  Fig.  43  show  the 
separatrices  corresponding  to  the  case  when  the  inertia 
term  Is  neglected).  The  calculations  performed  show  that 
an  account  of  the  Inertial  term  decreases  the  value  of  the 
capture  coefficient.  However,  even  for  ^  0.3— 0.4  this 
decrease  in  S  does  not  exceed  10  percent,  and  only  when 
<Tl  7^0.1  does  an  appreciable  decrease  (on  the  order  of  35 
percent)  of  the  value  of  E  occur. 

*If  k  <  l/4a,  where  a  is  the  derivative  with  respect 
to  r  of  the  right  half  of  the  first  equation  of  the  system 
(II. 5)  at  9  =  0,  then  the  singular  point  A}  remains  a  singu¬ 
lar  point  of  the  saddle  type  (see  footnote  on  page  85). 
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-f  0  t  t 

Fig.  43.  Results  of  calculations  of  the 
limiting  trajectory  in  the  oaee  of  eleotroetatio 
coagulation  of  oppositely  charged  partloles 
(with  account  of  the  inertial  tern 
of  the  equation  of  notion): 

a  —  D  «=  20  ju ;  d  —  4  p ;  4  «  0,014;  ft  “  3,8i; 

6-D  —  30  (u ;  rf  —  6  p;  *  —  0,213;  •»  —  0,334; 
c  —  D  -  30  p ;  4  —  9,5  p;  *  —  0,840;  •»—  0,134. 


1 26 


Table  11 


Dt(, 

ft 

k 

9; 

®t 

£ 

isa 

20 

0,04 

0,064 

0,244 

3,81 

0,92 

1,016 

>0,91 

30 

0,04 

0,216 

0,0722 

0,334 

0,270 

0,301 

0,90 

30 

0,10 

0,540 

0,0722 

0,134 

0,209 

0,321 

0,85 

Remark,  it  was  assumed  in  the  calculation  that  the 

absolute  value  of  the  charges  on  the  drops  is  Iql  =  5x10"^d 
electrostatic  units. 

At  small  values  of  the  Stokes  number  k  it  is  possible 
to  estimate  the  influence  of  the  inertial  term  of  equation 
(I I. 2)  by  the  small- parameter  method  (see  Sec.  9).  We 
confine  ourselves  here  to  an  analysis  of  a  uniform  stream 
around  a  large  particle  (the  solution  of  the  problem  for 
Stokes  flow  of  a  particle  leads  to  very  cumbersome  although 
elementary  calculations).  It  Is  clear  that  such  a  formu¬ 
lation  of  the  problem  will  reflect  correctly  the  nature  of 
the  problem  at  large  values  of  the  capture  coefficient  E, 
when  the  limiting  trajectory  is  looated  far  away  from  the 
large  particle.  Using  the  same  methods  as  In  finding  Cq/o* 
in  Section  9.  and  recognizing  that  for  a  homogeneous  stream 
F|(r)  =  (1  -  gj )r2,  we  obtain  after  a  series  of  transfor¬ 
mations  for  the  capture  coefficient  E  an  expression 


f:  - 


1  -  gi  [  KT 


i-  **  ( 1  ~  (--  -  l .084  )  +  0  (k-)\ . 


(11.54) 


Formula  (11.54)  shows  that  an  account  of  the  inertial 
term  in  accordance  with  the  results  given  above  of  the 
numerical  calculation  leads  to  a  certain  decrease  in  the 
capture  coefficient.  It.  must  be  noted  that  at  small  values 
of  %,  when  it  is  necessary  to  take  Into  account  the 
coupling  effect  and  when  one  cannot  make  the  assumptions 
under  which  formula  (11.34)  is  derived,  an  account  of  the 
inertial  nature  of  the  particles  should  lnorease  the  cap¬ 
ture  coefficient. 
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12.  COAGULATION  OF  AEROSOL  PARTICLES  WISH  LIKE  CHARGES 

Ai  was  noted  la  Seotion  11,  at  small  distant#*  be- 
tv#«a  oharged  partlol#*  the  Absolut#  magnitude  of  th#  In¬ 
duction  lnt#ractlon  foroe*  oab  exceed  th#  Couloab  fore#. 

This  a#aas  that  ilk#  charged  partlol#*  can  attraot  at  short 
distances,  and  consequently,  uad#r  o#rtain  conditions  on# 
can  expeot  coagulation  of  nail  partlol#*  with  Ilk#  charge* 
[26,  28]. 

8inc#  th#  #lectrlc  Interaction  foroe  between  par¬ 
ticles  is 

F«  " ' [ 1  +  /l  ir' gi)  +  * l*  <'•  ft)  +  l* if*  ft)].  ( II.  85) 

th#  attraction  between  parti ol#s  that  bar#  Ilk#  charges 
(X  =  -  q2/q1  <  0)  can  occur  at  dlstanc#*  when  th#  expres¬ 
sion  In  the  square  brackets  (#qual  to  f(r,  gf,  X))  b#co##s 

negative.  This  condition  Imposes  certain  llaltations  on 
th#  quantities  X  and  gj.  Thu*,  for  example,  if  th#  par- 
tlol#s  ar#  of  th#  saa#  dimensions  (g1  »  1)  and  th#  oharges 
on  th«a  ar#  equal,  then  even  at  very  nail  distances  b#tv##n 
partlol#  surfaoes  (r-e  2)  there  ooours  no  attraction  foro# 
between  them  (when  r  =  2  a  repulsion  foroe  is  present, 
amounting  to  about  60  percent  of  the  Coulomb  repulsion 
foroe).  At  small  values  of  gj(d/D  »  V8i  <  0.2—  0.3),  when 
the  function  f(r,  gj , x  )  is  well  approximated  by  the  expres¬ 
sion 


f  (r*  gt  *)  =  1  +  *  /,  (0  *  1  — 

Ci  2r»  - 1 
<7.  '  r(r*~  1)*’ 


(I I. 25a) 


w#  see  that  the  region  of  distances  r,  corresponding  to 
attraction  between  particles,  will  be  all  the  greater,  the 
larger  the  absolute  value  lx}  =  02/ Qt»  Figure  44  shows 
th#  form  of  the  function  f(r)  corresponding  to  the  approx¬ 
imation  (II. 25a).  It  is  obvious  that  attraction  between 
particles  occurs  when  r  <  rg  (we  are  not  considering  now 


♦Large  particles  of  like  charge  will  usually  coag¬ 
ulate  because  for  them  the  Inertial  forces  predominate  over 
the  electrostatic  forces  (see  Secs*  14  and  15). 
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the  valuta  r  <  1;  they  will  be  needed  later  on  for  a  qual¬ 
itative  Investigation  of  the  pattern  of  the  trajectories). 
Table  12  lists  the  dependence  of  the  coordinate  r8,  which 

separates  the  regions  of  repulsion  and  attraction  of  the 
partlolest  on  the  quantity  x  -  -  Qg/qj.* 


Fig.  44.  Fora  of  the  function 
f(r)  in  accordance  with  the 
approxinatlon  of  equation  (I. 25a). 

Table  12 


—  *  =  ?*/<?> 

—  *==</*  |<j. 

0,01 

1 ,052 

0,5 

1 ,422 

0,02 

1,075 

1 

1,617 

0,05 

1,122 

> 

1,882 

0,1 

1,178 

5 

2,379 

0,2 

•  1 .200 

10 

2,895 

*The  value  of  rg  was  calculated  from  the  relation 
It  (r«) 


2r*  —  1 


1)» 
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The  data  of  Table  12  show  that  aotlooablo  regions  of 
attraction  oeeur  only  at  largo  value •  of  (-  X)  n  0.5— i  .0. 
Therefore*  apparently  only  at  appreelablo  values  of  (-x ) 
oan  one  expeot  appreciable  ohanges  la  the  capture  coef¬ 
ficient  E  for  oharged  partloles  of  like  chargee* 

To  simplify  the  problem  of  calculating  the  oapture 
coefficient,  we  oonfine  ourselves  to  a  oase  when  the  ratio 
d/D  is  very  snail  (for  exaapls,  g1  <0.01).  then  In  first 
approximation  we  oan  assume  g1  =  0.*  In  this  oase  the 

equation  of  notion  of  the  partlole  (II. 4)  assuaes  the  fol¬ 
lowing  fora: 


where 


v  =  «  +  «i  ( l  -  M*(r)l  ~i,  (II.  35) 


*  =  qt/Qi  >  0;  *i  ■«  —  « 


WiCi 


3  nrldDtu 


->o. 


For  Stokes  flow  around  a  large  partlole.  equation 
(11.35)  oan  be  written,  taking  Into  aooOunt  formula  (n,io). 
In  the  following  form: 


Vr 


- 


cos  QF,  +  ait  (r) 

r* 

sin  8F'  (r) 


2 r 


(11.36) 


As  In  Section  11,  we  can  readily  obtain  the  relation 


-•  ~a,/(r)sin6d0,  (11.37) 

whloh  Is  analogous  to  equation  (II.8)  and  is  equivalent  to 
equation  (11.35).  For  the  ease  under  consideration  the 
function  f(r)  1s  shown  In  Figure  44.**  It  Is  easy  to  see 
that 


win  the  case  when  gj  is  small  but  uot  equal  to 
sero,  the  main  deductions  of  the  analysis  given  below 
should  remain  in  fores. 

**If  g1  -js.  0,  then  the  function  f(r)  as  r  -e  1  tends 
to  some  negative  value  of  large  absolute  magnitude.  Uhls 
elroum stance,  however,  does  not  change  essentially  the  con¬ 
clusions  that  follow. 


/ (/•)<<>  po*  r7<r<r„ 

/(r)>0  h>a  r>r,  o*  r<r7l 

where  x*y  and  rg  are  the  root*  of  tho  equation 

tn.3«) 

Lot  uo  oonsldor  the  singular  points  of  the  systen 
(11.36).  It  Is  easy  to  show  that  they  all  lie  on  the  Os 
axle.  Ihe  origin  is  a  singular  point  of  higher  order.  In 
its  Tlolnity 


v, 


cos  0 

->  lr* 


V% 


sin  6 
4  r» 


Consequently,  the  trajectories  near  the  origin 
satisfy  the  equation 

n;  .  6  \2+«»>*  /  0  x2— 
r  -C(sin2  )  (cos2) 


Fig.  45.  Fora  of  trajectories 
of  equation  of  notion  (11.36) 
near  the  origin. 

Wheno^  *  t/2a  (Fig.  45a),  the  origin  Is  a  singular 
point  of  the  dipole  type,  and  when  ex  j  >  l/2a  (Fig.  45b)  it 
is  an -unstable  node,  from  which  all  the  trajectories  leave 
only  in  the  direction  of  positive  s  (Fig.  45).* 


*In  the  first  case  the  Poincare  index  [45]  of  the 
origin  is  I  s  +  2,  while  in  the  second  case  I  s  +  1, 


Pig,  46.  Fora  of  the  function  Pj(r),  wfaloh 

determines  the  number  and  location  of  the 
singular  points  of  the  equations  of 
motion  (II. 36). 

The  remaining  axial  singular  points  are  determined 
in  aooordance  with  the  first  equation  of  (11.36)  by  the 
relation  a  j  =  -  oos  8  Pj(r)  or 

^en  i>0,  (11.38) 

-F,(r)  when  z<0,  (11.39) 

where  the  function  F3(r)  =  -  F(r)/f(r)  has  the  form  shown 
in  Figure  46,*  on  which  Is  presented  a  plot  of  the  function 

*By  determining  F'j(r)  iu  the  form  of  a  rational 
fraction,  it  is  easy  to  show,  using  the  general  rules  (the 
Budan- Fourier  theorem  [17])  for  the  determination  of  the 
number  of  positive  roots  of  the  polynomial  In  the  numerator, 
that  the  curve  Fj(r)  has  two  maxima  (ct1#1  for  0  <  r  <  1  and 
<*1.2  for  V  >  1 )  and  one  minimum  F3  =  0  for  r  s  $.  When 
r  -a  0  the  function  Fj(r)  «•*  -  1/2X. 
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Fj(p)  for  *  >  0  and  of  it*  continuation  -Fj(r)  for  s  <  0. 

Figure  46  together  with  foraula  (11.38)  show  that  at  very 
nail  values  of  «j  <  a1 there  are  two  singular  points 

A|  and  l2.«  with  Increasing  a,,  singular  points  ky  and  a4 
appear,  followed  by  A3  and  Ag.  When  ctf  goes  through  the 
▼alue  1/21*  the  singular  point  A3  disappears  and  the 
eharactor  of  the  singularity  at  the  origin  ohangos. 

In  deteralnlng  the  oharaoter  of  all  these  singular 
points  we  find  the  Talues  of  the  functions  a,  b,  0,  d  [45] 
at  these  points,  for  whloh  one  oan  easily  obtain  the  fol¬ 
lowing  expressions: 


=*•3?  = 

.  *1 

C  ~  "Sr 


cos9fa  (r)  f  (r) 

- 7* - 


0;  d 


*1 

7SS 


h 

cot  '  (r) 
— 5T-- 


0; 


Starting  froa  these  equations,  we  oan  oonstruot  the 
following  table  for  the  signs  of  the  different  functions 
at  the  Investigated  point s**( Table  13). 


Table  13 


.1 

m 

1 

& 

A 

V 

v 

c* 

:  -  !  ’ 

l 

* 

1 

»  l 

? 

& 

|1 

II 

■OTJ 

SL 

lint 

At 

+ 

Ji  <  l<r<r. 

X 

1" 

— 

+ 

— 

— 

Soddl. 

— - 

A* 

-f 

Tt<r<  1  <rt 

— 

— 

— 

:  + 

— 

Saddle 

+ 

— 

r<rr<\ 

— 

+ 

— 

— 

Saddle 

+ 

A« 

:  — 

r<r,<  1 

— 

.  + 

-1- 

+ 

Nod. 

(.fcrfri.) 

+ 

+ 

— 

r>rt>  1 

+ 

X 

1 

+ 

+ 

+ 

1 

Node 

(unstable) 

— 

A* 

— 

r>rt>  l 

+ 

— 

+ 

— 

+ 

— 

Saddle 

— 

♦The  coordinates  rA  of  the  singular  points  are  ob¬ 
tained,  in  accordance  with  equation  (II.38),  as  the  coor¬ 
dinates  of  the  points  of  intersection  of  the  curve  F3(s); 
- F* ( - z )  with  the  line  Fj(z)  =  aj .  Calculations  show  that 

a1 .1  <a1.2. 

**To  set  up  the  table  it  aust  be  noted  that 
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Qualitative  patterns  of  the  trajectories  in  the  out 
under  consideration  art  shown  la  Figure  47*  It  Is  soon  froa 
Figure  47  that  when  a  t  <  ot1v2  ***r  4horo  oxlata  a  Halting 

trejeotory,  which  represents  a  separatrlx  arriving  froa 
a  «  -  oo  at  tho  point  4.  Consequently,  whoa  qt  <  «0r  thoro 
oxlata  a  noa-soro  valuo  of  tho  oapture  aooffloloat  I.  than 
oc  >«or,  w  have  I  a  0. 


•,»,  Vi  0  *,  * 


Fig*  47*  Qualitative  pattern  of  tho 
trajectories  of  tho  aquations  of 
notion  (11.36),  which  deteralne  tho 
olootro static  ooagulation  of 
aerosol  particles  of  like  oharges: 


t 

*»>acr- 

Thus,  in  accordance  with  the  statenents  made  at  the 
beginning  of  the  present  section,  there  exist  suoh  relations 
between  the  parameters  of  motion  of  two  partloles  of  like 
oharge  (aj  c  aor),  for  which  the  drops  can  ooagulate  [26, 


F'(r)  >  0  for  r  >  1  and  F'(r)  <  0  for  r  <  U  the  sign  of 
▼g/sin  8  is  opposite  the  sign  for  F*(r)  while  quantity 
q  a  ad  -  bo  <  0  for  points  of  the  saddle  type  and  q  >  0 
for  nodes  and  fool  [45]*  However,  by  virtue  of  the  axial 
eyaaetry  of  the  problea  the  points  A4  and  A^  are  nodes  and 
not  fool* 
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28,  36]. 


Itfele  14  gives  the  values  of  aer  as  a  function  of 
the  quantity  X  *  q^i . 

Table  14 


X  | 

acr 

*crf 

to 

15 

1,50 

5 

8,5 

1,70 

2 

3,8 

1,90 

t.O 

1,97 

1,97 

0,5 

0,98 

1 ,90 

0,2 

0,392 

1,96 

0,1 

0,189 

1,89 

It  follows  from  Table  14  that  the  charge  of  a  large 
particle  can  increase  to  a  critical  value  Q|Cr  for  whioh 

al  2^»Cr  _ It  ,  nn 

>•  "  *WdD*  +  W  (11.40) 


If  we  measure  in  terms  of  elementary  oharges  [e], 
while  D  and  d  are  measured  in  microns,  then  the  relation 
aaeumee  the  form 


,ltr|ei  =  M>V  W 


(11.41) 


Ihls  means,  for  example,  that 

for  D  —  10  h,  d  =*  1  q,tr=s;  300  «; 

for  D  =  20  ^ ,  d  —  2  qx cr  ~  1700  e\ 

for  D  —  40  d  —  4  (ji:  (fur  ~  10000 


etc. 

Consequently,  with  such  a  mechanism  of  oharge  ac¬ 
cumulation,  considerable  oharges  can  arise  on  the  particles. 
Of  course,  since  the  capture  coefficients  for  particles  of 
like  charge  are  small  for  small  values  of  X,  the  probabil¬ 
ity  of  appearance  of  suoh  limiting  charges  is  small.  How- 
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ever,  for  partlolea  with  o barge a  of  the  Mil  ordor  of  aag- 
nltude,  (fc  «  1)  tho  value  of  tho  oapturo  eooffleiont  s  la 
auffioiently  largo.  Thia  oan  bo  aooa  froa  Tabla  15,  in 
whloh  aro  roprooontod  tho  valuo a  of  tho  oapturo  ooofflolont 
I  for  like  ohargo  partlolea  and  dlfforoat  valuoo  of  tho 
paroaotora  a1  and  Tho  valuoa  of  TOhlo  15  were  obtalnod 
bj  nuaorloallj  Intagrating  (11,37)#  aaking  It  poaalblo  to 
dotoralna  diraotlj  tho  Halting  trajootory  of  tor  dotomla- 
lng  tho  ooordlnato  r0  of  the  alngular  point  A.  froa  aqua¬ 
tion  (11.38). 


Table  15 


Capture  Coefficienta  for  Aeroool 
Parti ol as  of  Lika  Charge ■ 


et, 

X  —  1 

>.,  :*  | 

X  =■  5 

0,1 

0,32 

0,53  . 

0,9(> 

0,333 

0,31 

0,08 

1,42 

1 

o.to 

0,55 

1,05 

£ 


Fig.  43.  Dependence  of  the  capture 
coefficient  £  for  electrostatic 
coagulation  of  aerosol  partioles 
of  like  charge  on  the  paraaeters 
oc]  and  X. 


fee  i»U  of  table  15  are  shown  in  Figure  48,  where 
the  ebeo&eee  repreeents  |Ss  ax.  s#ji,  The  sene  figure 

•hove  e  plot  of  1(0)  —  the  dependence  of  the  oepture  coef¬ 
ficient  t  on  the  pereaeter  ft  In  the  ease  when  the  large 
particle  Is  neutral  (A  =  q2/ql  *°°)«  Obviously,  at 

large  values  of  A-  the  plots  of  E(a« ,  A. )  should  epproeoh  the 

plot  of  I(jl).* 

An  examination  of  Table  15  and  Figure  48  allows  us 
to  adranoe  the  hypothesis  that  ooagulatlon  of  drops  of  like 
charge  oan  play  a  noticeable  role  in  the  process  of  ooagu¬ 
latlon  of  eloud  drops  (see  Sec.  14). 

13.  INFLUENCE  OF  EXTERNAL  ELECTRIC  FIELD  ON  THE  COAGULATION 
OF  AEROSOL  PARTICLES 


Let  us  consider  the  influence  of  a  vertical  eleotrlo 
field  on  gravitational  ooagulatlon  of  particles  of  ooarsely 
dispersed  aerosol.  The  solution  of  suoh  a  problem  oan  be 
of  Interest,  in  particular,  for  an  estimate  of  the  rate  of 
coagulation  of  oloud  drops  in  an  atmospheric-electricity 
field. 


Il'  the  external  field  Eq  is  directed  vertically  down¬ 
ward  (utmal  direction  of  atmospheric-electric  field),  then 
it  polar i at ?k  the  aerosol  particles,  producing  on  them  di¬ 
poles  with  moments**  m^  =  D*Eo/6  (large  particle)  and 
m2  =  (small  particle),  as  shown  in  Figure  49.  feo 

electric  force  of  interaction  between  the  aerosol  particles 
can  be  represented  in  first  approximation  as  a  sum  of 

forces; 


«It  is  seen  from  Figure  48  that  when  (t|  s  0.1  the 
value  of  E(aj  s  \  )  is  smaller  than  E(|3)  by  1.5  times  even 
when  X  -  1  ,  and  for  cm,  =  1/3  this  takes  place  at  X  =  5. 

'.■f'-We  a.;  rame  the  aerosol  partloles  to  be  conductors 
(see  footnote  on  page  114)  and  we  therefore  assume  that 

the  factor  (where  £  is  the  dieleotric  constant  of 

£  -i-  2 

the  material  of  the  particles),  standing  in  the  expression 
for  the  moments  m^  and  m2»  to  be  equal  to  unity. 


Fig.  49.  Coordinate  system 


a)  Foroe  of  interaction  of  the  charges  q^  and  q 2  on 
the  particles  (see  Sec.  11) 

(r,  k,  gi)r,  ; 

r\ 

b)  Force  of  interaction  of  the  charge  q2  with  the  dl 
pole  ,  the  field  of  which  is  Em,  =  —  grad^^j  [59,  page 
161] 


Ft 


8 


c)  Force  of  interaction  of  the  charge  q|  with  the 
dipole  m2 

F3-=-  j  d'Etfy  grad  (™) ; 

\  fx  ' 


d)  Force  of  interaction  of  the  dipoles  a\  and  mg 

[59,  page  161] 

ft  ~  grad  (m, ft,,)-  iwf! grad^^— )  • 

In  addition,  the  small  particle  will  bo  acted  upon 
by  a  force  F5  =  q2EQ. 
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Talcing  into  account  the  influence  of  all  these  elec¬ 
trostatic  foroes,  the  gravity  foroes,  and  the  aerodynamic 
force ,  the  equation  of  motion  of  the  small  particle  in  the 
coordinate  system  connected  with  the  large  partiole  (Fig. 
49)  will  have  the  following  form  (in  dimensionless  quan¬ 
tities): 

*£  +  »*•«-«/ (r,  »,  * ,)/-  +(»,—*.) grad  (~)  + 

-r  grid  ^ — !  )  4.  ('1,  4  g,)  f7, ,  (11,42) 

where 


„  _  .  >  _ 
dD*uM  '  " 


£«<? i  .  »  _ '* 

^■^>*00  ’  ^  11 


Ppf’g  ,  £,<h 

18ij  ^  3*1)0 


3*^0»Hoo 


(11.43) 


In  the  case  when  the  Stokes  number  is  small  oompared 
with  the  coefficients  at,  o1t  62,  and  7*  equation  (11.42) 
can,  as  was  done  in  Section  11,  be  reduoed  to  a  form  con¬ 
venient  for  Integration 


v=±»sinio 


J 


=  a f(r,  x,  g,)sin  W®. 


(11.44) 


If  we  can  neglect  here  the  Induction  forces  and  put 
f (r,  x,  g|)  =  1,  then  equation  (II. 44)  is  integrated  in 
final  form  and  has  a  solution 


(|»  #  cos  0  — 81  ~  —  sin*  0 


7  sin*  0  cos  0 

r> 


-(3, -!-g,)r-~^  -  const  =Y«/*(l-gi (11,45) 

•  A  determination  of  the  limiting  trajectories  and  of 
the  capture  coefficient  for  the  general  case  described  by 
equations  (11.42),  (11.44),  and  (11.45)  is  made  difficult 
by  the  numerous  combinations  of  signs  and  values  of  the 
coefficients  a,  67,  62,  and  r>  V*  therefore  confine  our¬ 
selves  to  an  examination  of  aome  particular  oases. 


If  the  charges  on  the  particlee  are  large,  and  the 
field  Eq  is  small,  the  coefficients  87,  63,  and  t  will  be 


1 


L. 
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•sail  relative  to  at  and  vo  can  neglect  the  tars*  of  tho 
aquation  containing  these  coefficients.  In  this  case  tha 
problem  reduced  to  tha  oaaaa  of  coagulation  of  oharged 
particles  in  tha  absence  of  an  external  field,  already  con¬ 
sidered  in  Sections  11  and  12.  Expressions  (11.43)  make  it 
possible  to  estimate  the  relations 


(11.46) 


4.  If  the  large  parti ole  has  a  very  small  charge 
and  the  Induction  foroes  due  to  the  oharge  of  the  small 
partiole  can  be  neglected,  then  the  coefficients  a,  62, 
and  Y  will  be  very  small,  Then  the  trajectories  of  the 
small  partiole,  in  accordance  with  formula  (11.45),  will 
have  the  form* 


-  const. 


(11.47) 


It  follows  from  (11.47)  that  the  trajectories  of 
the  partloles  are  symmetrical  relative  to  the  plane  9  = 
s  7t/2.  In  particular,  it  follows  from  this  that  for  the 
trajectories  ^  =  ^1f0  (9  =  0).  At  first  glance  this 

means  that  no  matter  how  close  to  the  Os  axis  the  trajeo- 
tory  may  lie  at  9  =  ^  small),  it  will  be  located  at 

9=0,  that  is,  after  moving  past  the  large  partiole,  at 
the  same  distance  from  the  Oz  axis.  This  should  denote 
that  the  small  particles  will  not  be  oaptured  by  the  larger 
one  and  the  capture  coefficient  will  be  equal  to  zero.  How¬ 
ever,  a  more  detailed  Investigation  of  the  trajectory  pat¬ 
tern  shows  that  this  is  not  the  case. 


The  trajectory  patterns  described  by  equation 
(II.47)  will  differ  in  character,  depending  on  the  values 
of  the  parameter  C|. 

■  A  qualitative  analysis  of  the  differential  equations 


^Neglecting  the  inertial  term  corresponds  here  to 
the  condition 


3£<«7,0 
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Fig.  50.  Qualitative  picture  of  the 
trajectories  in  case  of  electrostatic 
coagulation,  due  to  the  interaction 
between  the  charge  of  the  small  par¬ 
ticle  of  the  aerosol  with  the  dipole 
Induced  by  the  external  field  on  the 
large  particles 

fl 6--»cr  <*,  <-J  ; 

I 

c  -  “  <  '  I  -  8 1:  <L~  *t  >  1  -8v 


1)  If 


<  ''tr 


('Ft  (Q\ 

V2  4-  r*,  mi-n 


F*  (r,,,)*. 


then  the  system  of  singular  points  consists  of  a  dipole 
at  the  origin  and  two  saddles  In  the  plane  6  s  7t/2,  The 
limiting  trajectory  passes  through  the  saddle  Bj  (Fig. 
50a).'  From  equation  (11.47)  we  obtain  for  it  the  equation 
(from  the  condition  r  =  rg^  for  0  =  7t/2) 


*Here  rm  is  the  value  at  which  the  function  F4(r) 
r~-f \  reaches  a  minimum  (see  Appendix  V.A). 


S 


ft  ('/»,)  - 


.w;(i  —  —  a',). 


Consequently,  in  this  case  the  capture  coefficient  is 

Expansion  of  the  function  F4(r)  in  a  Taylor  series  near 
the  point  r  =  1  shows  that  F'4(r)  =  0  when  rm  ,  =  1  +  -+• 

+  +  and  lor  *f«(rm)«-£(l  +  +  Bros, 

5cr  a  -  1  gt  and  is  usually  small  in  absolute  magnitude. 

Since  in  the  case  under  consideration  1  ■<  rBl  <  rB,  the 

value  of  F4(rB)  lies  between  Ft(\)  .-±gl  and  F4(rB)  & 

Lgl  /  i  4-  \  and  it  can  be  assumed  equal  to  -  -i  S\» 

3  \  3  * 

•>  _L  , 3 

Hie  fraction  r  can  be  assumed  equal  to  3  with  aoouraoy 

tb, 

to  1  percent.  Therefore  expression  (11.48)  can  be  re¬ 
written  in  the  form 


£•  —  38,  —  g, 

l  ~  g  i  — 


(II. 48a) 


2)  When  5cr  <.  6 y  <  l/4,  the  system  of  singular 

points  consists  of  a  dipole  at  the  origin,  four  saddles  on 
the  axis  of  motion  at  the  points  Aj ,  Ag«  A and  A4,  and 

two  centers  B1  in  the  plane  e  =  7T/2,  having  ordinates 
r2(3)  <  rB1  <  ri ( 4 )  (80e  50b).  The  capture  coeffi¬ 

cient  is  in  this  case  equal  to  zero. 

3)  When  i/4  <  Sv  <  1  -  gt,  the  system  of  singular 

points  consists  of  a  dipole  at  the  origin  and  two  saddles 
on  the  axis  of  motion  at  the  points  A^  and  A4.  In  the 

plane  9  =  there  are  two  centers  Bj  and  two  saddles 
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b2  <**82  <  1  <  pBj  <  rA|(4)*  Fi8»  50c).  In  this  cast 
the  oapture  ooafflolant  la  also  equal  to  zero. 

4)  Mien  51  >  1  -  gj,  the  ay a tee  of  singular  point* 
oonalata  of  a  dipole  at  the  origin  and  two  saddles  B2  In 
the  plane  6  *  if/2  (rg2  <■  U  see  Tig.  50d).  we  oall  at¬ 
tention  to  the  faot  that  the  general  dlreotlon  of  notion 
along  the  trajectories  away  from  the  parti ole  la  opposite 
the  dlreotlon  of  the  too  tor  uM  •  This  aeons  that  the 

dlaeaslonless  rate  of  falling  of  the  snail  particle,  due 
to  the  field  Xq  end  the  foroe  of  gravity  -(o^  ♦  g1 )  is 
larger  than  the  rate  of  falling  of  the  large  partlole 
(equal  to  unity)*  In  this  oase  the  eaeller  particles 
overtake  the  larger  one*  fixe  trajectory  passing  through 
the  saddle  Bg  does  not  enoonpass  all  the  trajectories  that 
terminate  on  the  sphere ,  sinoe  rBg  <  I.  The  boundary 

trajectory  will  be  determined  froa  the  condition  of  tan- 
genoy  of  the  snail  partlole  to  the  large  one  at  rale 
♦  %  s  TTf 2.  we  then  obtain  froa  (11.47) 


2-H1  + 

i  +  vTI  . 


(11.49) 


At  snail  values  of  gj  we  have 


At  values  %  1  the  capture  ooeffloient  becomes 
very  large.  This  circumstance  Is  the  consequence  of  the 
fact  that  i r.  this  case  the  rate  of  falling  of  the  large 
and  small  particles  become  almost  equal,  and  then  even 
small  attraction  forces  will  cause  the  large  partlole  to 
capture  the  .©all  particles  from  a  larger  volume  (for  more 
details  see  Sec.  14). 


j3„  tfe  now  consider  a  case  when  both  drops  are  very 
weakly  charged  and  they  can  be  regarded  as  neutral  (In 
this  case  the  coefficients  a ,  6|,  and  62  ore  very  small 
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compared  with  th*  parts* tar  T).  equation  (11.42) 

assumes  th*  fora 


where 


tlno* 


4  +  V,  =  Ur  +  k9t  y  -glCM  9. 

at  f* 

*17  +  «•“«•  -  k9*  ^  +  ft » sln  e* 

at 


(11.50) 


-S_.  *34  =  T=J*£L, 

4«V£i  2^0 


(11.51 ) 


„  _  M3** 

~  18t)  • 


For  water  drops  (f>p  =  t)  w*  have 

o4  =  0,717  %  =  0,812^;  r  =■  1. 624.10-*  ^ ,  (n»52) 

where  Is  the  diameter  of  the  large  drop  In  microns;  Iqt 
Is  the  eleotrle  field  In  volts  per  centimeter. 

If  64^1,  the  Inertial  term  k  dv/dt  In  the  equations 
can  be  neglected  and  equation  (11.42)  will  have  a  solution 
in  the  form  (11,45) 


T  sin1 4  cos  8 

r*  ~ 


=  const  =  =-F*(l—  fi). 


(11.53) 


We  note  that  it  follows  from  equation  (11.53)  that 
tl  ,T?~y i,o(®  =  °) •  Here,  as  in  the  preceding  oat*,  to 

separate  a  definite  trajectory  from  the  family  (11,53)  it  is 
necessary  to  Investigate  qualitatively  the  pattern  of  th* 
trajectories,  and  the  Investigation  yields  the  following 
results  (see  Appendix  V.B). 


The  character  of  the  pattern  of  the  trajectories 
depends  on  the  ratio  of  the  quantity  T  to  the  extrema  of 

the  function  Ft (r)  =  ^  f , (r).  w*  denote  by  yor  the  absolute 

Sm 
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valuee t  the  minima  of  Fg(r)  ftnd  by  ft  the  value  of  the 
■uiaui  of  Fg(r).*  In  aooordanoe  with  tho  combination  of 
relationships  of  y,  ft,  and  y0P,  Figure  51  shows  four 

different  trejeotory  pattarna.  An  examination  of  Flguro  51 
Shows  that  uhan  y* Tor*  th®  eapturo  ooofflelant  la  Is  0. 


static  ooagulatlon  of  two  neutral 
dropa  no ring  in  an  external 
vertloal  electrostatlo  field: 

•— T  *"•“  T<Ti): 

b  -t»<T<T,r: 
c  -  vcr  <  T  <  Ti*. 

<1—  T  hrfc  (T  >  Tcr;  T  >TiV» 


When  y  >ror,  the  value  of  the  oapture  ooefflolent  la  deter¬ 
mined  by  the  Uniting  trajeotory,  which  repreaenta  a  sepa- 
ratrix  passing  through  the  saddle  B  which  ia  not  on  the 
axis.'  The  value  of  Jrr  For  this  separatrix  can  be  readily 
obtained  from  equation  (IX.53)»  by  putting  In  it  r  s  rg 
for  0  -  a 3  (rg  and  0B  are  the  coordinates  of  the  saddle  B)» 


*Th3  form  of  the  function  Fg(r)  is  shown  in  Fig.  88» 
The  values  of  fcr  and  Tj  as  functions  of  the  parameter  g| 
are  listed  in  Table  a. Ill  (see  Appendix  V,B). 
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V*  then  readily  obtain  the  expression 


c 


where 


♦».« 


1  T  cos#*  sin* !■ 

yl4(l~  «»)-♦»  (fl) - ^ - 1  - 

-  rl»in*  f,|. 


I 

(11.54)  | 


It  follow*  therefor*  that  [28] 

l-#»  (11.55) 


Table  16 


Capture  Coefficient  E  for  Neutral  Aerosol 
Particles  in  an  External  Electric  Field. 


D  =  20  p 

D  «=  10 

D«  5 

i 

8 

I 

h 

5 

M5! 
■4  i 

g 

5j 

i 

g 

H5| 

. i  ' 

O 

• 

1375 

«.« 

972  ■ 

77 

620 

1,10 

0,574 

0,154 

0,01 

2260 

26 

1130 

1660 

0,252 

1,20 

0,552 

0,413 

0,01 

2690 

37 

1345 

0,341 

1,25 

0,548 

0,587 

0,01 

1025 

5,3 

724' 

43 

■ 

340 

0,189 

B 

0,578 

0,342 

B£9 

1460 

10,8 

86 

p|™ 

E 

IK3 

0,554 

i  0,893 

Egl 

18,6 

Wm 

148 

QB 

1,40 

HB3 

n 

E2I 

3 , 1 

25 

'  300  1 

6S 

0.1 

4,3 

35 

460 

i  3,314 

1,35 

0,583 

0,691 

0,1 

1210 

7,4 

59 

,  600 

480 

B 

1,45 

i  0,560 

!  1,190  !  0,1 

Table  16  lists  the  results  of  calculation  bj  means 
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of  formula  (11.55)  for  large  values  of  0^.*  (Che  data  of 
(Table  16  show  that  for  neutral  aerosol  particles  and  for 
the  presence  of  an  external  electric  field,  the  capture 
coefficient  can  reaoh  noticeable  values  for  large  fields 
on  the  order  of  several  volts  per  centimeter. 

Zn  the  atmosphere  fields  like  these  arise  only  under 
conditions  of  developed  cumulus  and  thunderstorm  olouds. 
Under  these  conditions,  however,  the  considered  form  of 
eleotro static  coagulation  can  hardly  play  an  Important  role 
in  the  process  of  development  of  the  cloud,  for  in  this 
case  there  exist  in  the  cloud  many  large  drops,  which 
guarantee  sufficiently  rapid  gravitational  coagulation  re¬ 
sulting  from  inertial  settling. 

In  aerosol  technology  such  large  electric  fields  are 
encountered  in  electric  filters,  for  whloh  the  role  of  the 
coagulation  mechanism,  described  in  the  present  section  for 
the  aerosol  particles,  calls  for  a  special  analysis. 

It  must  be  noted,  as  was  already  indicated  above  in 
other  cases,  that  for  particles  of  comparable  dimensions 
the  value  of  the  capture  coefficient  can  be  appreciably 
larger  than  calculated  in  Table  16,  owing  to  the  decrease 
in  the  denominator  1  -  g1  in  formula  (11.55)  with  in¬ 
creasing  gi . 

This  position  is  all  the  more  probable  since  the 
data  of  Table  16  (where  the  influence  of  the  parameter  gj 
on  the  capture  coefficient  due  to  the  ohange  in  the  de¬ 
nominator  1  -  g/j  in  formula  (11.55)  is  still  insignificant) 

show  an  appreciable  Increase  in  E  with  increasing  g|  at 
constant  fields  E q.  The  physical  meaning  of  this  circum¬ 
stance  can  be  readily  understood  if  it  is  recalled  that  the 
dipole  moments  induced  by  the  external  field  In  the  aeroeol 
particles  are  proportional  to  the  cube  of  the  partlole  di¬ 
ameters,  and  the  force  of  interaction  between  the  dipoles 
is  proportional  to  the  product  of  their  moments. 

ttThe  calculations  were  carried  out  in  the  following 
manner.  Values  of  and  rB  were  assigned,  and  then  by 
formulas  (a.7l)  and  (a.73)  (see  Appendix  V.B)  were  used  to 
determine  t  and  cos  0B,  and  finally  formula  (a.76)  was  used 
to  determine  E.  The  value  of  Y  determined,  on  the  basis  of 
formula  (a. 51),  the  value  of  E^/D,  and  consequently  the 

value  of  Eq  for  each  value  of  D. 
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14.  ROLE  OF  ELECTROSTATIC  COAGULATION  OP  CLOUD  DROPS  IN 
THI  PRO C 183  OF  CLOUD  DEVILOPHENT 

After  analysing  methods  for  deteralnlng  tho  value 
of  the  oapturo  coefficient,  duo  to  tho  olootroatatlo  forooo 
of  dlfforont  types,  wo  eon  now  prooood  to  an  estimate  of 
tho  influonoo  of  tho  electro ststlo  coagulation  on  tho  pro¬ 
cess  of  onlargonont  of  oloud  drops.  For  this  purpose  It  la 
noooaaary  to  turn  first  of  all  to  experimental  and  theoret- 
loal  oatorlal  and  ohnrgos  of  oloud  drops. 

As  was  alroady  lndloatod  above,  measureaents  of 
olootrio  charges  of  drops  in  olouds  and  fogs  wore  carried 
out  by  a  snail  nuaber  of  authors  and  the  results  obtained 
are  still  contradictory  in  character.  The  first  suoh  ex¬ 
periaents  were  sot  up  by  Wlegand  [132]  in  1925.  Wiegand 
aeasured  In  tho  oloud  the  aTorage  charge  of  one  polarity 
-  qa  per  drop.  He  showed  that  tho  drops  of  fog  hare 
charges  of  both  sides,  and  the  aygrago  values  (obtained 
froa  a  series  of  experiaents)  are  q*  *  250—350  e  (o  is  the 
eleaentary  charge).  The  average  diameter  of  fog  drops  was 
in  these  experiment  s_20— 26  microns.  In  individual  experi¬ 
ments  the  values  of  q*  reached  1,000 — 22,000  e.  Wlegand' s 

experiaents  were  repeated  by  Aderkas  in  1940  [l],  with 
analogous  results. 

Gunn  [93]  In  1951,  and  Gunn  and  Webb  [130]  In  1954 
measured  the  total  oharge  of  drops  in  olouds  and  high- 
noun  tain  fogs.  They  showed  that  the  average  total  £harge 
(suaaed  over  the  oharges  of  both  signs)  per  drop,  -qs, 
reaches  in  clouds  values  of  ~ 30  e  for  drops  with  diameters 
of  about  10  microns  [93]  and  values  ~ 1  e  in  fogs  [ 130], 

This  olrouastanoe  is  evidence  that  either  the  oharges 
of  the  Investigated  drops  are  small,  or  that  the  oharge 
distribution  is  almost  symmetrical  with  respeot  to  sign. 

A  comparison  with  data  obtained  by  others  gives  preference 
to  the  second  assumption. 

Recently  the  results  of  measurements  of  a  few  others 
were  published.  Solov'yev  and  Makhotkln  [58],  [42]  and 
Twoaey  [127]  were  the  first  to  desorlbe  measurements  of 
oharges  of  individual  drops,  carried  out  by  the  method  of 
Fuks  and  Petryanov  [62].  Because  of  the  features  of  the 
method  employed  by  them,  the  number  of  drops  on  Which  the 
oharge  was  measured  was  small.  In  the  oase  of  Solov'yev 
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and  Makhotkin,  for  example,  the  measurements  were  serried 
out  on  approximately  500  drops,  of  whleh  approximately  25 
peroent  were  oharged. 

Solov'yev  and  Makhotkin,  who  carried  out  measure¬ 
ments  In  fogs,  have  found  th&t  for  drops  with  average  diam¬ 
eter  d  8  mlorons  one  gets  qa  ~  80  e.  In  some  drops  of 
this  size  they  observed  charges  on  the  order  Of  400  e. 

Twomey  obserbed  In  warm  clouds  a  very  large  (  ~  80 
percent)  number  of  oharged  drops.  He  gives  the  relation 

<?[«)%  i", 

connecting  the  charge  with  the  drop  dimensions. 

The  most  significant  results  on  the  measurement  of 
charges  of  individual  cloud  drops  were  obtained  by  Ser- 
giyeva  [53,  54].  She  noticeably  Improved  the  method  of 
Gillespie  and  Langetroth  [88]  as  applied  to  cloud  measure¬ 
ments  and  measured  the  charges  on  several  thousand  cloud 
drops.  Her  measurements  were  made  on  a  high- mountain 
station  (3000  meters  above  sea  level)  of  the  Elbruss  ex¬ 
pedition  of  the  Institute  of  Applied  Geophysics  of  the 
Academy  of  Sciences  USSR  in  stratus  and  stratooumulus 
clouds.  In  1957  she  carried  out  twenty- seven  series  of 
measurements  in  fifteen  clouds.  Her  results,  which  are  of 
importance  to  the  problem  considered  here,  can  be  sum¬ 
marized  briefly  as  follows.  In  the  investigated  clouds 
there  was  always  a  considerable  number  of  charged  drops 
(about  30—50  percent  of  all  the  drops).  Both  in  warm  and 
in  supercooled  clouds,  there  were  always  drops  having 
charges  of  both  signs.  The  asymmetry  of  the  distribution 
function  of  the  drops  relative  to  charges  of  both  signs 
was  usually  low,  so  that  there  was  always  a  large  number 
of  equally  charged  drops.  The  distribution  funotlOn  by 
charges  is  unlmodal  and  is  similar  to  a  Gaussian  distribu¬ 
tion,  although  the  latter  circumstance  could  not  be  proved 
conclusively.  The  instrument  measured  directly  the  ratio 
of  the  charge  of  the  drop  to  its  diameter,  q/d,  with  sub¬ 
sequent  determination  by  means  of  microphotography  of  the 
dimension  and  then  of  the  charge  of  the  drop.  The  range 
of  measured  values  of  q/d  lies  within  the  limits  q[e]/dp  = 

=  4.5—8.  Considering  drops  whose  diameters  lie  in  this 
interval,  Serglyeva  found  that  qa[e]/dp  6— 8.  At  the 

same  time,  for  certain  measurements  in  the  clouds,  there 
was  a  small  percentage  of  drops  having  a  ratio  q^l/d^sSO 
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and  dimensions  4S  «  4—22 


Fig.  52.  Results  of  the  measurements 
of  electric  charges  of  cloud  drops. 

Figure  52  shows  the  results  of  the  described  ex¬ 
periments.  The  abscissas  show  the  value  of  the  diameters 
of  the  drops  In  microns,  and  the  ordinates  the  value  of  the 
charges  of  the  drops  In  elementary  units  [e}»*  Hie  same 
Figure  52  shows  some  theoretical  distributions  of  partlele 
charges.  The  line  AAj  corresponds  to  the  Fuks  theory  [64] 
of  charging  of  drops  by  Ionic  diffusing,  which  leads  to  a 


•  *The  shaded  region  in  Figure  52  corresponds  to  the 
range  of  values  measured  on  the  instrument  of  Serglyeva. 

The  number  3  denotes  the  results  of  Solov'yev  and  Makhotkin. 
while  the  numbers  1  and  2  denote  the  results  of  Vliegand. 

The  crosses  correspond  to  the  maximum  values  of  qa,  and  the 
circles  to  the  average  values  of  qa.  The  data  of  Twomey 
are  represented  by  the  straight  line  TTj . 
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relation  !*[#]  *  2.3  Tha  Una  BB  corresponds  to  the 

absorption  theory  of  drop  charging  (Frankel  [6t])  for  the 
value  of  the  electrokinetie  potential  0.3  volt,  leading  to 
a  relation  q[e]  *  -  100  The  line  CC|  corresponds  to 

maximum  oharge  on  the  drops,  at  vhloh  the  eleotrio  field 
at  the  surfaoe  of  the  drop  is  equal  to  the  breakdown  voltage 
of  30  kv/oa.  Here  q[e]  *  500  <^2. 

Reoently  several  papers  devoted  to  aeasurements  of 
eleotrioal  oharges  in  clouds  have  been  published.  Chao 
Po-ling  using  the  apparatus  of  Serglyeva  carried  out 
measurements  on  a  free  balloon  in  stratus  clouds  [13], 
Petrov,  using  a  procedure  that  he  developed  for  the  obser¬ 
vation  of  traoks  of  drops  In  a  stationary  eleotrlo  field  of 
a  oapaoltor,  aeasured  oharges  of  drops  during  an  airplane 
flight  through  cumulus  and  stratoouaulua  coulde  [47,  13]. 

The  results  of  the  measurements  of  Chao  Po-ling  and  Petrov 
turn  out  in  the  nean  to  be  close  to  each  other,  and  In 
Figure  52  they  are  desoribed  by  a  straight  line  DD1 ,  cor¬ 
responding  to  the  relation  qa[e]  *  10  d^.  The  measurements 
oh  Phillips,  Kinzer,  and  Allee  [78]  [113],  carried  out  on 
mountains  In  newly- formed  stratocuaulus  warm  and  superoooled 
c  1  '■  u as ,  gave  for  the  drop  charges  values  close  to  the 
straight  line  AA|  In  Figure  52.** 

An  examination  of  Figure  52  shows  that  the  measured 
average  absolute  values  of  the  drop  oharges  In  clouds  and 
fogs  as  obtained  by  different  authors  differ  appreciably 
from  one  another.  This  circumstance.  In  addition  to  the 
difference  In  the  measurement  procedure,  can  also  be  due  to 
differences  in  the  physical  nature  of  the  Investigated 
clouds  and  fogs. 

One  can  tentatively  assume  the  line  DDj  in  Figure  52 


*The  Fuks  theory  received  good  confirmation  In  the 
experiments  of  Llssowskl  on  artificial  aerosols  [104],  in 
1955  Gunn  published  a  theoretical  paper  [94]  which  essen¬ 
tially  repeatg  the  results  of  Fuks,  However,  in  calculating 
the  quantity  q.,  Gunn  exaggerated  its  value  by  a  factor  of 
IT/  2. 


**It  should  be  noted  that  In  thunderstorm  olouds, 
Phillips  and  Klnaer  found  very  large  drop  charges  (approx¬ 
imately  three  times  larger  on  the  average  than  the  oharges 
aeasured  by  Petrov  and  Chao  Po-ling). 
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to  be  soa*  average  of  *11  the  aeaaured  value*  of  a*  and  to 
give  the  oonnootlon  between  qft  and  d  in  the  fora 

?.!«!- 10 d¥.  (11.56) 

The  aaziaua  aaaaured  value*  of  tha  ohargaa ,  vhloh 
group  around  tha  lina  ZEj  aras 

fr|e)*r8(U*.  (11.57) 

Lat  ua  aatiaata  now  tha  expected  valuta  of  tha  cap- 
turn  ooaff Iolanta  for  drop a  of  diffarant  dimension*,  with 
ohargaa  corresponding  to  foraulaa  (11,56)  and  (11,57). 


▲ooordlng  to  relation  (11.56) ,  tha  parameter*  of  tha 
aleotrostatlo  coagulation  oan  ba  expressed  directly  in  terms 
of  tha  drop  dlaaatara.  It  la  neoeaeary  to  taka  Into  aooount 
hara  tha  fact  that  for  drop*  with  diameter  laaa  than  30 
mlorons  ona  oan  assume  a  rata  of  fall  determined  from  tha 
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Using  relation  (11.58)  we  can  obtain  the  value*  of 
and  E^v  (tha  valua  of  the  electrio  field  in  volt*  par 

centimeter)  at  which  the  capture  coefficient  will  atill 
have  a  noticeable  value,  for  exaaple  exceeding  0,3,  For 
thle  purpose  It  la  neeeaaary  to  raoognlae  that  at  aaall 
values  of  ct  and  Oj  the  value*  of  the  capture  coefficient* 

will  be  equal  to  E?s*5Qi.*and  E»3^i  reepectively.  We 

♦The  coefficient  5  in  lieu  of  4  in  formula  (11.14) 
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than  obtain  fron  Figure  42  that  E  =  0.3  for  (3  s  0.04  and 
flf  m  0.1*  Bio  results  obtained  In  this  manner  are  sum¬ 
marised  in  Table  17. 


Table  17 


Values  of  for  which  E  >  0.3 


g:  .■  ■= — - ! — 

Coagulation 

irschanlnn 

Defining 

1  parameter 

Value  of  9 
f“IV.nwt 

Drop.  ch»ged 
diifewitly . . 

8 

<’  i 

M 

8i 

Small  drop 

noutral . .  .  ....  .  . 

Pt 

<  2,7  (ft -0,1) 
<1,3  (ft  =  0,0!) 

2,5 

8l 

<  5,5  (ft  —  0,1) 

0,4 

Larg.  drop 

neutral . 

ft 

<  3.7  (f|  =  0,01) 

TF 

External  electric 

<0,6  (E„  *=  t) 

480 

timid  (Urge  drop 
neutral)  . . 

•i 

<7  (E^=100) 

Inasmuch  as  charges  on  the  order  of  the  mean  values 
described  by  relation  (11.56)  are  encountered  sufficiently 
frequently,  almost  each  combination  of  the  encountered  drops 
with  dimensions  indicated  In  Table  17  can  lead  to  an  effec¬ 
tive  coming  closer  of  their  coagulation.  Thus,  the  mean 
values  of  the  charges,  described  by  equation  (II. 56).  can 
cause  appreciable  values  of  the  capture  coefficient  and 
lead  to  electric  coagulation  of  cloud  drops  with  diameters 
smaller  than  7  microns. 

The  electrostatic  coagulation  due  to  an  external 
atmospheric- elec trie  field  Eq  and  described  by  a  parameter 
o |  oan  arise,  as  can  be  seen  from  Table  17.  only  for  a 
field  on  the  order  of  hundreds  of  volts  per  centimeter.  Ey 
adding  the  results  obtained  in  Section  13D,  we  can  state 

of  Section  11  la  obtained  here  because  of  the  factor  1  ♦ 

♦  0.5L(r0)  in  formula  (11.28)  of  the  same  section.  For  the 

numerical  calculations  of  E  see  [23,  26,  28], 


that  the  influenoe  of  the  atao  spheric- eleetrio  field  on  tho 
oo  emulation  of  tho  eloud  drop*  eon  ho  notioeeble  only  at 
flold  Intensities  of  several  hundred  rolto  par  oeatloeter, 

Bm  question  of  tho  lnfluaaoa  of  tho  electric  Mod¬ 
ulation  oa  tho  growth  of  oloud  drops  with  a  dlaaotor  larger 
than  7  aiaroaa  at  tho  pros ant- day  status  of  tho  oxporlaaatal 
investigation  of  tho  oharge  distribution  fuaotlon  of  aloud 
drops  has  not  fat  boon  solved.  Za  favor  of  tho  possibility 
of  auoh  an  Influenoe  we  oan  advanoo  tha  following  arguments  i 

1.  Zha  distribution  of  tha  values  of  tho  ohargaa 
has  a  statistical  oharaoter,  and  a  suffioisntly  largo  nuo- 
bar  of.dropa  hara  ohargaa  appreciably  larger  than  tho  naan 
Talus  %,  dafinad  by  relation  (11,561.  This  scans  that 
drops  with  suoh  largar  tsIuos  of  tha  ohargaa  than  oan 

ooaa  olosa  together.  Zha  frequency  of  suoh  enoounters 
depends  on  the  torn  of  tha  aharge  distribution  function, 
which  so  far  has  not  yet  bean  sufficiently  lnTestigated, 

In  particular,  at  the  present  tine  aeasureoents  of  tha 
charges  ware  oarried  out  only  in  fogs  and  only  in  aereral 
types  of  olouda,  Many  typos  of  clouds  and  particularly 
olouds  which  produce  praoipltation,  raaain  so  far  un- 
inrasti gated, 

2.  During  praoipltation  formation,  an  inoraaaa 
takas  place  not  in  all  tha  oloud  drops,  but  only  in  an  in¬ 
significant  part  of  than.  Usually  in  a  rain  tha  nuaber  of 

drops  par  unit  volume  is  approximately  10®  tines  snaller 
than  in  tha  clouds.  The  number  of  drops  preoipltated  in 
tha  form  of  driszle  (d  »  ioo  microns)  is  3—4  orders  of 
nagnituda  snaller  than  tha  total  nuaber  of  drops,  this 
naans  that  the  pro ossa  of  enlargement  Of  tha  oloud  dropa 
whioh  leads  to  praoipltation  oan  be  the  result  of  the  en¬ 
largement  of  an  Insignificant  part  of  the  initial  nuaber 
of  drops.  In  tha  investigation  of  ooagulation  it  is 
neoessary  to  regard  the  collisions  as  a  statistical  pro- 
oess.  as  was  done  (under  aany  simplifications)  by  Telford 
[126],  Tha  role  of  large  ohargaa,  even  those  rarely  en- 
oountarad,  oan  turn  out  to  be  appreolable  hare  for  tha 
ooagulation  of  drops. 

3.  What  attracts  attention  is  tha  growth  in  tha 
oapture  coefficient  £  for  given  ohargaa  (for  given  at,  /ft  , 
dl,  and  0|)  with  daoreaslng  dlffaranoa  in  tha  drop  diaen- 

slons  (as  *•»  1)*  Indeed,  in  all  the  formulas  of  Sees. 


11—13  the  capture  coefficient  Increases  In  Inverse  propor¬ 
tion  to  the  difference  1  -  gj.  This  circumstance  Is  con¬ 
nected  with  the  deoreaee  In  the  difference  In  the  rate  of 
fall  of  the  drops  and  the  corresponding  increase  In  the 
momentum  of  the  eleotrostatlo  foroes  of  attraction  between 
drops.  Roughly  speaking.  In  the  Halt,  when  the  rates  of 
fall  of  the  drops  are  equal  (gj  =  1),  the  drops  Interact 
for  an  Infinitely  long  tlae  (In  the  presenoe  of  attraction 
foroes  the  dlstanoe  between  drops  oan  only  deorease).  They 
oan  therefore  be  attraoted  to  one  another  for  any  Initial 
dlstanoe  between  then.  Of  course,  the  realization  of  suoh 
a  process  oooure  after  an  Infinite  tlae  and  along  an  in¬ 
finite  path  of  falling  drops.  Obviously,  the  turbulence 
of  the  ataosphere  complicates  this  prooess  appreciably.  It 
Is  nevertheless  dear  that  at  snail  values  of  the  differ¬ 
ence  1  -  gi ,  values  of  toe  capture  coefficients  due  to  the 

electrostatic  attraction  foroes  oan  be  large.  Analogous 
results  for  the  capture  coefficients  caused  by  hydrodynamic 
Interaction  between  drops  were  obtained  by  Pearcey  and 
Hill  [111],  who,  considering  toe  hydrodynamic  Interaction 
of  the  drops  in  accordance  with  the  Oseen  scheme,  have 
reached  a  conclusion  that  for  drops  close  In  dimensions, 
the  capture  coefficients  will  be  very  large  (on  the  order 

of  ro3 — lO^)  for  d  >  20  microns.* 

4.  The  data  shown  in  Figure  52  show  that  the  mean 
values  of  the  oharges  qa  measured  in  the  clouds  are  one 

order  of  magnitude  higher  than  the  value  qa[  e]  =  2.3  /dj^, 
predicted  by  the  Fuks  theory  of  ionic  diffusion.  This 
circumstance,  as  it  seems  to  us,  offers  indirect  evidence 
of  the  presence  of  drop  ooagulatlon  which  leads  to  an  In¬ 
crease  in  the  average  charge,  In  particular,  the  coagula¬ 
tion  may  be  due  here  to  the  Interaction  between  drops  of 
like  charges  (Sec.  12). 

All  the  foregoing  considerations  enable  us  to  assume 
that  the  Influence  of  eleotrostatlo  ooagulatlon  on  the 


*Pearcey  and  Hill  have  found  that  the  coefficient  of 
gravitational  coagulation  is  equal  to  zero  when  d  <  20 
miorons.  This  means  that  an  aocount  of  the  hydrodynamic 
interaction  decreases  the  critical  value  of  the  Stokbs 
parameter,  obtained  by  Langmuir  (according  to  the  value 
kcr  s  1.214,  Langmuir  arrived  at  the  conclusion  that  E  *  0 

when  d  <28  microns). 
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growth  of  oloud  drop*  with  diameter  loss  than  20- -30  miorons 
Is  appreciable  to  the  ox ton t  that  it  oaa  lift  tho  hiadraaoo 
•gainst  ooagulation,  predicted  by  tho  theories  of  gravlta- 
tional  ooagulation  of  Langmuir  and  of  Pearoey  and  Hill* 

Of  oourse,  for  a  rigorous  solution  of  this  problsa  it 
would  bo  nsotasary  to  consider  tho  kinotios  of  tho  snlargo- 
msnt  of  tho  drops  at  this  initial  stago  of  tho  development 
of  tho  oloud.  Zt  would  bo  nooossarj  to  eonsidor  also  tho 
ooagulation  of  drops  of  oonparablo  dimensions,  duo  to  hydro- 
dynaaio  and  eleotro static  intoraotions. 

At  tho  present  time,  however,  the  experimental  ma¬ 
terial  on  tho  distribution  of  ohargos  of  oloud  drops  is  in¬ 
sufficient  to  be  able  to  consider  it  advantageous  to  oarry 
out  these  eomplieated  theoretical  investigations. 

It  follows  from  all  tho  foregoing  that  as  tho  diam¬ 
eter  D  of  the  larger  drop  increases,  the  capture  ooeffl- 
olent,  due  to  the  electrostatic  forces,  decreases  sharply. 
This  fact  has  a  simple  explanation:  with  increasing  diam¬ 
eter  D  the  time  of  passage  of  the  small  drop  past  the 
larger  one  decreases  and  at  the  same  time  the  momentum  of 
the  eleotric  forces  decreases.  It  is  easy  to  show  that 
for  very  large  drops  (drizzle,  rain)  the  eleotrlo  forces 
should  not  influence  the  coagulation.  Let  us  consider, 
for  example,  the  coagulation  of  unlike  oh&rged  drops  of 
this  range  of  dimensions  (D  >  1  mm,  d  >  100  miorons)  In 
the  oase  when  their  charges  are  so  large  that  an  eleotrlo 
field  is  produced  at  the  surface  of  the  drops,  equal  to 
half  the  breakdown  voltage,  that  is,  15,000  v/cm.  Then 

q[e]  =  ( l/8)d^#*  For  the  rate  of  drop  of  the  drops  of 

drizzle  and  rain,  one  can  assume  a  simpler  approximation 
formula  (from  the  results  of  C 9 1 3 > :  uw [om/seo]  *  400 d^n 

(it  is  very  well  satisfied  for  0.1  mm  <  d  <  1  mm;  when 
1  mm  <  d  <  3  mm  it  exaggerates  the  rate  of  drop  by  not 
more  than  1.5  times).  Then  the  ratio  of  the  electrostatlo 
foroes  to  the  inertial  foroes  is 

al=  ^  om 

rtpD<nul 

Therefore  if  D  >  1  mm  and  d  r  100  miorons,  then 
dj  <.  0.04;  if  D  >2  mm  and  d  >  0.5  am,  then  <T|  <  0.004  eto. 


♦Here  is  the  diameter  of  the  drop  in  milli¬ 
meters. 
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It  Is  obvious  that  under  these  conditions  It  Is  dif¬ 
ficult  to  expect  a  noticeable  Influence  of  the  electro¬ 
static  forces  on  the  coagulation  of  such  drops. 

This  olroumstanoe  explains  also  for  example  the  re¬ 
sults  of  the  experiments  by  Gunn  and  Hltohfleld  [92],  In 
these  laboratory  experiments,  an  investigation  was  made  of 
the  calculation  of  large  drops  (D  s  3*2  mm)  with  email 
cloud  drops  by  measuring  the  increase  in  the  weight  of  the 
large  drops  as  they  fall  through  a  volume  of  oloud  drops, 
the  height  of  which  was  on  the  order  of  2  meters.  In  many 
of  these  experiments  the  large  drops  were  charged  (their 
charge  reached  0.2  electrostatic  units).  However,  no  in¬ 
fluence  of  the  charge  on  the  coagulation  was  observed.  It 
is  easy  to  see  that  this  influence  should  not  be  expected, 
since  under  the  experimental  conditions  the  value  of  or j  did 
not  exceed  10“ 3  even  if  we  assume  the  charges  of  the  cloud 
drops  to  be  q[e]  ■  80  d^. 

Our  estimate  of  the  charges  for  rain  and  drizzle 
drops  is,  of  course,  greatly  exaggerated.  If  we  assume 
that  the  oharges  of  the  cloud  drops  (d  <  100  miorons)  are 
determined  by  the  upper  limit  of  the  observations  described 
above,  so  that  q[e]  =  100  d^,  then  the  parameter  a.  will  in 

this  case  be  equal  to  2000  I and  for  D  >  50  microns  the 

expected  value  of  ot  will  be  ^Less  than  0.015,  and  the  cor¬ 
responding  capture  coefficient,  due  to  the  electrostatic 
forces,  Is  smaller  than  0.075.  Thus,  when  the  large  drops 
have  diameters  D  >  50  micronB  the  electrostatic  coagulation 
becomes  negligibly  small.  Its  influence  can  be  neglected 
all  the  more  since  at  such  drop  dimensions  the  capture  co¬ 
efficients  of  the  gravitational  coagulation  beoome  already 
large  [103].  This  circumstance  was  not  taken  into  account 
by  Gunn  in  his  theory  of  random  electrification  of  large 
drops  [9 6],  In  the  next  section  we  shall  present  a 
critique  of  this  theory. 

In  concluding  this  section  let  us  consider  the  ex¬ 
periments  with  coarsely  dispersed  aerosols,  in  which  the 
tifect  of  electrostatic  coagulation  was  observed.  In  1938 
Vager,  by  causing  small  drops  of  water  charged  In  an  elec¬ 
tric  field  to  fall  through  a  chemical  fog,  observed  rapid 
scattering  of  the  latter  [7].  Analogous  experiments  were 
made  by  Pauthenler  in  1948  on  an  artificial  water  cloud  in 
a  chamber  [110],  A  characteristic  of  the  rate  of  scatter¬ 
ing  of  the  fog  In  both  cases  was  the  rate  of  change  of  its 


transparency.  In  Figure  53  the  thick  line  represents  plots 
of  the  variation  of  the  visibility  of  clouds  with  time  in 
the  experiments  of  Vager  and  Pauthenier.  For  comparison, 
the  thin  lines  show  the  variation  of  the  visibility  without 
artificial  action  (injection  of  drops  in  the  ohamber).  In 
Figure  53b*  (experiments  by  Pauthenier),  the  dashed  ourve 
corresponds  to  an  experiment  in  which  uncharged  water  drops 
were  injected  in  the  fog  (with  the  same  quantity  of  water 
as  in  the  case  of  injection  of  charged  drops).  An  examin¬ 
ation  of  Figure  53  shows  a  clear-cut  influence  of  the 
electrostatic  coagulation  under  the  experimental  conditions. 


t,  »i;  r> 


Fig.  53.  Effect  of  electrostatic 
coagulation  in  the  experiments 
of  Vager  (a)  and  Pauthenier  (b). 

I  —  naturally  scattered  fog;  II  —  scat¬ 
tering  due  to  injection  of  charged  drops; 

III  —  scattering  upon  injection  of 
neutral  drops.  The  arrows  indicate  the 
instants  of  injection  of  the  drops. 

In  the  experiments  of  Telford,  Thorndike,  and  Bowen 
[125]  an  appreciable  Influence  of  the  electrostatic  forces 
on  the  coagulation  of  the  drops  was  observed.  In  these 
experiments  the  authors  produced  artificial  bipolar  charging 
of  drops  of  nearly  equal  dimension  (da*  130  microns)  with 
large  charges  on  the  order  of  (2—9)  x  10“^  electrostatic 
units.  The  rates  of  drop  of  the  drops  did  not  differ  from 
each  other  by  more  than  10  cm/sec.  Under  these  conditions, 


*The  arrows  In  Fig.  53o  indicate  the  instants  of 
injection  of  the  drops  in  the  chamber. 
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the  Authors  observed  an  Increase  in  ths  rate  of  coagulation 
bj  a  factor  of  soTtral  tiass  ooaparsd  with  ths  coagulation 
of  similar  uncharged  drops.  Sines  in  ths  1st tor  oaes  ths 
authors  obssrvsd  in  sueh  drops  of  ooaparabls  diasnsions  very 
largo  oapturs  coefficients,  E  a*  12,  in  ths  oass  of  elec- 

trio  ally  charged  drops  (q«9x  10”*  electrostatic  units) 
ths  oapturs  ooeffiolent  should  bs  of  ths  ordsr  of  too.  The 
prsssnos  of  suoh  largo  oapturs  oosffioisnts  do  not  contra- 
diot  ths  oonsidsrations  dsvslopsd  in  ths  prsssnt  section, 
naasly  that  ths  ohargss  of  ths  drops  are  Tory  largo  [q[s]  = 

*  (3.000—14,000)4^].  At  thsss  ohargss  and  for  Uoo»10 
oa/sso,  ths  parameter  is  as  4.3  for  q  *  2  x  10"*  electro- 

statio  units  and  as  86  for  q  s  9  x  10"*  slsotrostatic 
units. 

15.  RANDOM  ELECTRIFICATION  OF  CLOUD  AND  RAIN  DROPS 

In  ths  prsssnt  section  vs  oonsidsr  ths  problem  of 
random  slsotrifioation  of  oloud  and  rain  drops,  olossly 
connected  with  ths  qusstion  of  slsotrostatic  ooagulatlon. 

As  was  already  asntionsd  above,  ths  theory  of  randoa 
slsotrifioation  of  very  snail  cloud  drops  dus  to  diffusion 
of  light  ions  was  developed  by  Fuks  [64]  and  was  essentially 
repeated  by  Qunn  [94]. 

In  1955  Qunn  published  two  papers  [ 95,  96],  in  which 
he  assumes  that  ths  function  of  ths  distribution  of  ohargss 
on  large  oloud  and  rain  drops  is  determined  by  the  random 
slsotrifioation  which  ocours  during  the  prooess  of  the 
orthoklnetlc  coagulation  of  the  large  drops  with  charged 
small  drops. 

In  the  first  of  these  investigations  [95]  Qunn  con¬ 
sidered  the  falling  of  large  cloud  drops  in  a  cloud  with 
drops  having  diameters  4  ju  <£  d  <  40  p,  while  in  the  second 
paper  [96]  he  considered  the  falling  of  drizzle  and  rain 
drops  In  a  cloud  with  drops  having  d  >40  p  in  diameter. 

In  both  these  articles  the  distribution  function  of 
the  charges  on  the  large  drops  is  calculated  in  analogous 
fashion.  The  author  considered  the  process  of  electrifi¬ 
cation  of  large  drops  of  radius  r2»  falling  in  a  medium 
containing  smaller  drops  of  radius  rj  with  relative  velocity 
Up.  It  is  assumed  that  half  of  the  smaller  drops  has  a 
charge  +q  and  the  other  half  a  negative  charge  -q.  The 


Influence  of  the  electrostatic  forces  on  the  orthoklnetle 
coagulation  of  the  drops  is  reduoed  by  Qunn  to  a  system- 
atic  shift  s  of  the  almost- vert leal  trajectory  of  the 
smaller  drop  relative  to  the  larger  one  In  a  direction  per¬ 
pendicular  to  the  foroe  of  gravity.  Ihe  number  of  smaller 
drops  oaptured  by  the  larger  one  per  unit  time  is  then 
equal  to 

*  (r*  -4  ■+■ s)*  (^t)» 

where  n(rj )  is  the  oounted  concentration  of  the  smaller 
drops,  The  capture  coefficient  of  the  smaller  drops  by  the 
larger  one  will  therefore  be  determined  by  the  formula 

£~(l  +  -f-V.  (11*59) 

\  rx  +  I'tJ 

where  s  >  0  for  drops  of  unlike  charge  and  s  <  0  for  drops 
of  like  charges.  The  calculation  of  the  shift  s  is  carried 
out  in  simplified  fashion  both  in  the  formulation  of  the 
problem  and  in  the  procedure  for  its  solution.  Tims,  for 
example,  in  Gunn's  first  paper  the  air  stream  around  the 
drop  is  assumed  to  be  homogeneous  (at  very  small  dlstanoea 
of  the  limiting  trajectory  from  the  large  drop!),  while  in 
the  second  paper  the  influence  of  the  air  on  the  motion  of 
the  drops  is  not  taken  into  account  at  all.  These  assump¬ 
tions  lead  in  both  cases  to  the  equality  E  »  1  in  the  ab¬ 
sence  of  charges  on  the  drops  (a  =  0).  The  latter  is  in 
prinolple  unacceptable  for  the  first  paper,  where  cloud 
drops  sure  considered  with  diameters  lying  la  die  range  where 
gravitational  coagulation  is  forbidden. 

Further,  Gunn  assumes  that  as  a  result  of  the  large 
number  of  collisions  with  the  charged  smaller  drops  a 
stationary  normal  distribution  of  charge  is  established  on 
the  large  drops.  The  unknown  parameters  (the  variance  <S 
and  the  mode)  of  this  distribution  are  determined  from  a 
comparison  of  the  two  express  ions  for  tho  ratio  Fz>!.j/Fz 

—  the  number  of  large  drops  having  respectively  chargee 
Q  s  (z  +  t)q  and  Q  =  qs„  This  expression  is  obtained  in 
the  first  time  starting  from  the  normal  distribution  with 
unknown  parameters.  The  second  method  of  calculating  this 
ratio  is  based  on  the  statistical  principle  of  detailed 
balance.  Essential  use  is  made  here  of  the  dependence 
(11.59)  of  the  capture  coefficient  on  s  and  of  the  depend¬ 
ence  of  s  on  the  charges,  dimensions,  and  velocities  of  the 
drops.  In  both  cases  the  ratio  F8<f.|/Fz  is  in  the  form  of  a 


series.  Two  unknown  parametes  of  tho  sought  no  rami  dis¬ 
tribution  nr#  obtained  froa  a  comparison  of  tho  first  two 
tarns  of  these  sari  as.*  Xn  [95]  qjU  assunad  to  ba  the 
naan  absolute  value  of  tha  charge  q.  fomad  on  tha  snallar 
drop*  as  tha  result  of  lonlo  diffusion  (hara  and  through¬ 
out  qA  is  dafinad  as  tha  nathanatieal  expectation  [q  -  qf, 

whara  q  is  tha  noda  of  tha  distribution).  In  [96]  tha 
ralua  of  q  is  assunad  t.  ba  tha  naan  absoluta  ralua  of  tha 
oharga ,  oaloulated  froa  tha  distribution  obtained  in  tha 
artiole  [95J.** 

It  saans  to  us  that  tha  results  obtained  by  Gunn  In 
[95,  96]  are  in  error  for  the  following  reasons. 

In  [96]  there  is  considered  the  coagulation  of  drls- 
sla  and  rain  drops  (d  >  40  microns)  with  cloud  drops.  Tha 
results  obtained  in  that  work  are  determined  by  the  pres¬ 
ence  of  eleotrostatio  coagulation  for  drops  of  the  indi¬ 
cated  range  of  dimensions.  However,  as  was  already  men- 
tloned  in  the  preceding  section,  the  influence  of  the 
also tro static  forces  on  the  coagulation  is  negligible  for 
these  drops  and  therefore  cannot  be  important  for  any 
physical  processes.  This  can  be  seen  from  the  same  paper 
by  Gunn.  Actually,  in  Figure  2  of  this  paper  [96]  Gunn, 
in  confirmation  of  his  theoretical  calculations,  gives 
the  experimentally  obtained  distribution  of  the  eleotrlo 
charges  on  the  rain  drops  falling  in  the  cloud.  The 
average  dimensions  of  the  rain  drops  are  rg  =  500  microns, 
and  that  of  the  cloud  drops  ?|  s  50  microns.  The  same 

Figure  2  shows  the  theoretical  distribution  calculated 
from  formula  (15)  of  the  same  paper  [96]  for  the  indicated 
values  of  ri  and  r2.  if  we  assume  the  oharges  on  the  drops 
to  be  q  s  10-5  and  q  s  10“ 5  electrostatic  units  (these  data 
are  taken  from  the  curve  of  Figure  1  of  Gunn's  paper  [96]), 

*We  note  that  in  comparing  the  next  terms  of  the 
series,  different  results  are  obtained  for  the  sought 
parameters  of  the  distribution. 

e*It  should  be  noted  that  in  [95,  96],  as  well  as 
[94]  ,  Gunn  overestimates  the  value  of  qa  by  a  factor  fly 2, 

slnoe  he  assumes  that  for  a  symmetrical  Gaussian  distribu¬ 
tion  qa  s  firfrT S’  (<f  it  the  standard  of  the  normal  dis¬ 
tribution).  Actually »  however,  qj  a  d’/2/fbf 


then  vi  obtain  for  tho  value  of  ••  fro*  foraul*  (8)  of  that 
paper,  a  value 


— sS — J±  +  ±) 

'i+H  ('i  +  '*)  «#  \  m»  m,  / 

iq-Mq-»  r  1  i  i 

0,085  •  376*  L  0.524-10-*  +  0,524.10-* 


2,5  . HP* . 


This  calculation,  oarriod  out  on  tho  baals  of  Gunn's 
data,  oonflma  once  more  that  for  drop*  of  tho  diaonslona 
undor  consideration  tho  influence  of  tho  olootrio  forooo 
on  tho  value  of  tho  oapturo  oooffioiont,  and  consequently 
on  the  coagulation  rate,  is  negligible.  The  coagulation 
rate  on  tho  other  hand  enters  in  a  decisive  fasion. into 
the  equation  of  detailed  balance,  therefore  the  parameters 
of  the  stationary  distribution  of  the  charges,  sought  by 
Ounn,  are  sensitive  to  the  influence  of  the  eleotrlo 
charges  on  the  capture  coefficient  (when  s  O  the  sta¬ 
tionary  distribution  obtained  by  (hum  aoquires  an  unlimited 
varianoe).  It  is  Impossible  to  agree  with  the  fact  that  a 
phenomenon  which  is  aotually  of  no  significance  in  this 
case  (the  influence  of  the  charges  on  X)  would  determine  in 
essential  fashion  the  oourBe  of  the  process  of  random 
electrification  of  large  drops. 

It  seems  to  us  that  the  solution  of  this  problem 
should  be  sought  not  in  a  determination  of  the  stationary 
distribution,  but  in  an  investigation  of  the  atoohastlo 
process  of  charging  of  large  drops,  analogous  to  the  random 
walk  problem  (see,  for  example.  170).  In  this  case  the 
problem  considered  by  Ounn  In  [96J  reduces  directly  to  the 
simplest  variant  of  random  walks;  a  large  drop,  falling 
among  the  smaller  ones  (whioh  have  with  equal  probability 
charges  +q  and  -q) ,  obtains  a  oharge  increment  +q  or  -q, 
with  probability  1/2,  upon  eaoh  collision  with  the  smaller 
drop.  The  binomial  distribution  of  charges  whioh  is  es¬ 
tablished  in  this  case  on  the  large  drops  is  well  approx¬ 
imated,  even  for  a  small  number  of  collisions  N,  by  the 
normal  distribution  [71]*: 


♦From  Table  1  (page  11)  of  the  monograph  by  Chand¬ 
rasekhar  [71]  we  see  that  already  when  N  >10  formula 
(11.60)  describee  sufficiently  well  the  sought  distribution. 
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(11.60) 


where  F(z)  la  the  number  of  large  drops  with  charge  zq. 

The  problem  formulated  by  Gunn  [96]  (the  smaller 
drops  have  charges  ±  q  with  equal  probability)  can  be 
generalized  to  include  the  case  when  the  distribution 
function  of  the  oharge  on  the  smaller  drops  f(q)  Is  in 
practice  arbitrary.  If  we  assume  that  in  the  entire  vol¬ 
ume  of  the  oloud  the  function  f(q)  remains  constant,  then 
the  solution  of  suoh  a  problem  reduces  to  the  general  case 
of  random  walk,  in  which  the  distribution  function  of  the 
displacement  after  the  1-th  movement  does  not  depend  on 
the  number  i  .*  Using  formula  (103)  from  the  book  of 
Chandrasekhar  [71]  we  readily  obtain  for  the  distribution 
density  of  the  oharges  Q  on  the  large  drops  the  expression 


F(Q.  t)  - 


y 


(11.61) 


where  S  is  as  before  the  number  of  collisions  betveen_the 
large  drops  with  the  smaller  ones  during  the  time  t;  q  and 

dq  are  the  mathematical  expectation  and  varlanoe  of  the 

charge  on  the  smaller  drops. 

In  equation  (11.60)  and  (11.62)  the  number  of  col¬ 
lisions  can  be  related  with  the  altitude  H  through  which 
the  large  drop  falls 

N  -  *  (r,  +  rtf  En (r »)  H.  (11.62) 

From  (11.61)  and  (11.62)  we  see  that  the  variance 
<Tq  and  the  mode  Q  of  the  distribution  (11.61)  are 


*We  note  that  in  such  a  formulation  of  the  problem 
an  essential  factor  is  the  independence  of  the  capture  co¬ 
efficient  E  of  the  charges  on  the  drops.  This  signifies 
that  the  probability  of  collision  between  the  large  drop 
and  the  smaller  one  does  not  depend  on  the  charges  on  the 
drops,  that  is,  on  i. 
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oq  —  Noi  ■—  //«;, 
Q  =  Nq~Hq. 


(11.63) 

(11.64) 

Although  the  formulation  of  the  problems  whose  so¬ 
lutions  are  equations  (11.60)  and  (11.61)  Is  simplified 
[f  (q)  does  not  depend  on  the  height,  the  oapture  coeffi¬ 
cient  is  the  same  for  all  drops*]  It  seems  to  us  that  the 
main  character  of  relatione  (11.63)  and  (11.64),  that  is, 
the  inorease  In  the  mode  and  variance  of  the  distribution, 
and  consequently  in  the  mean  absolute  value  of  the  oharge 
of  the  large  drops 

Q.  =  l<3  -5|=  J  IQ-QjFWMQ-l/'fa, 

—00 


with  increasing  distance  H  through  which  they  fall  would  be 
advantageously  subjected  to  an  experimental  verification. 
Apparently,  an  account  of  the  dependence  of  f(q)  on  the 
altitude  will  not  introduce  any  principal  difficulties  In 
the  solution  of  the  problem. 


In  the  paper  by  Gunn  [95l,  in  which  the  electrifica¬ 
tion  of  cloud  drops  with  rg  <  20  microns  is  considered,  the 
formulation  of  the  problem  has  been  Intolerably  simplified. 
The  point  is  that  Gunn  assumed  in  this  paper,  In  the  cal¬ 
culation  of  the  trajectory  of  the  small  drops  relative  to 
the  large  one,  that  the  air  flowing  around  the  latter  is 
uniform.  Actually,  the  uneven  character  of  the  flow  around 
the  large  drop  leads  to  the  existence  of  a  minimum  dimension 
of  the  drops  that  can  be  captured  by  the  larger  one  and  to 
forbiddenness  of  gravitational  coagulation  (E  =  0)  when 
V2  <10—15  microns,  Ihe  presence  of  electric  charges  on 
such  drops  can  lead  to  the  apparence  of  large  values  for  E, 
and  consequently,  to  the  lifting  of  the  forbiddenness  of 
the  gravitational  coagulation  (see  Sec.  14),  that  is,  to  an 
essential  change  in  the  coagulation  process.  Inasmuch  as 
expression  (11.59)  is  not  applicable  to  this  region,**  the 
results  obtained  by  Gunn  in  [95l  are  incorrect. 


*The  latter  limitation  is  not  very  essential,  slnoe 
for  rain  and  drizzle  drops  the  capture  coefficient  approaohss 
unity  [T03]. 


**Ae cording  to  formula  (10)  of  [95]  we  have  sx  = 


artt  where  a  is  the  parameter  for  the  coagulation 


I  Q< 


Beoause  of  tho  foot  that  In  tho  considered  region  of 
drop  dlasnslons  (ro  <  20  nlerona)  tho  capture  ooefflolent 
I  depends  essentially  on  tho  oharges  of  tho  drops,  tho 
thoorj  of  rondoa  walk  oan  no  longer  ho  oaplojod  here  dl- 
rootlj.  In  this  range  of  dlaenslous  tho  probloa  of  randoa 
electrification  oalla  for  a  apoolaX  analysis,  in  which  it 
la  neoessary  to  tako  into  aooount  tho  dopondonoo  of  tho 
probability  of  oolllalon  of  largo  dropa  with  tho  saaller 
onoa  on  tho  aagnltudo  of  tholr  oharge. 

After  tho  roaulta  eonaldorod  In  tho  present  aootlon 
woro  publiahod  [25],  a  now  papor  bp  Qunn  appeared  [97], 
devoted  to  "Nonequlllbrlua  Electrification  of  Rain  Drops. M 
In  this  paper  Ounn,  ualng  the  aothod  of  tho  theory  of  ran¬ 
doa  walk,  oo nal derod  tho  oloetrlfioatlon  of  rain  drops 
falling  aaong  oloud  drops  carrying  ohargoa  +q  (with  prob¬ 
ability  p)  and  -q  (with  probability  v  *  1  -  p).  However, 
even  in  this  paper  Ounn  does  not  forego  his  erroneous 
notion  of  the  stationary  distribution  of  the  rain- drop 
charges. 

16.  ELECTROSTATIC  PRECIPITATION  OP  AEROSOL  PARTICLES  FROM 
A  STREAM  ON  LARGE  BODIES 

In  the  present  section  we  oonflne  ourselves  to  an 
exaalnatlon  of  eleotrostatio  preoipitation  of  charged 
aerosol  particles  on  a  large  obataole  (collector)  with 
charge  Q  that  la  opposite  In  sign  to  the  partiole  oharge 
q.  Usually  It  la  possible  to  negleot  here  the  Induction 
foroee*  and  the  cohesion  effect.  Such  a  negleot  greatly 
slapllflee  the  deteralnation  of  the  oapture  coefficient 
and  yields  for  E  a  foraula  whioh  la  valid  essentially  for 
a  body  of  arbitrary  fern  and  for  an  lnooapresslble  atreaa 


of  drops  of  like  charges  [see  foraula  (II .5),  Sec.  11]. 
Therefor©  the  capture  coefficient  according  to  Qunn  will  In 
this  range  of  dimensions  be,  according  to  equation  (11.59) 


whereas  actually  [see  foraula  (11.14),  Sec.  11]. 

I— H 

*The  influence  of  the  Induction  foroes  oan  be  ap¬ 
preciable  at  small  values  of  the  oapture  coefficient,  when 
a  considerable  aegnent  of  the  Halting  trajectory  passes 
near  the  collector  surface. 


of  Arbitrary  typo,  If  tho  inertial  force*  acting  on  the  par- 
tlole  are  small  eompared  with  the  electro atatle  force*  [34], 

When  neglecting  the  inertial  tern  of  equation  (II. 2), 
we  obtain  for  the  veloolty  of  notion  of  the  aerosol  par¬ 
ticle*  r  the  following  equation 

v  =* 

where 

*  ~  3m)<2*«cc 

Uee  —  velocity  of  the  air  stream  incident  on  the 
oolleotor  at  infinity; 

l  —  characteristic  dimension  of  the  oolleotor; 
^(r)  —  electro statlo  field  of  the  charged  oolleotor* 

TO  calculate  the  capture  coefficient  of  the  aerosol 
particles  by  the  collector  we  use  a  procedure  proposed  by 
Dukhln  and  Deryagln  [8]  and  determine  the  flux  of  particles 
that  settle  on  the  surface  of  the  collector: 

/  ~gn(r)u*Mr)<fo,.  (11.67) 

In  this  formula  vn  1*  the  component  of  the  dimension¬ 
less  veloolty  v  along  the  outward  normal  to  the  collector 
surface,  and  n(r)  is  the  counted  concentration  of  the  aero¬ 
sol  partioles  at  its  surface.  The  integration  in  (11.67) 
is  carried  out  over  that  part  of  the  surface,  where  the 
par  tides  settle.  In  the  general  case  the  determination  of 
the  region  of  integration  is  connected  with  an  investigation 
of  the  limiting  trajectories  (ace,  for  example,  See.  13) 
and  of  the  functions  n(r).  In  the  case  considered  here, 
however,  the  problem  simplifies  for  the  following  reasons. 

Since  div  u  =  0  (the  stream  is  incompressible)  and 
the  eleotro static  field  of  the  collector  is  solonoidal  (div 
Ee  s  0),  the  counted  concentration  of  the  partioles  along 

all  the  current  lines  of  the  particles,  starting  with  in¬ 
finity  (z  =  -eo),  remains  constant  and  n(r)  =  n^  (see 
Seo,  3). 

Further,  in  our  case  vn  >  0  over  the  entire  eurfaoe 
of  the  collector,  since  =  0  for  any  air  stream  and 


(11.65) 

(11.66) 


;6t 


(the  collector  and  tha  aaroaol  partloles  arc 

charged  oppositely;  thara  la  no  external  electrostatic 
field).  Thla  aaana  that  tha  aaroaol  partlolas  aattla  ovar 
tha  antlra  aurfaoa  S|  of  tha  oolleetor,  and  tha  Halting 

trajectory  la  looatad  outside  S1  and  doaa  not  cross  It. 

lharafora  the  lntagratlon  in  (11.67)  auat  be  oarrled  out 
orar  tha  antlra  aurfaoa  of  the  oollaotor.  Than 


I  ncji*jfiu(r)d9 1=»  - «co«oo^- (r)do, 


(11.68) 


Tha  Integral  In  tha  right  half  of  (11.68)  represents 
the  flux  of  tha  veotor  1,  Inside  tha  oloaad  aurfaoa  of  tha 

oollaotor.  By  virtue  of  tha  known  theorea  of  eleotro- 
statlos,  lta  value  la  -41TQ  and  consequently 


/  =»  4w/teoUeo/*a 


(11.69) 


As  shown  by  formula  (11.69) ,  the  particle  flux  to  tha 
oollaotor  does  not  depend  on  the  veloolty  u*  of  the  air 
stream  and  on  the  dimensions,  shape,  and  orientation  of  the 
oollaotor  [34] • 


Let  us  calculate  now  the  oollaotor  capture  coeffi¬ 
cient,  equal  to  the  ratio  of  the  flux  I  to  the  flux  of 
partlolas  "moving  past  the  oollaotor":  noeUoeS^,  where 
3m  the  mid-section  of  tha  oollaotor  (the  projection  of 
the  collector  surface  on  a  plane  perpendloular  to  u*  ): 

^  noouaAm  a  (11.70) 


Formulas  (11.69)  and  (11.70)  are  characterized  by 
great  generality  —  they  have  been  derived  for  a  body  of 
arbitrary  form;  the  only  assumption  made  with  respeot  to 
the  air  stream  was  that  It  la  Incompressible  and  stationary 
[34]. 


Frou  the  general  formula  (11.70)  we  can  derive 
several  particular  formulas. 

Assuming  for  a  spherical  collector  by  way  of  the 
characteristic  length  l  the  radius  of  the  sphere  R,  we 
obtain  from  (XI. 70)  an  expression  already  known  from  Seo. 
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11  (Sjj  =  IfR2): 


£  *  4a  . 


(11.71) 


for  a  cylindrical  collector  with  round  cross  section 
of  radius  R  =  f  we  obtain  from  equation  (11,70)  an  expres¬ 
sion  first  derived  by  Natanson  (43): 


£. 

2RA\L) 


2*«o 


(11.72) 


where  Q1  is  the  oharge  of  the  cylinder  per  unit  length,  and 


i(i| 


_J2l_ 

3*i)diu0 


(11.73) 


is  the  parameter  of  electro static  settling  for  oyllndrioal 
bodies.*  For  an  elliptical  cylinder  with  largo  semiaxis  a 
and  eccentricity  e,  the  mldsection  is 

SM  -  2«yi  —  /cos1?, 

where  is  the  angle  of  inclination  of  the  major  axis  of  the 
ellipse  to  the  vector  . 


Consequently,  the  capture  coefficients  will  be  deter¬ 
mined  in  this  case  by  the  expression  ( l  =  a): 


E  =* 


3t)  dauM  /T  —  e*  cos*  <f> 


2n  ae 


(II.74) 


4>We  note  here  that.,  as  shown  by  Natanson  [43],  expres¬ 
sion  (II. 72)  3.a  valla  also  for  a  homogeneous  flow  around  a 
cylinder  (where  the  method  which  we  are  employing  Is  not 
Suitable,  3ince  un  =£  0),  Therefore  expression  (11.72)  is 

also  suitable  for  the  de-Terwination  of  the  r-'.te  of  settling 
of  particles  with  allowance  for  the  force  of  gravity. 

In  the  more  general  case  equation  ( 11.70 )  is  valid 
also  when  taking  Into  account  the  influence  of  the  force  of 
gravity  on  the  motion  of  the  aerosol  particles,  provided 
only  (qEen  *  mgG1n )  >  0  over  the  entire  surface  of  the  col¬ 
lector,  where  G1  is  the  unit  vector  of  the  force  of  gravity. 
In  this  case  we  must  take  u^ in  formulas  (11.72)  and  (11.70) 
to  mean  the  modulus  of  the  sum  of  the  vectors  r smd  the 
velocity  of  sedimentation  va. 
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Fig*  5**  Cross  Motions  of 
various  oylindors  with  identical 
ospturs  oooffioisnts  for  oloo fro¬ 
sts  tio  preolpltatlon. 

When  o=0  (tho  ollipso  booonos  s  oirclo)  formula 
(11.74)  goes  over  into  (11*72). 

For  s  plato  (o  =  1) 

_  a* q.  h 

^  -  yagarf  * -ay  •  (ix.75) 

It  is  easy  to  see*  for  example,  that  a  plats*  a  round  oylln- 
dor,  and  all  elliptical  oylindors  shown  In  Figure  54  haws 
identical  capture  coefficients*  provided  the  values  of  Qj 
on  then  are  the  sane. 


We  recall  that  all  the  results  obtained  In  the 
present  section  are  valid  when  the  Inertial  forces  are  auoh 
saaller  than  the  electrostatic  forces*  that  is,  when  the 
parameters 


3 


(11.76) 


or 


(11.77) 


are  large. 

To  the  contrary*  if  the  parameter  O'  (ff0)  is  very 
snail*  then  eleotro static  preoipitatlon  can  be  negleoted 
oonpared  with  inertial  precipitation.  Thus*  for  example* 


oaloulatlon  of  I  and  6  by  means  of  equations  (11,70)  and 
(11.76)  above  that  eleetroitatlo  precipitation  of  cloud  and 
rain  drops  on  the  aurfaoe  of  an  airplane  la  negligible.  To 
demonstrate  thia,  ve  replaoe  the  fuselage  of  the  airplane 
by  an  elongated  elllpaold  of  revolution  with  major  axle 
parallel  to  the  veloolty  of  the  airplane.  The  greateet 
eleotrio  charge  density  on  auoh  an  elllpaold  will  ooour 
on  the  ends,  where  it  la  equal  to  0=  Q/rrb*  [  59]  (q  ±b 
elllpaold  oharge  and  b  its  minor  aemlaxia).  Taking  as  the 
oharaoteriatio  length  l  the  minor  aemiexie  b  and  recopilslng 
that  the  electrostatic  field  at  the  aurfaoe  of  a  conductor 
la  4 irw,  we  obtain  for  E,  in  accordance  with  formula  (11.70), 

the  following  expression  (Q  s  l2Eo,max»  SM  *  7H2)t 


li  ...  — iSS. - -  .  (11.78) 

Assuming  Eotfflax  <  1b  kV/cm,  u^,  =  70  raelers/sec  and 
q[e]  <  100  d^  (maximum  charges  of  the  cloud  drops;  see  Seo. 
14),  we  obtain  on  the  basis  of  (11.78) 


4(1001^  •  4.S-UH*)  •  SO 

-  <”0  01 

3  w  •  1.810-*  ■  10-«)  •  7- 10»  ' 


(11.79) 


From  inequality  (11.79)  it  follows  that  the  settling 
of  charged  cloud  and  rain  drops  on  the  surface  of  an  air¬ 
plane  is  determined  by  the  Inertial  mechanism.  Analogous 
deductions  are  obtained  also  for  airplane  and  land-base 
traps  for  cloud  drops  (provided  the  stream  velocity  in  the 
latter  is  uTO  ^  10  meters/sec. 


CHAPTER  II I 

SOME  RESULTS  OP  EXPERIMENTAL  INVESTIGATIONS 


17.  AEROSOL  TRAPS  USED  IN  THE  OPERATIONS  OF  THE  ELBRUS 3 
EXPEDITION 

In  the  high-mountain  all- inclusive  Elbrus*  expedl- 
tlon  of  the  Institute  of  Appllod  Geophyslos  of  the  Aoademy 
of  Sciences  USSR,  many  investigations  have  been  In  progress 
since  1950  on  various  problems  of  the  physios  of  olouds. 

The  principal  base  of  the  expedition  is  looated  on 
the  bottom  of  the  valley  of  the  River  Asau  at  the  foot¬ 
hills  of  Elbruss.  In  addition  to  this  base,  the  expedition 
has  a  few  other  hlgh-aountaln  stations,  looated  on  the 
slopes  of  the  mountains  forming  the  valley.  This  location 
of  the  stations  and  of  the  base  of  the  expedition  makes  it 
possible  to  Investigate  thoroughly  the  meteorological  con¬ 
ditions  and  the  mlorostructural  characteristics  at  various 
points  of  local  clouds  which  are  formed  In  the  valley,  for 
In  this  case  many  of  the  observation  points,  located  on  the 
mountain  slopes,  are  situated  In  the  cloud.  A  tied  balloon 
which  Is  secured  In  the  region  of  the  main  base  (In  the 
middle  of  the  valley)  permits  measurement  of  many  physloal 
characteristics  at  points  of  different  altitudes  In  the 
same  cloud. 

It  is  quite  natural  that  under  suoh  conditions  of 
cloud  observation  It  beoaae  necessary  to  create  land-based 
and  balloon-borne  traps  for  cloud  drops,  making  It  possible 
to  determine  the  ml oro structural  characteristics  of  various 
parts  of  the  investigated  looal  oloud. 

The  main  method  oho sen  for  the  Investigation  of  the 
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alcro structure  of  the  cloud*  and  the  fog*  was  that  of  In¬ 
ertial  settling  of  oloud  drop*  froa  the  streaa  onto  an  ob¬ 
stacle  [3*  22].  To  prevent  the  settling  drop*  froa 
evaporating,  the  obstacle  is  covered  with  a  thin  layer  of 
a  Mixture  of  tranaforaer  oil  and  ohealoally  pure  vaeellne 
[63,  3] .  Subsequent  prooessihg  of  the  gathered  saaple  of 
oloud  drops  reduces  to  taking  a  oloropho to graph  of  the 
saaple  and  subsequent  determination  of  the  distribution 
functions  of  the  photographed  drop*  by  dimensions. 

The  construction  of  the  traps  was  based  on  the 
following  considerations. 

1.  The  form  of  the  reoeived  obstacle,  on  whloh  the 
drops  settle,  should  be  simple,  so  that  it  becomes  possible 
to  determine  the  air  stream  near  it  by  methods  of  theoreti¬ 
cal  aerodynamics.  This  requirement  was  dictated  by  the 
need  for  theoretically  determining  the  capture  coefficient 
of  the  receiver,  since  an  experimental  determination  of  the 
capture  coefficient  turned  out  to  be  quite  difficult,  owing 
to  the  difficulty  of  obtaining  a  stream  of  iso-dispersed 
aerosol  in  the  investigated  partlole-dlmenslon  range. 

2.  The  receiving  surface  should  desirably  be  that 
of  a  transparent  plate  (in  view  of  the  subsequent  micro¬ 
photography). 

3.  Inasmuch  as  the  capture  coefficient  of  the  aero¬ 
sol  particles  depends  on  the  velocity  of  the  alrstream 
Incident  on  the  receiver,  it  is  necessary  to  produce  in 

the  traps  a  stationary  air  streaa*  the  velocity  of  which  can 
be  measured  in  a  simple  manner.  It  should  be  noted  that  in 
the  previously  employed  land-based  traps,  the  air  stream 
was  not  stationary. 

4*  In  order  to  make  the  minimum  dimensions  <<w 

of  the  drops  settling  on  -&he  receiver  not  too  large,  the 
working  velocity  of  the  stream  in  the  trap  should  be  suf¬ 
ficiently  large,  -uid  the  dimensions  of  the  receiver  suf¬ 
ficiently  Bmall  {see  Sec.  6). 

5.  Since  the  formation  of  a  stationary  atream  in 
land-ba3ed  traps  always  entails  the  aspiration  of  the  air 
through  the  instrument,  in  order  that  the  distribution 
functions  of  the  drop  dimensions  not  be  appreciably  dis¬ 
torted  in  this  case,  It  is  necessary  to  produce  considerable 
volume  flows  of  the  air  through  the  trap.  In  addition,  the 


▼eloolty  of  the  stream  in  th#  trap  should  oxotod  by  several 
tlaos  the  wind  rslouity  at  whloh  th#  nlorostruoturo  of  tho 
olouds  aro  usually  noasurod  (So#  Soo.  9)* 

6.  lb  dotorain#  th#  oount#d  oonoentratlon,  th# 
wat#r  oontent,  sad  th#  sp#olflo  oross  section  of  th#  drop* 
It  is  n#o#osary  to  #xpos#  th#  r#o#lvlng  part  of  the  glass 
In  th#  str#an  for  a  definite  tin#*  Th#  tin#  of  exposition 
of  th#  r#o#lr#r,  In  t1#w  of  th#  n##d  for  working  in  olouds 
of  different  density,  should  be  readily  adjustable. 


7*  For  operation  Under  field  oonditlonB  it  is  de¬ 
sirable  to  construot  a  trap  of  snail  weight,  consuming 
relatively  little  electrioity. 

Starting  from  the  foregoing  requirements,  there  was 
constructed  in  1951  the  so-called  "flow- through"  trap  for 
oloud  drops,  the  prinolpal  diagram  of  idiloh  is  shown  in 
Figure  55.  The  trap  oonslsts  of  a  tube  A  with  a  oonfusor 
B  (In  order  to  produce  a  uniform  stream),  into  whloh  a  fan 
0,  rotated  by  an  eleetrlc  motor  D,  produoes  a  stationary 
homogeneous  air  stream  drawn  in  from  the  cloud.  A  shaft  of 
reotangular  cross  seotlon,  inside  of  which  a  long  glass 
plate  E  oar  move  and  serve  as  a  receiver  for  the  oloud 
drops,  passes  through  tube  A.  In  the  center  of  the  tube, 
on  the  shaft,  is  located  a  shutter,  with  the  aid  of  whloh 
part  of  the  glass  plate  E  beoomes  uncovered  for  a  definite 
time.  The  shutter  is  opened  renotely  by  means  of  an 
eleotromagnet  with  the  aid  of  a  control  panel,’  on  which  it 
is  possible  to  adjust  the  exposure  time  of  the  receiver 
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during  Moh  stapling  of  tho  drop**  (tho  oontrol  pan* Is  and 
individual  units  of  tho  traps  are  dssorlbod  In  [27]).  Along 
with  tho  oponlng  of  tho  shuttor ,  tho  glass  plato  is  die- 
plaeod  In  tho  shaft  a  dlstanoo  somewhat  larger  than  tho 
longth  of  tho  exposure  window.  This  aakos  it  possible  to 
take  tory  rapidly  several  saaplos  In  sequenoe  (18  saaplos 
In  20- -30  seconds).  Tho  velocity  of  tho  stroan  In  tho  trap 
Is  measured  by  naans  of  a  u-shapod  aanoaotor,  ono  ond  of 
which  Is  oonneoted  to  tho  atmosphere  and  tho  othor  to  tho 
statlo-pressure  rooolver  looatod  on  tho  wall  of  tuba  A  in 
front  of  tho  receiving  glass  plato  (at  a  dlstanoo  of  1 .5-- 
2  calibers  of  tho  tuba).  Slnoo  tho  losses  of  tho  total 
prossuro  in  this  part  of  tho  tubs  can  bo  negleoted,  tho 
difforonoo  In  prossuros  noasurod  by  tho  blnometer  Is  oqual 
to  Wo  velocity  head  of  the  stroan  in  tho  tuba.** 


Fig.  56.  Overall  view  of 
the  flow-through  trap 
for  the  cloud  drops. 


«  On  a  balloon-borne  trap  (secured  to  the  oable  of 
the  tied  balloon),  the  shutter  is  turned  on  by  means  of  a 
olockwork  mechanism.  In  this  case  two  samples  are  taken 
successively  with  different  exposures,  in  order  to  be  able 
to  choose  the  better  exposure  from  among  them. 

**The  stream  in  the  working  part  of  the  trap  is  the 
Initial  portion  of  the  turbulent  flow  in  a  tube  with 
rounded  entrance  (see  [60],  pages  57— -60).  In  this  case 
at  a  distance  of  2--2.5  calibers  from  the  inlet,  the  stream 
is  sufficiently  homogeneous  over  its  cross  section,  and 
the  pressure  loss  Is  equal,  with  accuracy  to  within  4 
percent,  to  the  velocity  head. 


The  main  parameters  of  the  traps,  in  accordance  with 
the  foregoing,  were  oho sen  as  follows.  Tube  diameter  D  s 
s  32  mm.  Stream  velocity  in  the  tube  =  15  meters/sec 
(depending  on  the  density  of  the  cloud,  work  was  carried 
out  sometimes  at  values  uM  s  20  and  10  meters/eeo).  The 
volume  flow  of  air  through  the  tube  was  Q  =  12,000  cm  V  sec. 
The  width  of  the  receiving  plate  was  2 t  =  4  mm. 


Fig.  57.  Flow-through  trap  for 
cloud  drops  with  cover  removed: 

1—  Tube;  2  —  Confusor;  3  —  Fan  and 
electric  motor;  4  —  Shaft;  5  —  Comb 
with  glass;  6  —  Electromagnet  dis¬ 
placing  the  comb  with  the  glass  in 
the  shaft;  7  --  Cuvette  for  storage 
of  the  glass  with  the  samples. 

These  parameters  ensure  absence  of  appreciable  dis¬ 
tortion  in  the  average  flow  concentration  of  drops  with 
diameter  d  <  30  microns  at  a  wind  velocity  uw  =  2—3  meters/ 
sec  [see  (1.130),  Sec.  9].  The  minimum  diameter  of  the 
drops  settling  on  the  receiving  glass  is  ~  4  miorons 

[see  (1.69),  sec.  6].  A  description  of  the  computation 
procedure  and  the  results  of  the  calculations  of  the 


capture  oosffiolents  of  the  trap#  art  given  in  Sees.  7—8. 

An  overall  view  of  the  deaorlbed  traps  la  shown  In  Figures 
56  and  57*  The  trap  weighs  1.3  kg.  The  trap  bo tors  are 
fad  with  storage  batteries  NKN-10  at  24—30  volte*  The 
battery  current  Is  0.3—4  aap*  The  battery  weighs  20  kg 
for  the  land-based  model  and  7  kg  for  the  balloon  aodel. 

The  main  experimental  Investigations  of  the  mloro- 
struoture  of  the  clouds  were  oarrled  out  with  traps  of  the 
type  deaorlbed  above.  Reoently*  however*  there  have  been 
developed  by  the  expedition  traps  of  several  other  types, 
a  brief  description  of  which  Is  given  below. 

The  so-called  "flowthrough  trap  with  drum  shutter" 

Is  used  to  trap  oloud  drops  both  for  land-based  oondltlons 
and  on  an  attaohed  balloon.  The  main  difference  between 
It  and  the  previously  described  traps  Is  that  the  Shaft 
with  the  receiving  glass  Is  replaeed  by  a  drum  looated  out¬ 
side  the  tube.  The  axis  of  the  drum  is  perpendicular  to 
the  axis  of  the  tube,  inside  the  drum  there  are  twenty 
through  openings*  In  which  rods  are  located*  on  the  end  of 
which  are  fastened  receiving  glass  plates  measuring  3.5  by 
15  mm*  In  the  tube  there  is  an  opening  whose  diameter  Is 
somewhat  larger  than  the  diameter  of  the  rods.  After  a 
stationary  air  stream  is  established  In  the  tube*  an 
eleotromagnet  pushes  out*  for  a  definite  time*  one  of  the 
rods  of  the  drum  into  the  tube.  After  the  rod  returns 
inside  the  drum*  the  latter  turns  through  18°*  to  permit 
the  next  rod  to  be  advanced  by  the  eleotromagnet  Into  the 
tube.  After  one  complete  rotation  of  the  drum  the  control 
of  the  trap  is  blocked*  so  that  It  is  impossible  to  take  a 
second  sample  on  one  and  the  same  glass  (rod).  Slots  1  mm 
width  are  cut  through  the  rods  under  the  glasses  (where 
they  have  a  semicircular  cross  section)*  making  it  possible 
to  Illuminate  the  sample  from  below  when  the  rod  Is  placed 
on  the  stage  of  a  microscope.  In  the  land-based  variant* 
the  trap  is  controlled  remotely  from  a  control  panel*  while 
in  the  case  of  a  balloon-borne  trap  it  is  controlled  by 
clockwork  mechanism.  This  construction  has  many  advantages. 
The  drops  cannot  be  drawn  onto  the  sample  (in  the  preceding 
construction  the  drops  could  bs  drawn  partially  through  the 
shaft  of  the  trap).  The  trap  operates  reliably  without 
heating  regardless  of  whether  the  cloud  temperature  le 
above  or  below  zero  {in  traps  with  shafts*  the  shutter  bae 
to  be  electrically  heated  when  working  with  supercooled 
clouds).  An  overall  view  of  the  trap  with  drum  shutter  le 
shown  in  Figures  58  and  59. 
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Fig.  58.  Overall  view  of 
flow-through  trap  for  oloud 
drops  with  drum  shut tor. 


Fig.  59.  Flow- through  trap  for  oloud 
drops  with  drum  shutter,  with 
cover  removed: 

—  Tube;  2  -*’  Drum;  3  —  Rods  with  glasses; 
Electromagnet  to  move  the  rods;  5  —  Elootro- 
magnet  to  rotate  the  drum;  6  —  Fan  with 
electromagnet. 
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Fig.  60.  Cassette  of  Jettisoned  trap 
for  oloud  drops. 

To  gather  samples  of  cloud  drops  In  clouds,  A.  V, 
Chudaykin  advanced  the  Idea  and  constructed  a  Jettisoned 
trap  for  cloud  drops  [73]  (Fig.  60).*  It  represents  a 
closed  metallic  chamber  with  a  sharp  end  piece,  oh  the  end 
of  which  Is  cut  a  slot.  Inside  the  cassette  are  located 
two  coll- cassettes,  on  which  an  acetate  (non-inflammable) 
motion  picture  film,  coated  with  a  layer  of  lampblaok 
(base)  and  magnesium  oxide  is  wound.  When  the  trap  drops 
through  the  air,  a  small  windmill  rotates  the  ooll,  so 
that  the  ribbon  Is  rewound  from  one  coll  to  the  other.  Ihe 
ribbon  then  passes  alongside  the  slot  and  replloas  of  the 
cloud  drops  that  fall  on  the  magnesium  layer  are  produoed 
on  It. 

The  jettisoned  trap  is  first  raised  by  a  pilot  bal¬ 
loon  to  the  required  altitude.  At  a  definite  adjustable 
altitude,  a  system  of  pressure  chambers  connects  a  pocket 
dry  oell  to  a  wire,  which  burns  out  the  nylon  thread  with 
whloh  the  trap  is  fastened  to  the  pilot  balloon.  The  trap 


*Ye.  A.  Kuz'min  and  A.  A.  Ordzhonikidze  participated 
In  the  further  development  of  the  procedure  and  In  perfect¬ 
ing  the  trap. 
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begins  to  drop  and  at  tha 
sane  tine  begins  to  gather 
••■plat  of  tha  oloud  drops* 
Aftar  tha  trap  haa  dropped 
to  a  definite  and  spaotflad 
altitude  (below  tha  oloud), 
tha  spates  of  pressure 
ohaabers  releases,  with  the 
aid  of  a  different  heater 
wire,  a  parachute  fastened 
to  tha  tall  and  of  tha  trap* 
Tb  prevent  the  trap  against 
striking  tha  earth,  a  wire- 
wound  shook  absorber  Is 
used,  khan  tha  paraohute 
Is  released,  a  signal 
rocket  Is  ignited  asking 
It  possible  to  deteralne 
tha  position  where  the 
trap  will  fall.*  Figure 
61  shows  an  overall  view 
of  the  trap  with  shook 
absorber  and  stabiliser* 

The  Jettisoned  trap 
nakos  it  possible  to  gather 
samples  of  oloud  drops  in 
olouds  where  airplane 
flights  are  dangerous.  In 
addition.  It  e&n  produce 
directly,  within  a  short 
time,  a  vertical  profile  of 
the  nloro structural  charac¬ 
teristics  of  t be  cloud*  At 
the  present  time  It  Is  pos¬ 
sible  to  gather  with  the 
aid  of  t  jefctisonod  trap 
only  semi-quantitative  in¬ 
formation  concerning  the 
micro aivuoture  of  the 


Pig,  61*  Overall  view 
of  Jettisoned  trap  for 
cloud  drops* 


cloud,  oinoe  the  capture  coefficient  of  the  trap  and  tha 
transfer  ratio  from  the  diameter  of  the  replies  on  the 
niagnecium  coating  to  the  diameter  of  the  drop  forming  tha 


*A  procedure  of  dropping  the  trap  from  an  airplane 
has  by  now  been  developed. 
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replioa  are  not  yet  known 


It  la  appropriate  to  note  here  that  tho  development 
of  a  procedure  for  obtaining  drop  roplloaa  on  magnesium 
ooatlng  oalla  for  considerable  efforts,  In  aanj  papora  by 
Brltlah  investigators  [106,  107,  122J  It  waa  lndleatad  that 
It  la  possible  to  obtain  roplloaa  on  a  alaplo  layar  of  nag* 
neslum  oxide,  pro duo ad  by  Inserting  a  oold  aurfaoa  In  the 
anoka  froa  burning  magnesium.  Numerous  experiments,  oarrled 
out  In  tha  expedition,  have  lad  A.  V*  Chudaykln  to  tha  ldaa 
of  using  a  wary  thin  aagnaalua  oxlda  layar,  deposited  on  a 
layar  of  laapblaek.  In  ordar  to  obtain  tha  roplloaa •  In 
ona  of  tha  lataat  ooaaunl cat Iona  by  8gulraa  [12JJ  It  la 
aantlonad  that  Australian  rasaarohara  haw a  alao  given  up 
tha  aagnaalua  ooatlng  alnoa  195*  and  have  raaortad  to  ob¬ 
taining  replloaa  on  a  layar  of  lampblaok. 

Let  us  dwell  briefly  on  tha  daaorlptlon  of  two  other 
types  of  traps.  Tha  first  la  Intended  for  capturing  oloud 
drop  a  from  an  airplane.  Tha  airplane  trap  for  oloud  drops, 
constructed  by  the  Central  Astronomloal  Observatory,  has 
along  with  several  positive  properties  one  major  short¬ 
coming  In  that  It  does  not  permit  tha  gathering  of  many 
samples  from  a  single  cumulus  oloud,  alnoa  a  oonaldarabla 
time  la  necessary  to  reload  the  trap.  Therefore  tha  El¬ 
brus*  axpadltlon  and  the  Institute  of  Applied  Geophysics 
have  developed  for  several  years  various  versions  of  air¬ 
plane  traps,  making  It  possible  to  gather  a  relatively 
large  number  of  samples  of  oloud  drops  within  a  short  time. 
The  last  variant  of  the  trap,  tests  of  which  have  already 
shown  favorable  results,  is  shown  in  Figures  62  and  63. 

The  reoelver  for  the  oloud  drops  la  an  aoetate  motion  pio- 
ture  film  covered  with  a  layer  of  lampblack  and  of  magnesium 
oxide  and  passing  next  to  the  slot.  Notion  of  the  tape,  the 
speed  of  which  can  be  regulated  In  aooordanoe  with  the 
operator' 8  wishes,  is  by  means  of  an  electric  motor  which 
rewinds  the  tape  from  one  cassette  to  another.  The  slot 
is  located  on  the  front  part  of  the  loop-like  part  of  the 
trap,  whioh  Imitates  quite  well  a  flat  plate.  The  latter 
olroumstanoe  facilitates  the  theoretloal  determination  of 
the  oapture  coefficient  of  the  trap  (see  Sec,  8). 


The  narrow  part  of  the  trap  is  placed  in  a  speolal 
opening,  in  the  front  part  of  the  airplane  fuselage,  so 
that  the  receiving  part  (the  slot)  la  looated  at  a  dlstanoe 
of  40  cm  from  the  shell  of  the  fuselage.  Suoh  a  dlstanoe 
makes  certain  that  the  receiving  part  of  the  trap  is  out¬ 
side  the  aerodynamic  shadow  for  the  drops  forming  when  the 
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uraiol  flows  tround  tbs  obstacle  ( fu  •siege ) *  A  spsolsl 
dsvloe  on  the  trap  mnlti  Umi  to  bo  4hwi  on  tbs  taps 
JlHi  tiSS  to  tSs  tndaarksrs  to  bo  produeed  sUttltaneousljr 

jn  io*»  M.IU6-MXI.  rys.aars**1** 

Af  tjM  aloud.  Uhls  aakss  tt  posslbls  to  correlate  tbs 
■loros truoture  of  tbs  cloud  with  dlffsrsnt  obaraotsrlstlos 
( tempers tux*s ,  humidity  »  sto  • )  * 


Pig.  62.  Ovsrall 
view  of  airplane 
imp  of  cloud 
drvps. 


Pig.  63.  Airplane  trap 
of  oloud  drops  with 
oovsr  removed. 
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Fig.*  64.  Automatic  lmpaotor 
for  the  investigation  of 
solid  aerosols. 

The  latest  type  of  .trap  used  In  the  Elbrus*  expe¬ 
dition  Is  an  automatic  inpactor  for  tho  investigation  of 
solid  aerosols  In  the  free  atmosphere.  It  Is  used  essen¬ 
tially  for  simultaneous  gathering  of  samples  of  duet 
particles  at  different  altitudes  (for  which  purpose  the 
traps  are  suspended  from  different  parts  of  the  cable  of 
a  bound  balloon).  Tbit:  t.-up  represents  a  slot- type  im- 
pactor  (slot  too  microns  wide  and  1  mm  long).  In  which  the 
dust  is  drawn  thi-ough  tho  slot  Into  a  balloon  with  a 
capacitance  of  ubout  j?00  urn 3,  first  evaouated  to  a  pres¬ 
sure  of  approx.'  n  , +  ’■">  ’  :d  Hg.  The  aperture  leading  to 

the  slot  is  covered  *  1  on  u  rubber  cap,  which  ii.  uncovered 
at  the  required  instant  of  tlms  by  a  spring  released  by 
the  clockwork  Ui s-v.nl;rm  of  an  alarm  clock.  Under  the  slot 
(at  a  distance  u  .,bfU;.  ;vo  microns)  is  located  the  re¬ 
ceiving  glass,  covered  with  a  layer  of  cedar  oil*  So  long 
as  the  pressure  it.  tha  balloon  p-D  does  not  exoed  half  the 
outside  atmospheric  pressure  Pa>  the  airflow  through  tho 
slot  has  a  velocity  equal  to  the  local  voloolty  of  sound 
(about  300  meters/sec).  The  capture  coefficient  for  aero¬ 
sol  particles  with  diameter  greater  than  0*5  microns  ie  in 
this  case  practically  equal  to  unity,  inasmuch  as  for  a 
slot  impactor  t  for  k  >  0.32  (1153*  In  order  not  to 


deal  with  variable  stream  veloolty  through  the  slot,  when 
the  ratio  p^/p*  beooaes  larger  than  0.5»  a  system  of 
baronetrie  chambers  opens  a  largo  aporturo  in  tho  balloon 
at  tho  inatant  whan  p^/pa  *  0.5.  Thus*  tho  dust  falls  on 
tho  rooolYing  glaaa  only  alum  tho  veloolty  of  tho  stream 
through  tho  slot  la  atationary  (equal  to  tho  woloolty  of 
aoundj. 

An  overall  Tiow  of  tho  trap  for  aolld  aoroaola  la 
ahown  In  Flguro  64,  The  trap  wolgha  470  grams  (without 
tho  olookworic  aoohanlaa), 

Tho  following  aothodologloal  Investigations  were 
oarrlod  out  with  flow-through  trapa. 

Up  to  eighteen  samples  of  oloud  drops  woro 
gathorod  on  tho  glaaa  of  tho  flow-through  trapa  In. suc¬ 
cession  during  tho  oourao  of  a  rathor  long  tine  (sonatinas 
tho  duration  of  tho  gathering  of  olghtoon  aaaploa  roaohea 
one  hour).  To  proteot  tho  gathorod  aaaploa  against 
evaporation,  tho  ahafta  with  tho  glaaa  are  oloaed  on  both 
onda  with  coyer a,  and  gauae  ool atoned  with  water  la  lo- 
oatod  Inside  tho  abaft.  Tho  non-hernetio  ooverlng  of  tho 
ahaft  has  a ado  it  nooosaary  to  ohook  tho  rate  of  evapora¬ 
tion  of  the  gathorod  drops.  Tho  ohook  Is  oarrlod  out  In 
tho  following  aanner.  The  glass  with  the  taken  saaple  was 
ml oropho to graphed,  and  then  again  inserted  into  tho  ahaft. 
After  ah  hour  the  glass  was  again  photographed.  A  oom- 
parlson  of  tho  obtained  a loro photographs  of  one  and  the  aaao 
saaple  has  shown  that  when  tho  saaple  la  situated  In  the 
ahaft  (when  the  trap  is  In  the  oloud)  a  oertain  evaporation 
of  the  drops  does  take  plaoe.  Tho  average  reduotlon  In  the 
oaloulated  water  oontont  (during  one  hour)  aaounts  to  about 
9  peroent. 

It  must  be  noted  that  photography  of  the  gathered 
eighteen  samples  of  the  oloud  drops  lasts  for  about  one 
hour,  therefore  to  proteot  the  drops  against  evaporation, 
the  glass  with  the  samples  is  plaoed  between  the  tine  that 
It  Is  removed  from  the  shaft  and  tho  end  of  tho  photography 
In  a  transparent  plexiglass  cassette,  oontalning  mo la toned 
gauze.  A  check,  analogous  to  that  desoribed  above,  has 
ahown  that  the  reduotlon  In  the  oaloulated  charaoterlstlos 
of  the  sample,  due  to  the  evaporation  of  the  drops  during 
the  tlmo  that  the  sample  stayed  In  tho  cassette,  amounting 
to  four  hours,  Is  5.6  peroent  for  the  water  content,  4 
peroent  for  the  oounted  concentration,  and  3  peroent  for 
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the  average  diameter.  In  aioilar  experiments  carried  out 
with  a  protective  oassette,  the  reduction  in  the  oaloulated 
characteristics  during  one  hour  amounted  to  19.3  peroent 
for  the  water  content,  6  peroent  for  the  oounted  concen¬ 
tration,  and  5  peroent  for  the  average  diameter. 

Inasmuch  as  the  glass  la  plaoed  in  a  vertical  po¬ 
sition  in  the  shaft  of  the  trap,  special  experiments  were 
set  up  in  order  to  determine  tae  character  of  the  runoff  of 
the  oil  and  of  the  sample  of  the  cloud  drops  from  the  glass 
when  the  latter  is  looated  for  a  long  time  in  the  shaft. 

In  photographing  the  sample  of  the  oloud  drops  immediately 
after  their  sampling  and  after  definite  time  intervals, 
when  the  drops  were  located  in  the  shaft  in  a  vertloal 
position,  no  appreciable  displacement  of  the  individual 
drops  relative  to  reference  marks  plaoed  directly  on  the 
glass  was  observed.  During  one  hour  of  being  looated  in 
the  shaft,  the  displacement  of  the  drops  on  the  sample 
did  not  exceed  10  microns. 


Fig.  65 •  Comparison  of  the  results  of  measurements 
of  the  mi cro structure  of  clouds  and  fogs, 
carried  out  with  the  aid  of  the  Laktionov 
instrument  and  the  "flow- through  trap": 
a— Measurements  in  artificial  fog;  b— Measurements  in  natu¬ 
ral  fog  (1 — measurements  in  traps,  2— measurement  with  the 
Laktionov  Instrument);  c— Results  of  comparative  measure¬ 
ments  in  artificial  fogs,  carried  out  in  1957  (1— Laktionov 
instrument,  2— trap) . 
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A  ohsok  on  whether  the  results  of  tho  measurement  of 
tho  mlorostruoture  characteristics  by  means  of  traps  are 
representative  oould  not  be  made  by  any  absolute  methods. 

In  view  of  the  faot  that  there  is  at  present  no  other  suf¬ 
ficiently  well  developed  procedure  for  measuring  the 
mlorostruoture  of  coarsely-dispersed  aqueous  aerosols. 

Suoh  a  oheok  was  therefore  carried  out  with  the  aid  of 
different  lndireot  methods.  In  1951  the  oroes  sections  of 
drops,  measured  with  the  traps,  were  correlated  with  the 
visibility  in  olouds  [22]  and  with  the  measurement e  of  the 
attenuation  of  the  eleotromagnetlo  radiation  (In  the  visible 
and  Infrared  regions)  in  olouds  and  in  artificial  fogs  [4, 

5,  6],  In  the  same  year,  a  comparison  was  aade  between  the 
water  oontent  measured  with  the  traps  and  measured  by  the 
filtration  method  [2].  All  these  measurements  have  shown 
that  on  the  average  the  oompared  results  agree  aoourate  to 
20—40  percent.  In  1952—1954  a  methodical  investigation 
was  made  to  oompare  the  micro structural  characteristics 
obtained  on  different  traps  when  samples  of  cloud  drops  are 
gathered  on  them  simultaneously.  It  was  established  there 
that  all  the  flow-through  traps  of  the  expedition  give 
identical  results  in  measurements  of  water  content,  oounted 
concentration,  and  speolflo  cross  seotlon  of  the  drops, 
with  an  accuracy  of  10  percent  (mean- square  measurement 
error) ,  provided  one  gathers  with  each  trap  four  samples 
in  succession  (with  intervals  on  the  order  of  one  seoond) 
and  the  values  obtained  from  these  four  samples  are  averaged. 
Ihe  values  of  the  average  diameters  of  the  cloud  drops  are 
then  measured  with  a  great  accuracy  0-4  percent).  A 
considerable  spread  was  observed  in  these  experiments  in 
the  values  of  the  oounted  concentration,  water  content, 
and  specific  cross  section  of  the  drops,  calculated  on  the 
basis  of  processing  of  individual  samples  of  oloud  drops, 
gathered  In  succession  at  short  time  intervals.  An 
analysis  of  this  circumstance  is  given  in  Section  20. 

Finally,  in  1955  and  1957,  a  comparison  war.  made  be¬ 
tween  the  results  of  measurements  of  the  microstructure 
characteristics  of  clouds  and  artificial  fogs  by  mean*  of 
flow-through  traps  and  by  means  of  an  instrument  developed 
by  A.  0.  Laktionov  [18],  This  instrument  represents  a  flow¬ 
through  automatic  installation  whioh  makes  it  possible  to 
determine,  by  means  of  the  intensity  of  the  light  scattered 
by  individual  chops,  the  distribution  function  of  the 
cloud- drop  dimensions  and  the  counted  concentration  of  the 
drop*  N.  Figure  65  shows  the  results  of  these  measure¬ 
ments.  In  Figs.  65a  and  b  the  continuous  lines  represent 
the  results  of  the  measurements  with  traps,  while  the 


dashed  line  represents  the  results  obtained  with  the  Lak¬ 
tionov  instrument.  Figure  65a  corresponds  to  measurements 
in  an  artificial  fog,  and  Fig.  65b  in  natural  fog  (on  a 
high-mountain  station;  altitude  2,200  meters  above  sea 
level).  The  results  of  the  comparative  measurements 
oarried  out  in  1957  with  artificial  fogs  are  shown  in 
Fig.  65c  in  the  form  of  rectified  distribution  diagrams 
(the  rectification  is  by  means  of  the  method  described  in 
Sec.  18).  The  counted  drop  concentrations  N,  measured  in 
the  described  experiments,  are  listed  in  Table  18. 

Table  18 


Nunibar 

Figure 

N[cjr*\(d>\  (X) 

Trap 

Laktionov 

ln»trwmnt 

l 

95, a 

970 

800 

2 

65,  b 

60 

45 

3 

65, e  / 

240 

297 

4 

85  ,c  2 

214 

174 

5 

65  ,c  3 

187 

125 

6 

65,  c  4 

88 

66 

7 

65  ,  e  5 

78 

63 

The  table  shows  that  the  difference  between  the 
counted  concentrations  N,  measured  by  the  instruments  of 
both  types,  did  not  exceed  25— 30  percent.  The  agreement 
between  the  distribution  functions  of  the  drop  dimensions, 
obtained  in  these  measurements ,  can  be  regarded  as  good. 

In  conclusion  let  us  describe  briefly  the  procedure 
used  in  the  expedition  to  process  the  samples  gathered  by 
the  trap 8. 

To  measure  the  distribution  of  the  photographed 
drops*  by  dimensions,  the  micro photo graphs  were  projected 
by  means  of  a  diascope  on  a  ground-glass  screen  in  such  a 
way  that  the  linear  magnification  of  the  drops  (due  to 


*The  sample  of  the  drops,  gathered  by  the  trap,  are 
photographed  (on  35-mm  film)  on  five  frames  from  locations 
located  on  the  axis  of  the  sample  (axis  of  the  plate,  see 
Sec.  7).  To  determine  the  magnification,  the  reticle  of 
the  object  micrometer  is  photographed  on  a  separate  frame. 


photography  and  promotion  on  tht  •croon)  was  equal  to 
2. 000to  range  of  aoaourod  drop  diaaotora  from  0  to  60 

aloroas  was  broken  up  Into  equal  Intervals  of  2  alorons 
each*  The  nuabor  of  drops  in  each  Interval  was  counted  on 
the  saaplo  with  the  aid  of  a  special  rule,  analogous  to 
that  described  by  V.  ?.  D'yaohenko  [9 J •  lhe  rule  Is 
broken  up  Into  equal  Intervals  of  4  aa  each  (2  alorons 
tlaas  2,000).  At  the  end  of  each  Interval  there  Is  a 
■etalllo  oontaot,  oonneoted  to  Its  own  counter*  In  the 
aeasureaenta  the  rule  Is  so  placed  against  the  soreen, 
that  Its  sero  division  oolnoldes  with  the  edge  of  the 
dlaaeter  of  the  laage  of  sob*  drop.  By  aeans  of  a 
sharply- pointed  red  one  closes  the  oontaot  for  the  inter¬ 
val  In  which  the  seoond  end  of  the  dlaaeter  Is  looated. 
This  causes  operation  of  the  counter  of  the  given  Inter¬ 
val.  The  rule  with  the  ay a tern  of  oounters  arc  shown  In 
figure  66. 


Fig,  66,  Overall  view  of  special 
rule  with  system  of  oounters. 

To  simplify  the  recording  of  the  measurement  results, 
the  computation,  and  the  plotting  of  the  corresponding 
figures,  special  computation  forma  were  developed. 


*lh6  linear  magnification  of  the  drops  during  the 
micro photography  was  usually  approximately  80. 


After  oountlng  the  number  of  drop*  in  the  given  1-th 
Interval  of  dimensions  on  the  aloro photo graph,  Vfldi),  one 
determines  the  distribution  of  the  drops  by  dimensions  in 
the  sample,  VfdjJ,  by  multiplying  (dj.)  by  the  quantity 
l/S(d|>),  where  E(di )  is  the  average  value  of  the  oapture 
ooefflolent  of  the  trap  for  the  i-th  Interval  of  diameters. 

After  finding  V(di)  one  determines  the  main  mloro- 
struotural  oharaoterl sties  of  the  oloud  by  mesas  of  the 
following  formulas. 

1.  Counted  concentration  of  the  drops  in  the  given 
i-th  Interval 


„«/,)  ,  lorn.  .  (III.1) 

» 

2.  Counted  concentration  of  the  drops 

N  =  2 '»(*/>  -  —  2 *(<*/)  Icm-%  (III. 2) 

/  w  / 

3.  Water  content  of  the  drop 

q =  ~  2<tf n  (d<)  ~  2  » (d{)dtu  •  10  * \9/m*\.  ( III .3) 

6  t  w  i 

4.  Specific  (geometric)  cross  section  of  the  oloud 
drops  (the  geometric  cross  section  of  the  drops  per  unit 
volume ) 

•Sj.—  -^-2  <fin{di)  -  2  >{di)d*(L  •  10"*  M-*J.  (ixi.4) 


5.  Mean- cubic  diameter  of  the  drops 


(III. 5) 
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6.  Mean- square  disaster  of  tbs  drops 


In  these  foraulae 

W  -  StttfiUmT  (III ,7) 

where  Qfm  —  is  tbs  srss  of  tbs  Photographed  flsld  on  ons 
fraae,  in  square  ailllaeters; 

nfr  ••  number  of  fraaes  tsksn  fron  tbs  ssnpls; 

SffHfr  --  srss  of  tbs  photographed  part  of  tbs  isapls; 

uM  —velocity  of  tbs  streaa  in  tbs  trap  In  nstsrs 
psr  second  i 

7  —  tins  of  opening  of  tbs  shutter  ("exposure  of 
tbs  drops11)  in  seoonds; 

*iu  AT*rS6*  disnstsr  of  drops  of  tbs  i-th  lntsr- 
“  tsI •  in  alorons. 

Sinos  tbs  sad  of  1957  this  sritbastio  proosdurs  for 
prooesalng  tbs  saaplee  vag  rsplsosd  by  s  simplified  grspbio 
proosdurs,  s  dssorlption  of  whloh  is  given  in  Ssotion  18, 

18.  ON  THX  DISTRIBUTION  JUNCTION  OF  CLOUD  DROPS  BY  DIMSN- 
SIONS 

Tbs  pbyslosX  propsrtiss  of  ssrosoXs  dspsnd  in  es- 
ssntisX  fashion  on  tbs  dsfrss  of  thsir  dispsrsion,  Sinos 
tbs  ssrosoXs  with  which  ons  usually  doals  srs  poly dispersed, 
to  investigate  sad  saslyM  tbs  physieal  proosssss  in  thee  it 
Is  nososssry  to  know  tbs  function  of  tbs  distribution  of 
tbs  particles  of  tbs  aerosol  undsr  consideration  by  dlaen- 
sions.  Thus,  for  exaaple,  inforaation  of  tbs  diasnsion 
distribution  functions  of  cloud  drops  (or,  as  tbsy  srs 
callod  in  tbs  specialised  literature,  tbs  spsetra  of  tbs 
drops)*  enter  in  essential  fashion  in  tbs  theory  of  various 
pbonoasna  in  oloudsi  tbs  theory  of  the  growth  of  oloud 
drops  and  precipitation  fo  mat  ion,  tbs  theory  of  attenu¬ 
ation  of  olootroaagnetlo  radiation  in  olouds  (visibility)* 
theory  of  airplane  icing*  etc. 

Of  course*  it  is  not  oonvenleat  to  eaploy  tbs  ex- 
poriasntally  obtained  asrocol-partlols  distribution  functions 
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whsn  solving  theoretioal  and  applied  aerosol  problem. 
Therefore,  in  the  invastigation  of  aerosols  (olouds)  the 
tondenoy  is  always  to  obtain  for  tha  distribution  funotlon 
an  analytic  axprasslon  whloh  approximates  in  one  degraa  or 
anothar  tha  experimental  dimension  distribution  ourvas  of 
tha  partiolea.  Of  course,  tha  valua  of  tha  proposad 
analytio  axprasslon  will  be  tha  graatar,  tha  largar  tha 
olass  of  axparlmantal  ourvas  to  whloh  it  is  appllcabla* 

This  moans  that  tha  analytio  axprasslon  for  the  distribu¬ 
tion  funotlon  should  oontain  a  sufficient  number  of 
parameter a i  variation  of  whloh  should  anolosa  a  groat 
varlaty  of  axparlmantal  oases.  However,  tha  number  of 
distribution  parameters  should  not  ba  likewise  vary  large. 
Although  in  tha  oasa  of  a  large  number  of  parameters  it  is 
possible  to  obtain  an  approximation  of  a  very  large  olass 
of  experimental  distribution  ourvas,  nevertheless  an  in¬ 
crease  in  the  number  of  parameters  always  oomplloataa  the 
determination  of  tha  numerical  values  of  the  parameters 
under  whloh  the  proposed  analytio  expression  oharaoterlsee 
the  experimental  curve.  At  the  same  time,  the  number  of 
distribution  parameters  must  not  ba  vary  small,  usually 
two  parameters  are  necessary  in  order  to  be  able  to  vary 
Separately  the  average  dimension  of  the  partlole  and  tha 
variance  of  the  distribution. 

Die  complexity  and  the  insufficient  knowledge  of  tha 
physical  processes  of  formation  and  development  of  aero¬ 
sols  (olouds)  make  it  difficult  to  determine  theoretloally 
the  distribution  functions.  There  are  only  two  known 
theoretical  sohemes.  In  one  of  them,  M.  Smoluohowski  [57], 
in  an  analysis  of  the  coagulation  of  particles  of  a  highly- 
dispersed  aerosol  (initially  lsodispersed)  and  assuming 
that  the  coagulation  constant  1b  the  same  for  all  the 
particles,  has  derived  for  the  distribution  density  func¬ 
tion  an  asymptotic  formula  (for  large  duration  of  the 
ooagulation  process)* 

h(d)  =  AcPe-**.  (III. 8) 


*Y/a  call  attention  to  the  fact  that  formula  (III, 8) 
oontains  only  one  parameter  b,  characterizing  the  distribu¬ 
tion  (the  parameter  A  characterizes  the  oounted  concentra¬ 
tion  of  the  particles).  It  is  interesting  to  note  that 
Smoluohowski 's  theoretical  scheme  relates  the  average 
aerosol  particle  dimension  with  the  variance  o’f  the  dis¬ 
tribution  function. 


Later  on  this  soheme  for  obtaining  the  distribution 
function  wa >  applied  without  suffioiont  physloal  justlfioa- 
tion  by  gohumann  to  processei  ooourring  in  olouds  [120]. 

Tho  aooond  thoorotloal  distribution  la  oonnootod  with  the 
work  of  A.  H.  Kolmogorov  [14],  who  showed  that  under  suf¬ 
ficiently  general  aaauaptiona  concerning  the  random  pro¬ 
cess  of  fraotlonailsation  of  the  partioles,  the  distribu¬ 
tion  density  of  the  particles  by  dimensions  tends  asymp¬ 
totically  to  a  logarithmic  normal  distribution 

”  Tl^  **p  [ — 5^  (ta<)*|  *  (ni.9) 

where  tf/  is  the  dispersion  of  the  logarithm  of  the  partlole 
diameter  dj  do  is  the  median  of  the  distribution. 

Very  many  empirioal  formulas  have  been  proposed  for 
the  distribution  functions  of  aerosol  partioles  and  for 
cloud  and  rain  drops,  A  review  of  these  functions  for 
aerosols  is  given  in  the  book  by  N.  A.  Puks  [66,  page  18]. 
For  distributions  of  cloud  drops  by  dimensions,  the  follow¬ 
ing  functions  were  proposed  (in  addition  to  formula  (1X1.8) 
[120,  76]  J.  In  1950—1952  Best  proposed  for  the  distribu¬ 
tion  density  of  cloud  and  rain  drops  the  expression  [81, 

82] 

-.(«  =  -«— «,[—(£)’].  (m. io) 

On  the  basis  of  a  processing  of  the  experimental 
material  obtained  by  A.  K.  Borovnikov  [3],  A,  Kh.  Khrglan 
and  I,  P.  Mazin  proposed  in  1952  the  following  simple  and 
convenient  formula  [68,  70] 

n(d)~Ad*r*.  (III.11) 

A  similar  formula  (111.11)  was  proposed  for  the 
distribution  density  function  of  rain  drops  by  I'e,  A. 
Polyakova  and  K.  S.  Shlfrin,  on  the  basis  of  the  processing 
of  obtained  or  experimental  material  [48],  Later  on  the 
applicability  of  formula  (1X1,11)  to  rain  drops  was  con¬ 
firmed  by  means  of  a  large  amount  of  experimental  material 
by  I.  V.  Litvinov  [39]. 

In  1952—1953  the  Elbruss  expedition  has  gathered 
with  the  aid  of  flow-through  traps  for  oloud  partioles 
(see  Seo,  17)  a  large  amount  of  experimental  material, 
which  made  it  possible  to  analyze  in  detail  the  question 


of  the  distribution  funotion  of  cloud  drops  b y  dimensions. 
Because  of  the  fact  that  the  traps  of  the  expedition  made  it 
possible  to  gather  many  staples  in  suooession  at  the  stare 
point  of  the  eloud,  the  material  obtained  has  good  statis¬ 
tical  oertainty,  since  it  was  possible  te  gather  as  many  as 
20  thousand  drops  within  a  short  tine  interval  ( 15—20 
seconds ) • 

;  Au  analysis  of  the  applicability  of  formula  (111,11) 
to  the  obtained  material  has  shown  that  this  equation  is 
applicable  over  a  large  portion  of  the  spectrum  of  the 
drops  (d^  10—30  microns).  For  small  drops,  however, 

(d  ft*  4— to  microns),  noticeable  deviations  from  formula 
(III. 11)  were  notioed  in  many  oases.  This  circumstance  has 
made  it  necessary  to  seeh  a  distribution  function  capable 
of  better  approximating  the  experimental  material.  Such  a 
distribution  was  the  logarithm lo  normal  law  (111.9)  {24}, 

To  verify  the  applicability  of  the  logsrithmlo 
normal  law  to  the  experimentally  obtained  sampling  of  the 
Investigated  experiment,  there  exist o  a  simple  procedure 
(see,  for  example  [67,  Chapter  VIl]).  One  plots  along  the 
absoissa  axis  the  logarithm  of  the  drop  diameter,  and 
along  the  ordinate  axis 


where  H(d)  it;  the  distribution  function  of  the  sampling 
(the  drops  in  the  sample),  that  is,  the  relative  number  of 
drops  in  the  i-.ample  with  diameter  <£  d,  while  S'-*  is  a 
function  that  1  k  Uk-  >v<uwuoel  of  the  normalised  normal- 
distribution  function 


♦If  wc  nlot  afa*.’3t  each  value 

y  at  <P~l  Iff  (rf)J 

on  the  or dir ate  axis  the  corresponding  value  of  H(.d),  we 
obtain  a  eo-c&lled  probability- logarithmic  grid,  which  is 
very  convenient  for  the  plotting  of  distribution  functions 
[67,  p  115. j 
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In  these  coordinates  the  logarithmically* normal  distribu¬ 
tion  la  represented  by  a  straight  line.  The  point  where 
this  straight  line  crosses  the  abscissa  axis  gives  the 
value  of  In  d^  while  the  slope  of  the  line  is  equal  to  <Tj 


Fig.  67.  Rectified 
accumulated  cloud-drop 
dimension  distribution 
diagrams  (probability- 
logarithmic  grid). 
Ihe  number  of  each 
curve  corresponds  to 
shifted  origins  in 
the  vertical  direction 


Fig.  66.  Diagrams  of 
cloud-drop  dimension 
distribution  densities 
In  coordinates  d  — 
lg(nd~2).  The  curves 
correspond  successively 
to  vertically- 
displaced  origins. 


Figure  67  shows  the  so  rectified  cloud-drop  dis¬ 
tribution  diagrams,  for  drops  obtained  from  individual 
clouds  (previously,  in  view  of  the  small  number  of  drops 
gathered  in  individual  samples,  the  various  distribution 
functions  were  verified  for  the  summary  spectra  of  drops 
gathered  in  a  series  of  clouds  of  the  same  type  —  see, 
for  example,  [68]).  Figure  67  shows  that  the  obtained 
experimental  data  for  clouds  are  well  described  by  a 
logarithmic  normal  distribution.  Later  on  the  applicabil¬ 
ity  of  the  logarithmically  normal  distribution  to  cloud 


drops  was  confirmed  in  work  at  the  Central  Astronomical 
Observatory  [70]. 


Pig,  69.  Diagram  of  Pig.  70.  Rectified  (in 
logarithmic  normal  the  probability-logarithmlo 
distributions  n(x)  in  grid)  accumulated 

coordinates  x;  diagrams  of  distribution 

lg  (nx~2}.  of  raindrops  by 

dimensions. 


To  compare  the  applicability  of  formulas  (111.11 ) 
and  (III, 9),  Figure  68, shows  diagrams  for  the  same  experi¬ 
mental  data  as  in  Fig.  67,  in  coordinates  (d,  lg[n(d)d*2] ) , 
where  n(d)  is  the  distribution  density  of  the  sampling  by 
dimensions.  In  these  coordinates  the  function  (III.11) 
should  be  represented  by  a  straight  line.  Fig.  68  oonflrms 
the  good  applicability  of  function  (III.  11),  indicated 
above,  for  drops  with  d  >  10  microns.  For  drops  with  diam¬ 
eter  d  < 10  microns,  Fig.  68  shows  a  noticeable  deviation 
from  the  function  (XII.11 ).  It  seems  to  us  that  the  dis¬ 
tribution  of  A.  Kh.  Khrgian  and  I,  P,  Mazin  is  a  satisfac¬ 
tory  approximation  of  the  logarithmic  normal  law  over  a 
large  range  of  drop  dimensions.  This  can  be  seen  from  Fig. 
69,  which  shows  plots  of  lg[n(x)x-2),  where  n(x)  i»  given 
by  formula  (III. 9).*  The  plots  on  Figure  69  show  that  for 

*The  unit  scale  on  the  abscissa  axis  of  Figure  69  is 
taken  to  be  the  median  of  the  distribution  xq. 
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th*  rang*  6j  •  0.25—0.52,  that  it,  the  rang*  which  oovtrs 
in  praotlo*  th*  valu#  of  0)  *noount*r*d  in  th*  lny**tlgat*d 
olouds,  th*  relationship  (III. 9)  1*  sufficiently  w*Xl  satis¬ 
fied  for  x  >  xr  ■  <0.5— 1)*<>.  *hsn  x  *  *1  obs*rv**  th* 
aharaot*rlBtlo  bonding  of  the  ourve  lg[n(x)x"2],  whloh  1* 

noted  on  also at  all  th*  *xperln*ntal  lg[n(d)d"2]  curv*s 
(*e*  Fix.  68)  corresponding  to  th*  distribution  shown  In 
Figure  67. 

It  oust  also  be  noted  here  that  the  plot*  of  Fig.  68 
show  that  th*  distribution  (III. 8)  of  Smoluchowskl- Schumann 
Is  not  applicable  to  the  obtained  experimental  material. 

This  follows  from  th*  faot  that  In  th*  coordinates  of  Fig. 

68  the  distribution  (I II. 8)  should  b*  represented  by  a 
cubic  parabola  y  *  -  bd?.  As  oan  be  seen  from  Fig.  68,  th* 
latter  circumstance  does  not  take  plaoe. 

An  investigation  of  the  materials  of  the  Elbrus*  ex¬ 
pedition  on  the  spectra  of  th*  rain  drops  has  shown  that 
for  rain  drops  th*  logarithmic  normal  distribution  Is  like¬ 
wise  applicable.  This  Is  seen  from  Figure  70,  which  shows 
the  rectified  diagrams  of  the  summary  spectra  of  several 
rains  of  equal  Intensity  I. 

Thus,  the  logarithmic-normal  distribution  of  par¬ 
ticles  by  dimensions  Is  observed  in  many  types  of  olouds. 

It  18  usable  for  rain  drops.  A  similar  distribution  Is 
obtained  In  many  other  aerosols  [66,  page  21 ].  At  the  same 
time,  the  analytic  expression  of  the  logarithmic-normal  law 
Is  rather  complicated,  and  its  use  is  not  always  convenient 
in  many  theoretical  papers. 

Many  emplrloal  distributions  of  cloud  and  rain  drops, 
proposed  by  Khrglan  and  Mas In  [68],  Polyakova  and  Shlfrln 
[48],  Marshall  and  Palmer  [1051  and  others  have,  in  view  of 
their  analytic  simplicity,  certain  advantages  over  the 
logarithmic- normal  law.  However,  these  distributions  do 
not  always  desorlb*  sufficiently  well  the  experimental  data 
over  the  entire  Investigated  range  of  dimensions  (see,  for 
example,  Fig.  68). 

One  can  point  out  a  whole  class  of  functions  whloh 
have  sufficient  analytic  simplicity  and  with  the  aid  of 
which,  as  shown  by  an  analysis  of  the  experimental  materi¬ 
als  of  the  Elbrus b  expedition,  it  is  possible  to  approximate 
well  the  distributions  of  cloud  drops  [30].  Such  a  class  of 
functions  are  the  gamma  distributions*  the  density  of  uhloh 
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Is  expressed  by  the  formula 


for  d  >  0 

for 


(III. 12) 


v,(d)=  r(,  +  i)p«+« 

1  0 


■M-f) 


where  the  parameters  a  >  *  1,  (3  >  0»  end  T  (a  +  1)  Is  the 
gamma  funotlon  (equal  to  at  for  integer  a).  The  distribu¬ 
tion  function  corresponding  to  the  density  (III. 12)  (the 
"accumulated  (buildup)  function")  is 

d 

P*.9(d)~  J  n.,f(d)Dd  «r.  (yV  (HI.  13) 

i  '  F 

’h,re  *»-} »«•**> 
is  the  incomplete  gamma  function  of  index  a.* 


The  main  characteristics  of  the  gamma  distributions 
(III. 12)  are  listed  in  Table  19.  This  table  Bhows  that  many 
of  the  principal  characteristics  of  the  distribution,  namely 
d2  (which  determines  the  specific  geometric  cross  section  of 
the  cloud) ,  dj  (which  determines  the  water  content  of  the 
cloud),  or  (which  determines  the  width  of  the  spectrum), 
dmn*  dmS*  and  dmq  are  Proportional  to  the  parameter  /S.  This 
circumstance  will  be  used  later  on  for  a  rapid  determination 
of  these  characteristics.  We  note  also  that  the  normalised 
distribution  function  of  the  geometrloal  cross  section  and 
the  volume  (water  content)  of  the  particles  by  dimensions 
are  also  gamma  distributions  with  Indices  a  ♦  2  and  a  +  3 
respectively. 


#We  note  that  the  Khrgian-Mazin  distribution  for 
cloud  drops  and  the  Polyakovs- Shifrin  distribution  for  rain 
drops  represent  a  particular  case  of  formula  (III. 12),  cor¬ 
responding  to  the  index  value  a  =  2.  On  the  other  hand 

the  formula  n(d)  =  Ae"bd  of  Marshall  and  Palmer  [105)  for 
rain  drops  corresponds  to  a  =  0. 


Table  19 


Main  Characteristics  of  Gamma  Distributions 


1.  Chciaeteristlc  function 

/(/)-*  («,YV 

(i  -  #/)-<«+ *> 

2.  Mode  djm  , 

P« 

3.  Diamoter  of  drops  giving  maximum  ! 

contribution  to  the  geometrical  | 

crcn  section,  d^g  , 

M«  +  2) 

4,  Dianeter  of  drops  giving  maximum 

contribution  to  the  water  content,  0^ 

P(«+3) 

5.  p-th  initial  monwnt  M  *=  M  (dP) 

..  r  (•  +  /»  +  !) 

p 

r  <«  -f.  i) 

6.  Mean  diameter  d i  =  M| 

P(«  +  D 

7.  Mean  au^jare  diameter 

«■  Km* 

PY  (®  +  l)  («  +  2) 

8.  Mean— cubic  diameter 

I 

a 

d,=  VJu 

py(.  +  i)(«-i-2)(<.  +  3) 

9.  Variance  of  the  distribution 

D  =  o*  =  Afi  — AfJ 

P*(a  +  D 

10.  Asymmetry  coefficient 

2(«  +  ir,/i 

1 1 .  Excess  coefficient 

6  (a  4-  l)-i 

A  comparison  of  the  gamma  distribution  with  the 
logarithmic-normal  distributions  shows  that  the  gamma  dis¬ 
tributions  approximate  well  the  logarithmic  normal  law  over 
a  sufficiently  large  range  of  dimensions .**  Figure  71  shows 
the  "rectified1' diagrams  of  gamma  distributions  with  dif¬ 
ferent  indices  a  in  a  probability- logarithmic  scale.  Fig. 

71  shows  that  normal-logarithmic  distribution  is  approximated 
all  the  better  by  the  gamma  distribution,  the  higher  the 
index  a  of  the  latter,  for  in  this  case  its  plot  is  closer 
to  a  straight  line.  At  the  same  time,  the  gamma  distribution 
with  higher  index  u  corresponds  to  smaller  values  of  the 
variance  of  the  logarithm  of  the  dimension  dj  of  the  cor¬ 
responding  logarithmic-normal  law.  This  circumstance  la  also 


*  The  symbol  M  denotes  mathematical  expectation. 

**Thls  approximation  for  the  values  of  the  index  a  »  2 
and  ot  =  0  was  Indicated  already  in  [24]  (see  Fig.  69). 


197 


Illustrated  In  Table  20,  which  ahows  the  values  of  0^  = 

3  (tg?)~1»  where  y  !•  the  mean  angle  of  lnollnatlon  of  the 
plots  on  Fig.  71  for  the  range  of  values  of  the  functions 
Yot  s  0. 1—0*99 • 


Fig*  71.  Diagrams  of  gamma  distributions 
with  different  Indices  at,  "rectified" 
with  the  aid  of  the  probability- 
logarithmic  grid. 


Table  20 


a 

0 

l 

2 

3 

4 

>  • 

n 

10 

14 

*1 

0,92 

0,83 

0,52 

0,45 

0,41 

0,35 

0,30 

0,28 

0,24 

Zt  follows  from  Figures  67  and  70  that  In  cloud 
drops  <f;  as  0.27—0*36,  while  in  rain  drops  a  0.45—0.60. 

A  comparison  of  these  quantities  with  the  data  of  Table  20 
enables  us  to  advance  the  hypothesis  that  the  distribution 
of  the  cloud  drops  will  be  approximated  by  a  gaaaa  distri¬ 
bution  with  index  a  a  6— 10,  While  the  distribution  of 
cloud  drops  will  correspond  to  an  index  a  =  1—3. 

TO  verify  this  hypothesis  it  would  be  necessary  to 
analyse  the  experimental  material  gathered  by  the  expedition* 
3uoh  a  verification  has  made  it  necessary  to  oreate  a  con¬ 
venient  procedure  for  deterolning  the  agreement  between  the 
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experimental  data  and  the  gamma  distributions.  Of  course, 
suoh  a  verification  could  be  made  by  constructing  rectified 
graphs  of  the  density  of  the  experimental  distribution 
n(d),  for  which  purpose  It  would  be  necessary  to  plot  n(d) 

in  coordinates  (d,  lg[n(d)  •d’*ot]  ).*  it  is  faster  and  more 
convenient,  however,  to  carry  out  this  verification  by 
rectifying  the  aoounulated  experlaental  distribution  die- 
graa .  For  this  purpose  one  plots  along  the  abscissa  axis 
the  disaster  of  the  partloles,  and  along  the  ordinate  axis 

y  s  ^  [H(d)],  where  H(d)  is  the  relative  number  In  the 

sample  of  drops  with  disaster  4  d  and ^ 1  is  a  function  that 

is  the  reoiprooal  of  the  lncooplete  gamma  function  with 
index  ot,*  If  H(d)  is  in  this  case  close  to  the  distribution 
^^(d)  «  ya(d //i)  [see  formula  (111.13)1,  then  one  obtains 

in  these  coordinates  a  straight  line  y  =  d//9  passing 
through  the  origin. 


Fig.  72.  Method  of  rectifying 
the  plot  of  the  density  of  the 
gamma  distributions  in 
coordinates  d.  Ig  n.  Here 
the  parameter  is  (3  =.  tg  p. 


*7o  simplify  these  operations 
plot  In  Cartesian  coordinates  (d,  y) 
and  from  It  to  measure.  with  the  aid 
logarithmic  scale,  segments  parallel 
equal  to  lg  n(d)  (Fig.  72). 


it  is  necessary  to 
the  curve  y  =  -  *  18  d, 
of  a  rule  having  a 
to  the  y  axis  and 
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Fig*  73*  Location  of  rectified 
accumulated  gamma- distribution 
diagrams  in  the  case  of  in- 
correct  choice  of  the  index  a. 

Such  a  construction  oan  be  easily  realised  with  the 
aid  of  a  special  rule,  on  which  the  value  y  s  yd“ H'H(d)]  is 

laid  off  in  suitable  scale  (analog  of  a  probability  grid 
for  the  rectification  of  the  normal  or  logarithmic-normal 
distribution).  For  convenience  in  use  of  such  a  rule,  one 
marks  on  it  not  the  value  of  the  function  y,  but  the  cor¬ 
responding  value  H(d).  If  a  set  of  such  rules  is  available 
for  different  indices  c t,  it  is  easy  to  choose  a  value  of  a. 
such  as  to  yield  the  best  approximation  of  the  experimental 
ourves  to  a  straight  line  passing  through  the  origin.  The 
choioe  of  a  can  be  simplified  by  noting  that  in  plotting  by 
the  indicated  method  the  gamma  distribution  with  index  cty 

with  the  aid  of  a  scale  corresponding  to  the  index  <*2  <  at) 
one  obtains  a  plot  consisting  of  a  large  almost  linear  sec¬ 
tion,  the  continuation  of  whioh  does  not  pass  through  the 
origin,  but  orosses  the  abscissa  axis  to  the  right  of  the 
origin.  On  the  other  hand,  if  a2>ai»  the  continua¬ 
tion  of  the  obtained  segment  of  the  line  crosses  the 
ordinate  axis  above  the  origin.  This  means  that  by  first 
ohoosing  the  rule  in  arbitrary  fashion,  it  is  possible  to 
Judge  from  the  intersection  between  the  continuation  of  the 
obtained  linear  segment  of  the  plot  and  the  abscissa  axis 

C 
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to  determine  Whether  the  true  value  of  tha  index  ct.  will  be 
larger  or  smaller  than  that  initially  ohosen.  ihe  fore¬ 
going  la  Illustrated  in  Figure  73 ,  which  shows  plots  of  the 
inoomplete  gamma  funotlon  yig(t),  rectified  with  the  aid  of 
eoales  with  indices 02 =  6.4  and  8. 

By  drawing  in  the  above  manner  the  line  that  passes 
in  the  best  fashion  through  the  experimental  points,  we  can 
determine  the  distribution  parameter  fi  as  being  the  abscissa 
of  that  point  of  the  line,  at  which  the  ordinate  y  =  1  (Fig. 
74).  Since  such  characteristics  of  the  gamma  distribution 
as  d,,  d2,  d3,  d^,  d^g.  d^,  and  d  are  proportional  to  fa 

we  can  readily  obtain  from  the  same  plot  the  values  of  these 
characteristics,  provided  we  mark  on  the  above-mentioned 
rules  segments  equal  to  the  corresponding  proportionality 
coefficients.  Thus,  for  example,  the  mean- square  diameter 
for  the  gamma  distribution  is  dg  -  fi  V  (ot.  +  1 )  lot  +  2) .  On 
the  obtained  plot,  the  diameter  d2  will  correspond  to  that 
point  of  the  line,  having  the  ordinate 

y  =  /(*-+•  I)  («  +  2). 


Fig.  74.  Diagram  for  determining  the  main 
characteristics  of  the  distribution  using 
the  rectified  accumulated  diagram. 
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This  ordinal*  must  b*  marked  on  th*  seal*  In  ord*r 
to  faollitat*  th*  d*t*ralnatlon  of  th*  mean-square  diameter 
of  th*  obtained  distribution  (Fig.  74) . 

T*bl*  20  lists  th*  values  of 

W(d)) 

and  of  th*  oo«fflol*nts 

Vt  =  /(*  4-  l)(m  T  S), 

y»  —  V (*  "i~  0(®  +  2)  (a  -f  3)’ 
y*  =  Y *  +  1. 

which  relate  th*  diameters  d2  and  dj  as  w*ll  as  th*  mean- 
square  deviation  of  the  distribution  ff,  with  th*  parameter 
/l(d2  a  72  fit  dj  s  J3/|;  O'  =  y/6).  From  th*  data  of  Table  21 
w*  can  readily  construct  the  aforementioned  rule. 

In  Appendix  VI  is  given  an  example  of  the  described 
graphic  processing  of  the  experimental  material. 

We  now  proceed  to  describe  th*  results  of  an  analysis 
of  the  experimental  material,  obtained  in  the  expedition. 
Approximately  five  hundred  samples  of  drops,  gathered  In 
natural  clouds  and  In  artificial  fogs  produced  in  a  large 
ohamber  of  the  Elbruss  expedition  (with  volume  500  ou  n) 
were  subjected  to  analysis.  The  investigations  In  th* 
clouds  were  carried  out  In  stratocumulus  cloudiness  of  local 
origin  on  the  Terskol  peak  (3.000  meters  above  sea  level). 
The  fogs  were  produced  in  the  chamber  by  admitting  Into  It 
saturated  steam  from  a  boiler  in  which  the  pressure  was 
2—3  atm.  During  the  analysis,  the  graphic  treatment  de¬ 
scribed  above  was  applied  to  previously  calculated  samples, 
for  which  the  values  of  d2»  dj,  the  water  oontent  q,  and 
th*  specific  cross  section  Sg  were  found  by  the  usual 
arithmetic  method  (see  Sec,  17).  Such  a  processing  was 
oarrled  out  in  order  to  establish  how  well  th*  experimental 
data  wei  approximated  by  the  gamma  distributions  and  how 
accurately  the  above  method  yielded  the  values  of  d2  and  dj 

or,  more  aoourately,  the  values  of  q  and  Sg  determined  from 
these  values  of  dj  and  d2.  For  the  sake  of  simplicity  the 
prooesslng  was  carried  out  with  the  aid  of  rules  with 


Indices  a  =  0,  2,  4,  6,  and  8.* 

Ike  processing  of  497  samples  (188  in  the  ohamber 
and  309  in  the  clouds)  has  shown  that  all  satisfied  suf¬ 
ficiently  well  the  gamma  distribution  with  one  of  the  in¬ 
dices  Indicated  above.  The  frequency  of  occurrence  f  of 
different  indices  a  is  shown  in  Table  22. 

Table  22 


« 

0 

2 

4 

• 

• 

t  (%I.  a”n’tar . 

f\%l  aouda 

0 

1,0 

3.2 

2,8 

15.4 

12.5 

17.4 

12.5 

64,0 

71,4 

It  is  seen  from  Table  22  that  distributions  with 
indices  0  and  2  are  encountered  both  in  clouds  and  in  the 
investigated  fogs  very  rarely  (approximately  4  percent). 
The  most  frequently  encountered  (about  65  percent)  are 
distributions  with  index  ct=  8.  This  confirms  the  con¬ 
siderations  advanced  above. 

Table  23 


Relative  error, 

% 

i 

MS*) 

MO 

h  Chamber 

I 

Cloud. 

Cha  riser  | 

Cloud. 

8  >  10 

1 

1.6 

1,3 

1 .6  | 

3,2 

10  ^  8  >  5 

6,4 

i)|p 

5,8 

11,6 

J .  <  5 

92,0 

93,2 

92,6 

85,2 

The  accuracy  of  calculation  of  the  water  content  q 
and  of  the  specific  cross  section  5g  by  the  indicated 

mtthod  can  be  characterized  by  means  of  Table  23»  which 

ii^able  20  shows  that  the  value  of  <3^  varies  very 
little  when  <x  increases  from  8  to  14.  he  therefore  con¬ 
fined  ourselves  to  rules  with  values  a  ^8.  During  the 
course  of  the  processing  it  became  necessary  sometimes  to 
use  a  rule  with  at  >8.  However,  the  use  of  a  rule  with 
cc  =  8  did  not  introduce  appreciable  errors  in  the  deter¬ 
mination  of  d 2  and  d-j. 
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represents  the  statistics  of  the  errors  of  the  graphical 
aethod  for  all  the  processed  samples.  In  this  table  e(S») 
and  $(q)  are  the  relative  errors  of  the  graphic  aethod  of 
calculation  of  3g  and  q  as  compared  with  the  ordinary 

arithmetic  aethod.* 

Table  23  shows  that  errors  larger  than  10  percent 
are  encountered  rarely  (2—3  pereent  of  the  oases) ,  and 
the  overwhelming  majority  of  errors  (about  90  percent  of 
the  oases)  do  not  exoeed  5  percent.  Therefore  it  seeas 
that  the  aethod  described  for  the  processing  of  the  experi¬ 
mental  material  oan  be  recommended  as  being  sufficiently 
accurate  and  less  laborious  than  the  ordinary  arithmetic 
aethod.  Since  1957  the  processing  of  the  experimental  data 
Is  carried  out  in  the  expedition  by  the  graphic  method,  and 
the  time  consumed  in  the  processing  of  a  single  sample  has 
been  reduced  on  the  average  by  a  factor  2—3. 

An  analysis  of  the  experimental  material  on  rain 
drops  has  shown  that  for  them  there  are  applicable  gamma 
distributions  with  the  distribution  index  o>  for  rain  lying 
in  the  narrow  limits  ot  =  1—3,  and  usually  having  a  value 
of  2.  Thus,  for  rain  drops  the  distribution  (III.11),  pro¬ 
posed  by  Polyakova  and  Shifrln,  can  be  regarded  as  fully 
satisfactory.  It  is  interesting  to  note  that  the  prelim¬ 
inary  results  of  experiments  by  I.  V.  Litvinov  on  the  dis¬ 
tribution  of  the  spectra  of  solid  precipitation  [40]  have 
shown  that  in  this  ease  the  gamma  distribution  is  appli¬ 
cable.  It  must  be  noted  that,  for  those  aerosols,  in  whioh 
a  logarithmic-normal  distribution  of  particles  by  dimensions 
is  sufficiently  well  realized,  it  is  necessary  to  expeot 
the  gamma  distributions  to  approximate  satisfactorily  the 
experimental  data. 

Summarizing  we  can  state  that  gamma  distributions 
are  one  class  of  distributions  which  describe  well  the  ex¬ 
perimental  material  for  a  broad  class  of  aerosols  and 


♦Here 


8<SJ)  =  |I-(VW,I> 


where  the  index  Mg"  pertains  to  the  graphic  niethod  and  MaM 
to  the  arithmetic  method. 
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hydrometeors.  Were  it  possible  to  establish  their  applica¬ 
bility  to  elements  of  hOavy  ouaulus  and  thunderstorm  clouds, 
this  would  facilitate  the  solution  of  the  diffioult  experi¬ 
mental  problem  of  investigating  the  mloro structure  of  these 
clouds.  Indeed »  in  this  oase  it  would  be  sufficient  to 
determine  two  distribution  parameters  a  end  /I,  end  the 
counted  concentration  of  the  cloud  drops.  It  is  possible 
that  this  problem  could  also  be  solved  with  the  aid  of 
radars  with  greatly  different  wavelengths,  in  this  case 
there  would  arise  a  highly  operative  possibility  of  inves¬ 
tigating  the  mloro structure  of  oloud*  in  those  plaoes, 
where  the  introduction  of  any  instruments  entails  great 
teohnical  difficulties  and  is  frequently  connected  with 
great  danger  to  the  lives  of  the  experimenters. 

19.  CALCULATION  OP  THE  OPTICAL  DENSITY  OP  CLOUDS 

As  was  already  noted  in  the  preceding  seotlon,  the 
gamma  distributions  have  a  sufficient  analytic  simplicity, 
making  it  possible  to  apply  them  relatively  simply  to 
various  theoretical  problems.  Let  us  illustrate  this  cir¬ 
cumstance  using  the  calculation  of  the  optical  density  of 
olouds  [30,  331. 

The  optical  density  of  a  cloud  Vopt  is  defined  by 
the  equation 


I_ 

Io 


10  *  vopfl  , 


(III. 15) 


where  I  is  the  intensity  of  light  passing  a  distance  t  in 
the  medium  (cloud); 

I0  intensity  of  light  at  the  beginning  of  this  seg¬ 
ment. 


The  value  of  the  optical  density  in  clouds  (charac¬ 
terizing  the  attenuation  of  the  radiation)  for  the  visible 
part  of  the  spectrum,  where  there  is  no  absorption  of  the 
radiation  by  the  water,  is  determined  by  the  scattering  of 
the  light  by  the  individual  drops.  In  this  case  the  scat¬ 
tering  cross  section  for  radiation  with  wavelength  A 

by  a  drop  of  diameter  d  is  determined  by  the  formula 


S„„  = 


(III. 16) 
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where  the  din  cm  Ionic  parameter  la 


P 


(111*17) 


Fig.  75.  The  function  K(p)  after 
Penndorf  (continuous  line)  and 
its  approximation  by  means  of 
formula  (III. 19)  (dashed  line). 

For  water  drops  the  function  K(p)  was  calculated  by 
Haoughton  and  Chalker  [98]  under  the  assumption  that  the 
refraotive  index  of  water  is  n  s  1.333*  Figure  73  shows 
(solid  line)  a  plot  of  the  function  K(p)  from  the  data  of 
the  oaloulation  of  Penndorf  ([112];  n  s  1.33).  We  note  that 
for  large  values  of  the  parameter  p ,  according  to  the  scat* 
taring  of  radiation  by  spherical  partloles,  the  function 
K(p)  -*  2  [751. 

The  optical  cross  section  of  cloud  particles  per 
unit  volume  is  made  up  of  the  optical  oross  seotions  of  the 
individual  particles,  and  can  be  represented  on  the  basis 
of  (III .16)  in  the  form 

S«. T  -  Ige  •  Vorr  -  J  ~  K(p)Nn(d)Dd,  (Hl.i8) 

where  M  is  the  oounted  concentration  of  the  oloud  parti ole s. 
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Taking  into  a o count  the  oharaoter  of  the  analytical 
expression  of  the  distribution  n(d)  of  the  oloud  particles 
by  dimensions  (III. 12),  the  following  approximation  func¬ 
tion  K (ft)  was  chosen: 

/C(P)  -  Xt(p)  -  +  [l,3l3  +  2,012 sin  (^-  j)]  *>**  P  >  * 

K (p)  -  Kx (p) - 2,807  +  1, 106 p - 0, 2298^+0, 0346 p»  for  P<* 


(III. 19) 

Bie  function  (III.19)  is  shown  dashed  in  Figure  75. 
This  figure  shows  that  the  function  (III .19)  approximates 
the  curve  X (p )  sufficiently  well.  At  the  same  time,  sub¬ 
stitution  of  the  formula  (111.19)  in  formula  (111.18)  in 
lieu  of  K(p )  makes  it  possible  to  determine  readily  the 
Integral  contained  in  it.  Indeed,  substituting  formulas 
(III. 12)  and  (III. 19)  into  the  expression  (I II. 18)  and 
introducing  the  dimensionless  quantities 

*  =  and  A -A/ft  (III. 20) 

we  can  readily  obtain  after  simple  integration  the  ratio  of 
the  optical  cross  section  of  the  cloud  Sop^  to  its  geo¬ 
metrical  cross  section  Sg.: 

^  =  2  +  1,313  q-(.+s>  + 

:Sfl 

+  2,0 1 2  (c*  +  IV'* ('+,>  sin  f  («  +  3) arc  tg ( 1 1 1  * 21  ) 
where  L  .  *  6  J 

h  --=  2,307  Te+i(A)—  3,482  (a  -f  3)  A-  T,+,(A)  + 


4-  2,265  (a  +  3)  (a  +  4)  A-*T.+J(A)  - 


—  1,072 (at  +  3) (a  f  4)(<*  4-  5)  A~»  r«+,(A), 
a  =  1  =  ^^Nn{d)Dd^ 


(111. 22) 

(1 11. 23) 
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w*  not*  that  in  accordance  with  foraula  (III. at) 
tho  ratio  of  the  optioal  oroia  section  to  tha  geonetrio 
oroaa  aaotion  for  a  given  value  of  tho  index  of  tho  gaaaa 
distribution  ct  la  a  function  of  only  ono  diaeasionleaa 
variable  A.  This  variable  represents  a  ooabination  of  tho 
wavelength  X  and  the  distribution  poraaotor  (t  (or  tho  aoan- 

aquaro  diaaotor  d2  «  /•  V(a  ♦  1 )  (a  ♦  2) )  • 

On  the  baaia  of  foraulaa  (III. 20)— (III. 23)  wo 
calculated  tho  function  *  sopt/Sg  for  tho  gaaaa- 
diatribution  indox  valuoa  a  =  2,  4,  6,  8,  and  10.  Tho 
results  of  thoao  calculation*  arc  liatod  in  Table  24.  The 
plot*  of  son*  of  thoao  funotiona  ar*  shown  in  Figure  76, 
where  tho  abaolaaaa  roproaont  the  diaonaionlooa  variable 
R  =  7rd2A.  connected  with  A  bj  tha  relation 

ft-  ***  -  «yt«  +  M.  +  2)  (111.24) 

ii  A 


With  auoh  a  oboie*  of  tho  variable,  plotted  along 
the  abaoiaaa  axle,  one  can  ao*  clearly  tho  influono*  of  tho 
index  a  of  the  diatribution  on  tho  value  of  a <*,  for  4  fixed 
value  of  the  mean- square  diaaotor  d2»  To  disclose  the 


Table  24 

Values  of  the  Functions  s0  (-A.) 


a 

A 

i* 

s 

« 

« 

t 

0,2 

2,00 

2,00 

2,00 

2,00 

2,02 

0,3 

2,00 

2,00 

2,00 

2,02 

2,06 

0.4 

2,00 

2,01 

2,01 

2,04 

2,10 

0,5 

2,01 

2,02 

2,04 

2,08 

2,17 

0,6 

2,01 

2,03 

2,06 

2,11 

2,23 

0,7 

2,02 

2,04 

2,08 

2,15 

2,28 

0,8 

2,04 

2,06 

2,11 

2,19 

2,32 

0,9 

2,05 

2,09 

2,14 

2,23 

2,37 

1,0 

2,07 

2,11 

2,18 

2,26 

2,43 

1,1 

2,06 

2,13 

2,20 

2,28 

2,50 

1.2 

2,11 

2,16 

2,24 

2,34 

2,56 

1,3 

2,13 

2,19 

2.26 

2,37 

2,60 

1,4 

2,16 

2,22 

2,29 

2,40 

2,63 

1,5 

2,18 

2,24 

2,32 

2,44 

2,71 

1.6 

2,20 

2,26 

2,34 

2,50 

2,75 

1,7 

2,22 

2,29 

2,36 

2,52 

2,77 

1,8 

2,25 

2,3t 

2,38 

2,54 

2,81 

1,9 

2,27 

2,33 

2,39 

2,59 

2,86 

2,0 

2,29 

2,34 

2,46 

2,64 

2,91 

2,5 

2,36 

2,40 

2,57 

2,89 

2.96 

3,0 

2,38 

2,49 

2,75 

3,08 

2,74 

3,5 

2,44 

2,67 

2,88 

3,12 

2.57 

4,0 

2,56 

2,89 

3,14 

3,08 

2,31 

4,5 

2,80 

3,13 

3,24 

2,96 

2,05 

5,0 

3,06 

3,20 

3,23 

2,75 

1.88 

5,5 

3,25 

3,38 

3,12 

2,55 

1,66 

0,0 

3,38 

3,35 

2,99 

2,40 

1,43 

6,5 

3,45 

3,31 

2,83 

2,19 

1,22 

7,0 

3,45 

3.21 

2,64 

1,80 

1,07 

7,5 

3,41 

3,06 

2,42 

1,73 

0,95 

8,'S 

3,33 

2,91 

2,22 

1,57 

0,93 

8,5 

3,21 

2,74 

2,03 

,  1 ,47 

0,81 

9;0  1 

3,10 

2,59 

1,85 

1.25 

0,66 

10  ; 

2,84 

2,26 

1,56 

1,03 

0,51 

11  | 

2,57 

1,95 

1,14 

0,82 

0,41 

12 

2,31 

1,68 

1,11 

0,65 

0,31 

13 

2,05 

1,47 

0,84 

0,52 

0,23 

14  ; 

1,85 

1,30 

0,79 

0,49 

0,21 

15  § 

1,56 

1 ,09 

0,67 

0,43 

0,18 
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Influence  of  the  poljdl speraed  nature  of  the  oloud  on  It* 
optloal  oross  Motion,  tho  aoao  Figure  76  ahowa  daahod  tho 
funotlon  K(R) ,  ooioulotod  from  equation  (III. 19). • 

As  shown  by  tho  plota  of  Figure  76,  when  R  > 10  tho 
Influenoe  of  tho  index  a  on  tho  value  of  ia  (R)  la  prac- 
tloally  nil. 

It  la  aoon  furthor  from  thia  aoao  figure  that  tho 
funotlon  a*  haa  only  ono  aaxlnun.  The  aaxlaua  of  tho  funo¬ 
tlon  afe  lnoroaaoa  with  tho  indox  a  and  rangoa  between  3.0 
and  3.5.  Tho  value  of  R  in  tho  external  point  Ilea  within 
tho  limits  4.5—  5.5.  It  increases  with  lnoroaaing  <x,  re¬ 
maining  for  all  tho  oaloulatod  values  of  a  loss  than  the 
value  R  *  6.4  vhloh  detornlnoo  tho  aaxlaua  of  the  funotlon 
K(R).  At  aaall  values  of  R  tho  value  of  s^  (R)  lnoroaaoa 
with  deoreaslng  os.  In  this  range  of  tho  paraaotor  R  tho 
funotlon  fla  (R)  >  I(R).  All  those  features  of  mutual 
location  of  the  curves  s^  (R)  and  K(R)  oan  bo  slaply  ex¬ 
plained  If  notice  la  taken  of  tho  following: 

a)  For  a  given  value  of  the  mean  square  diameter 
d2  (or  R)  tho  variance  of  the  gamma  distribution  <T2  - 

s  d|/(a  ♦  2)  decreasing  with  lnoroaaing  index  a  ; 

b)  With  Increasing  at ,  the  mode  of  the  gamma  dis¬ 
tribution  dgn  approaches  the  value  of  the  mean  square 
diameter  dg,  so  that 


c)  According  to  Table  21,  the  geometrlo  oross  sec¬ 
tion  of  the  drops  with  diameter  d  >  d2*e  is  2—3  times 

*  He  dashed  curve  on  Figure  76  shows  the  value  of 
the  optloal  oroas  aeotlon  of  a  monodlspersed  oloud  with  the 
same  oounted  conoentratlon  as  the  considered  polydi speraed 
oloud,  and  for  vhloh  the  diameter  of  all  the  drops  la  d  *  d2. 

••We  recall  that  for  the  gamma  distribution  of  the 
number  of  particles  with  index  ex  ,  the  distribution  of  the 
geometrlo  oross  aeotlon  represents  a  gamma  distribution  of 
index  (ot  +  2)  with  the  same  parameter  /S. 
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larger  than  tha  crosa  section  of  drops  with  d  <  d2.* 

On  the  basis  of  the  calculated  functions  sa  (A), 
Table  25  was  compiled,  in  whloh  the  heavy  rectangle  con¬ 
tains  the  ratio  Sppt/Sg  for  values  Of  the  index  a  *  4  and 
8,  the  mean-square  diameter  &2  ~  1 5.  10,  7.5»  and  5  microns 
for  the  wavelength  0.4,  0.7,  and  1.C  mioron.ee  We 
note  here  that  within  the  indicated  Intervals  of  d2,  a  , 
and  X  we  can  neglect  in  expression  (IXI.21)  the  third  and 
fourth  terms  and  assume  that 


4  . 

0,08*X  YJjt T'lj(*  +  2) 


(III. 25) 


Table  25 


Ratio  of  Optical  and  Geometrical  Cross  Sections 
of  the  Drops,  sa  . 


)| 

u 

T.» 

ft 

I 

I 

0.M 

\ 
M  f  l\ 

■ 

■ 

ft 

ft 

* 

ft 

4 

■ 

« 

0,4 

2,00 

2,01 

2,02 

2.06 

2,06 

2,90 

1 

2,75 

3,37 

3,15 

0.7 

2,01 

2,04 

2,06 

2,20 

2.18 

3,28 

3,15 

2,06 

2,30 

1,0 

2,04 

2,10 

2,17 

i  2,32 

2,31 

2,40 

2,55 

1,10 

1,35 

1 .24 

2,06 

2,16 

2,25 

2,39 

2,40 

1,75 

2,00 

0.65 

0,87 

1,70 

2,12 

2,26 

2,36 

2.65 

2,62 

0,99 

1.20 

0,30 

0,43 

3,7 

2,40 

2,75 

3,20 

3,18 

3,10 

0,13 

0,24 

0,03 

0,05 

10 

3,32 

2,40 

1,55 

0,62 

0.85 

— 

— 

— * 

e  The  property  c)  of  the  mmrne  distributions  explains 
the  behavior  of  the  curves  s^  (R)  for  small  and  large  values 
of  R,  while  the  properties  a)  and  b)  explain  the  behavior 
of  the  curves  s,*  (R)  in  the  vicinity  of  the  extremal  points. 

*#That  is,  in  the  region  of  wavelengths  where  we  oan 
put  with  sufficient  approximation  n  =  1.33  and  where  con¬ 
sequently  the  calculations  of  Penndorf  for  the  function 
KCf)  rL  112}  are  applicable. 
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Ail  examination  of  Table  25  show*  that  in  tho  entire 
indicated  rang#  of  variation  of  tho  paraaeters  of  tho 
phonoaonon  (d2,  A  >  a  ),  tho  ratio  Sopt/3g  inoroaooo  with 

dooroasiag  mean- square  diaaotor  d2  and  is  praotioally  in* 
dopondont  of  et  •*  Tho  ratio  sa  differs  Tory  little  in 
this  oaao  from  tho  Uniting  ratio  (for  largo  d2)  »a  *  2. 
Only  for  tho  oxtroao  toIuob  d2  *  5  microns  and  A  =  1 .0 
aloron  dooa  this  ratio  exeeed  b^s  2  by  aoroly  15  peroent. 
Further*  in  tho  oatiro  oonaidorod  range  of  parameters* 
tho  oaloulationa  predict  an  lnslgnlfloant  anoaaloua  dia- 
poraion  in  tho  optloal  donaity  (oroaa  section)  of  tho 
oloud  —  for  tho  long-wave  radiation  tho  donaity  (oroaa 
aootion)  la  larger  than  for  tho  abort- wave  radiation,** 
Thla  dlaporalon  ia  quite  negligible  for  d2  *  15  and  10 
alorons*  and  only  for  d2  =  5  niorona  dooa  it  roaoh  in  tho 
Tlalble  region  ( A*  0.4— 0.7  alorons)  the  value  7  poroont* 
while  in  the  range  of  wavolongtha  X  *  0,4—1 .0  niorona 
it  reaohea  a  value  of  16  poroont.  Slnoo  in  olouda  the 
mean-square  diaaotor  of  tho  dropa  uaually  oxoooda  5—6 
alorona,  tho  data  of  Tablo  25  show  that  in  olouda  there 
ahould  bo  no  notloeable  dlaporalon  of  tho  optloal  donaity 
(oroaa  aootion)  in  tho  oonaidorod  range  of  wavelengths* 
that  is,  that  the  attenuation  of  tho  visible  and  near- 
infrared  part  of  tho  spectrum  (up  to  A  =  1  micron)  of  tho 
electromagnetic  radiation  In  the  clouds  should  bo  neutral. 
This  conclusion  agrees  frith  the  fact  already  noted  in  [98], 
that  clouds  and  fogs  do  not  have  any  oolor,  and  also  tho 
results  of  many  measurements  of  the  attenuation  In  olouda 
and  fogs  [4*  5*  6],  In  particular*  Brloard  ot  al  [80]  ob¬ 
served  in  stable  fogs  either  neutral  (Fig.  77a)  or  slightly 
anomalous-dlapersed  (Fig.  77b)  attenuation  of  radiation  at 
a  wavelength  0.35—3.7  microns.  Only  in  base  (visibility 
of  approximately  1  km*  Fig.  77 d)  and  in  very  rarely  en¬ 
countered  small-drop  fogs  (the  authors  observed  them  only 
in  the  vicinity  of  Paris*  with  visibility  of  approximately 
250  meters*  Fig.  77c),  they  observed  a  sharply  pronounced 
normal  dispersion. 


♦Ivon  at  dp  *  5  miorona  the  variation  of  a  from 
4  to  8  praotioally  doesn/t  change  the  value  of  ett  ,  At 
d2  >  5  the  influeaoa  of  a  on  the  ratio  of  aa  is  even  small ar. 

♦♦Under  the  normal  dispersion  of  optloal  saotlon*  it 
is  usually  understood  that  dispersion  of  the  Baylelgh  type 
for  which  tho  optloal  eootlon  is  inversely  proportional  to 
tho  fourth  degree  of  the  wavelength. 
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Fig.  77.  Att' 
Recording 


b 


mation  of  light  in  clouds  and  fogs, 
bo  the  data  of  the  experiments  of 
Brioard  et  al  [80]. 
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V#  not#  that  an  appreciable  di •portion  of  optloal 
density  oan,  in  aooordance  with  tho  calculations  by  formula 
(III.  20*  oo our  only  when  tho  indicated  rang#  of  wave¬ 
lengths  A  and  of  tho  aeon- square  diameters  dg  It  extended 
oo  as  to  lnoroaoo  lor  to  dooroaoo  dg.  In  Table  25,  out¬ 
side  tho  outlined  rectangle,  are  shown  tho  value*  of  , 
calculated  additionally  for  wavelengths  1.24,  1.70, 

3*7*  and  10  miorons*  and  diameter  d2  •  15*  10,  7*5*  5,  and 
0.63  nlorons.  Of  oourse,  extrapolation  of  tho  oaloulatlons 
of  tho  funotlon  SQd)  [112}  to  tho  Infrarod  region  and  tho 
oxlstonoo  of  fogs  with  suoh  snail  waluos  of  d2  a  1  and  0.63 
nlorons,  and  also  tho  applicability  of  tho  gaana  distribu¬ 
tions  to  thon  oall  for  a  special  experimental  and  theoretl- 
oal  analysis.  However,  it  Is  Interesting  to  a  oortaln 
degree  to  oatloato  In  this  nannor  at  least  tho  oharaeter 
of  variation  of  tho  ratio  Sa  In  this  expanded  roglon  of 
values  d'2  and  A*  An  examination  of  tho  complete  Table  25** 
shows  that  for  large-drop  fogs  and  clouds  (dg  =  10  nlorons 
and  above}  It  Is  possible  to  expeot  within  the  wavelength 
range  A  -  0.4—10  nlorons  an  anomalous  dispersion  In  the 
attenuation  of  the  radiation,  and  the  ratio  of  the  optloal 
densities  on  the  ends  of  this  range  should  not  exoeed  1.7. 
When  dg  s  O.63  nlorons***  (it  Is  possible  that  suoh  a  value 
of  tiean- square  diameter  Is  encountered  In  haze)  one  oan 
expeot  normal  dispersion  of  the  optloal  density  over  the 
entire  range  of  wavelengths  As  Q.4— 10  nlorons.  Here  even 
In  the  visible  region  ( A  =  0.4—0. 7  micron)  the  ratio  of 
the  optical  density  on  the  ends  of  the  range  can  reach 


* These  wavelengths  correspond  to  the  well  known 
"transmission  windows"  of  water  in  the  Infrared  region. 
Measurements  of  the  optical  density  in  olouds  and  fogs  were 
carried  out  in  [80]  for  the  same  values  of  X* 

**.fe  note  that  the  difference  in  the  values  of  s^  , 
calculated  for  a  =  8  and  4  and  for  dg  -  5,  1*  and  0.63 
miorons  is  very  small.  When  d2  >  5  microns  the  difference 
Is  praotloally  nil. 

***For  dg  =  0.63  miorons,  tho  value  of  the  parameter 

R  *  5  for  A  =  0.4  miorons.  Corresponding  to  this  value  of 
the  parameter  R  it  a  maximum  of  the  curve  sa  (0 t  *  8)  on 
Fig.  76.  Therefore  when  dg  <  0,63  microns  the  dispersion 
of  the  optical  density  will  be  normal  over  the  entire  range 
of  wavelengths  A  >0.4  mloron. 


216 


values  1.6  and  higher.  For  Intermediate  values  of  d2 
(0.63  fi  <  d2  <10  p)  the  optioal  density  can  have  a  max- 
inua  In  the  wavelength  range  A  =  0.4— 10  mlorons.  When 
d2  =  5  and  7*5  microns,  this  maximum  lies  In  the  region 
>»3.7  mlorons,  and  for  d2  =  1  micron  it  lies  at  A  s  0.7 
microns. 

It  appears  that  the  result  of  the  experiments  of 
Brleard  et  al  [80],  shown  in  Figure  77,  confirm  to  some 
degree  the  foregoing  estimate  of  the  dispersion  of  the 
optioal  density  (cross  section).  In  these  measurements, 
as  was  already  noted  above,  in  stable  clouds  there  was  ob¬ 
served  a  neutral  or  anomalous- dispersed  attenuation  of  the 
radiation  up  to  wavelengths  A  =  3.7  mlorons,  which  cor¬ 
responds  to  the  data  of  Table  25  for  values  of  the  parameter 
d2  =  15—5  microns  (that  is,  the  values  of  the  parameter 
d2,  nsually  encountered  in  fogs).  The  normal  dispersion  of 
the  optical  density  which  they  obtained  for  haze  offers 
evidence,  apparently,  that  in  the  investigated  hazes  the 
values  of  the  mean- square  diameter  d2  was  approximately 
1  micron. 

In  conclusion  It  must  be  noted  that  the  procedure 
developed  for  determining  the  optical  density  of  the  clouds 
and  fogs  can  turn  out  to  be  useful  in  the  calculation  of 
the  attenuation  of  radiation  in  regions  where  the  refractive 
index  of  water  differs  greatly  from  the  value  n  s  1.33 
assumed  in  [112],  if  the  corresponding  functions  Kfy&)  are 
calculated;  some  calculations  of  such  functions  are  given, 
for  example,  in  [100],  If  such  work  were  to  be  carefully 
done,  it  could  help  solve  the  inverse  problem  —  the 
determination  of  the  micro structure  of  clouds  and  fogs 
from  the  attenuation  of  radiation  of  waves  of  different 
wavelengths  in  them. 

20,  FLUCTUATION  OF  KICRCDTRUC TURAL  CHARACTERISTICS  OF 
CLOUDS 

As  was  already  mentioned  in  Section  17,  numerous 
Investigations  of  the  microstructure  of  clouds  In  the  El- 
bruss  expedition  have  shown  that  samples  of  drops, 
gathered  from  a  cloud  by  means  of  several  traps  simul¬ 
taneously  in  one  place  (the  traps  were  placed  at  a  dis¬ 
tance  0.5—1  meter  from  one  another)  or  by  one  trap  In 
succession  (with  intervals  of  about  one  second  between 
samples)  greatly  differ  in  such  micro structural  character¬ 
istics  as  the  counted  concentration,  the  water  content,  and 
the  specific  cross  section  of  the  drops. 
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Table  26 

Coefficients  of  Variability  of  Kiorostructure  Characteristics 
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In  order  to  clarify  the  reasons  for  this  spread, 
detailed  Investigations  of  this  phenoaenon  were  under¬ 
taken  C 31 3 •  For  this  purpose  several  series  of  land-based 
measurements  were  undertaken  In  1955*  In  olouds,  for  whloh 
15—18  saaples  of  oloud  drops  were  gathered  on  one  flow¬ 
through  trap,  during  30—40  seconds.  The  results  of  the 
statistical  processing  of  the  attained  samples  of  drops 
are  represented  (essentially)  In  Table  26. 

An  examination  of  Table  26  shows  that  In  the  sam¬ 
ples  of  cloud  drops  obtained  In  suooesslon  within  a  short 
time  Interval,  and  gathered  In  one  plaoe,  the  main  a loro- 
structural  characteristics  N,  q,  and  Sg,  have  a  consider¬ 
able  spread  (the  coefficient  of  variability  In  the  mean 
for  N,  q,  and  Sg  Is  approximately  20  peroent).* 

To  calculate  the  reasons  for  this  scattering  In  the 
results  of  the  measurement,  let  us  estimate  the  fluctua¬ 
tions  of  the  values  of  N,  q,  and  Sg,  due  to  the  limited 

volume  from  which  drops  are  gathered  for  a  single  sample. 
The  size  of  this  volume  Is 


w  !(«> SsT, 


where  s8  —  area  of  that  part  of  the  sample  with  which  the 
microphotography  Of  the  drops  Is  carried  out. 

T  —  time  of  opening  of  the  shutter  of  the  trap. 

In  the  discussed  experiments  Uoo  =  1 5  m/sec,  T  = 
s  0,2—  0.3  sec,  Sg  =  0.6—1  mm2,  and  consequently  w  ^3— 4 
cm3.  This  volume  contained  In  the  mean  Nw  s  400—4000 
drops.  One  can  therefore  expect  that  the  eounted  concen¬ 
tration  of  the  drop 8,  for  example  due  to  the  limitation  on 


*We  note  that  the  large  value  of  the  coefficient  of 
variability  of  q,  N,  and  Sg  (which  Is  approximately  equal 
to  20  percent),  obtained  on  traps,  does  not  make  It  pos¬ 
sible  to  obtain  a  representative  value  of  these  quantities 
according  to  the  data  of  one  sample.  It  Is  easy  to  see 
that  to  determine  the  values  of  q,  N,  and  Sg  with  a  mean 
squared  error  on  the  order  of  10  peroent  it  Is  neoessary  to 
average  the  results  of  the  measurements  over  four  samples. 
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the  saapllng.  would  have  a  variability  ooaff lolant  [71 . 
page  80  J* 


"  TSF  (III.  26) 


However ,  tha  estimate  of  formula  (II I. 26)  oust  ba 
oada  aora  preoise,  taking  into  aooount  tha  speelflo  natura 
of  tha  proeaaalng  proaadura  uiad  in  tha  oaloulatlon  of  tha 
valua  of  !(•  consisting  in  introducing  a  oorraotion  by  taking 
into  aooount  tha  ooefflolent  E  for  eaptura  of  oloud  drop* 
by  tha  raoalvlng  unit  of  tha  trap  (aaa  Sac.  17).  Indeed, 
lot  tha  distribution  of  tha  drop  diaanalono  in  tha  oloud. 

normalised  to  unity,  hava  a  density  a(d} —  1 

Than  in  a  voluaa  w  thara  is  on  tha  avaraga  wNn(di) A  d  drop* 

whoa  a  diaaatara  lia  in  tha  Intarval  d^— di  ♦  Ad.**  On  tha 

photographad  area  Sg  of  tha  sampla  thara  ara  on  tha  avaraga 
Vi  s  wNE(di)n(di) A  d  drops,  whosa  dlaansions  ara  in  tha 

aantionad  intarval.  Tha  actual  nuabar  of  thasa  drops.  Nlt 

on  tha  saparataly  takan  sampla.  obays  the  Poisson  distribu¬ 
tion  [71 i  page  80]: 

—  .  (III.  27) 


This  distribution  has  a  mathematical  expeotatior. 

(III.  26) 

and  a  variance 

«?=»  v,  a  «Af£(4)fi(4)Arf  (III. 29) 


*In  a  limited  saapllng  tha  nuabar  of  partlolas 
obeys  a  Poisson  distribution,  for  whloh  the  variability 

ooaff ielent  is  8  *  l/Vv.  where  v  is  tha  avaraga  nuabar  of 
partlolas  in  the  sample. 


**We  recall  that  in  tha  procedure  used  by  tha  ax- 
pedltlon  to  process  the  saaplas  the  diameter  o'  of  the  drops 
were  subdivided  into  intervals  of  width  Ad  *  2  aiorons. 
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and  a  variability  coefficient 

vsmpnr-  (ni.jo) 

■) 

Relation  (III. 30)  shows  that  tha  variability  coef¬ 
ficient  of  tha  rnusbar  of  drops  of  a  gl van  interval  of  di- 
■anslons.  gathered  on  tha  photographed  part  of  tha  sample, 
lnoraasas  with  daoraaslng  E(di),  w,  N,  ntd^),  and  Ad.  It 
oan  baoona  vary  large  in  that  part  of  the  spaotrua  where 
n(di)  is  small  (that  la,  for  large  drops),  and  where 
E  -a  0,  that  Is,  whan  di  approaches  tha  minimum  diameter 
(daln)  ot  the  drops  still  oapturad  by  tha  trap  (sea  Sao. 

17).  Consequently,  relation  (III. 30)  shows  that  on  tha  ends 
of  tha  spaotrua  of  the  gathered  drops  tha  representation  of 
tha  measurement  always  becomes  very  small. 


Let  us  estimate  now  the  coefficient  of  variability 
of  the  quantities  N,  q,  and  Sg,  defined  by  the  formulas 

=  —  v  Ji., 

■  f  £<*,>' 

(III. 3D 

w  “  •  B(it) 

(III. 32) 

c  1  Ni 

'  E(i,)  ' 

(III. 33) 

Formula  (II I .31)  shows  that  the  counted  concentration 
N  can  be  regarded  as  a  random  quantity,  equal  to  the  sum  of 
the  Independent  random  quantities  Ni/wE(di).*  Inasmuch  as 

*A1  though  the  mean  values  of  the  quantities  %/w£(d^), 
which  are  equal  to  Vj/ wE(dj)  =  Nn(d^ )  Ad,  are  Interrelated 
by  a  functional  dependence,  the  quantities  Ni/wE(djt)  them¬ 
selves  can  be  regarded  as  random  Independent  quantities, 
since  in  a  given  sample  the  deviation  of  from  its  mean 
value  Vi  for  different  values  of  di  (different  Intervals) 
are  independent  of  eaoh  other. 


221 


the  mathematical  expectation  and  the  varlanoe  of  a  bub  of 
independent  random  quantities  is  equal  to  the  sum  and 
mathematical  expectations  and  variances,  respectively,  of 
the  components  [67,  page  105 J,  we  have 


and 


(m-55) 


It  follows  from  formulas  (III. 34)  and  (111,35)  that 
the  coefficient  of  variability  of  the  eountel  concentration 
N  of  the  cloud  drops,  due  to  the  limited  sampling  of  the 
drops  In  the  sample  and  the  processing  prooedure  of  the 
gathered  material.  Is 

UN)*—,  (1X1*36) 

VNw 

where 

A-  r  ■  '--.l*  ,  (III. 37) 


Analogously  from  formulas  (III. 32)  and  (111*33)  we 
obtain  expressions  for  the  variability  coefficients  of  the 
water  content  q  and  the  specific  cross  section  Sg,  due  to 
the  same  causes 

,(q)  -fe.  (111.38) 


(III. 39) 
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where 


An  estimate  of  tho  coefficients  A.  B,  and  c  can 
bt  ad<  by  replacing  In  formulas  (ill, 37)  and  (III. 39) 
summation  by  Integration  with  respect  to  d  within  tho 
Haiti  from  d*^  to  e*» ,  and  approximating  tho  dietrlbu- 
tlon  n(di)  by  a  gamma  distribution  (000  Soo.  19).  Gal- 
oulatlono  by  aoana  of  formulas  (HI. 37)  and  (III .39)  oan 
bo  roadlly  oarried  out  by  taking  It  Into  aooount  that  in 
tho  experiments  under  oonaidoratlon  tho  oapturo  coeffi¬ 
cient  I  lo  well  approximated  by  the  expression 

^•-1  +  2.  (Ill,  40) 

£  0|t 

The  results  of  suoh  oaloulatlons  are  represented  In 
Table  27. 

Table  27 


4t*l 

• 

it 

• 

4 

• 

4 

s 

A 

2.5 

2,5 

1.6 

1.4 

B 

1,4 

1,2 

1,4 

1.2 

C 

1.8 

1,5 

1,8 

1.5 

Simultaneous  examination  of  Tables  26  and  27  shows 
that  in  accordance  with  formulas  (111.36)  and  (III.38)  the 
coefficients  of  variability  8(N),  0(9),  and  0(8*)  should 
not  exoeed  6—8  peroent,  if  their  values  are  determined  by 
the  limitation  on  the  sampling  of  the  drops  in  the  tests. 
Actually,  the  values  of  c(N),  o(q),  and  o(3g)  are  two  or 
three  times  larger  than  this  quantity.  An  analysis  of  the 
remaining  errors,  due  to  the  different  operations  during 
the  prooess  of  determination  of  N,  q,  and  Sg  shows  that 
they  oannot  lead  to  suoh  large  coefficients  of  variability 
in  the  results  of  the  measurement  of  these  aioro structural 
characteristics  of  the  cloud  (see.  for  example  [3)).  It  is 
therefore  natural  to  suggest  that  the  described  fluctuations 
of  these  oharao tori stios  are  inherent  In  the.  cloud  Itself 
and  are  not  conneoted  with  the  measurement  procedure.  The 
latter  oonoluslon  oannot  be  something  unexpected  to  anyone 
who  has  been  inside  a  cloud  and  observed  it  with  an  il¬ 
luminated  projector.  We  can  always  see  here  Inside  the 


cloud  puffs  of  dlfforont  optiosl  density,  moving  In  iptot. 
It  thoroforo  appears  that  the  measured  tin#  variations  of 
N,  q,  and  3.  ar#  oonn#ot#d  with  th#  spatial  fluctuations 
of  th#s#  quantities  In  th#  oloud  with  relatively  snail 
soal#  (on  th#  order  of  1  meter).*  finally,  th#  fast  that 
th#  oo#fflel#nt  of  variability  of  th#  dlaa#t#r#  d2  and  dj 

1#  thr##  or  four  tla#s  smaller  than  &(N),  S(q) »  and  b(8g) 
enables  us  to  advance  th#  hypoth#sl#  that  th#  disperse 
nature  of  the  aforementioned  puffs  of  oloud  Is  not  very 
variable.  This  oan  d#not#  that  th#  greater  variability  of 
o(q)  and  6(Sg)  Is  oonn#ot#d  with  th#  variability  of  th# 
oount#d  concentration  N,  and  not  with  th#  variability  of 
th#  distribution  funotlon  of  th#  drops.** 

Th#  preseno#  In  th#  oloud  of  considerable  fluotua- 
atlons  of  the  speolflo  oross  aeotlon  of  th#  drops  8.  oan 
be  experimentally  verified  by  drawing  In  fro#  th#  oloud 
air  with  drops  Into  th#  working  volume  of  a  Tbpler  Instru¬ 
ment.  In  whloh  there  Is  located  a  photo#l#otrle  multiplier 
behind  a  Foucault  #dg#«  Such  an  Instrument  Is  a  good  In¬ 
dicator  of  the  appearane#  of  aoatt#rlng  particles  In  Its 
working  volume.  Roughly  speaking,  th#  readings  of  th# 
photomultiplier  should  b#  proportional  to  th#  optloal  oross 
section  of  th#  scattering  particles.  Th#r#fOr#,  by  record- 
ins  the  photomultiplier  readings  obtained  by  aspiration  of 
the  air  through  th#  Instrument,  we  should  obs#rv#  In  th# 
case  of  fluctuations  of  the  value  of  3g,  said  consequently 
of  the  optical  cross  s#otlon,  also  fluctuations  In  the 
readings  of  the  photomultiplier.  Preliminary  experiments 
with  suoh  an  instrument,  made  in  the  expedition  by  V. 
Avzyanov,  have  shown  that  there  exist  In  the  clouds  ap¬ 
preciable  fluctuations  of  the  optloal  cross  section. 

It  appears  that  systematic  measurements  of  the  de¬ 
scribed  fluctuations  of  the  micro structural  characteristics 
of  the  cloud  can  help  relate  the  micro structure  of  the 
clouds  with  the  maorostructure  of  small  scale  and  oan  be 
useful  in  the  study  of  turbulence  In  olouds. 


♦Equal  to  the  product  of  the  time  Interval  between 
the  samples  (~1  sec)  by  the  average  wind  veloelty  (~0.5~1 
a/sec). 


«*We  note  here  that  when  the  drop  distributions  In 
the  samples  are  gathered  In  succession  are  approximated  by 
means  of  gamma  distributions,  the  index  a  usually  remains 
constant  within  the  given  series  of  samples. 
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APPENDICES 

I.  FIELD  OF  AIR  VELOCITIES  NEAR  THE  SYMMETRY  LINE 
AND  THE  CRITICAL  POINT  OF  THE  STREAM 


Let  ua  consider  two-dimensional  symmetrical  Incom¬ 
pressible  stream  of  air,  flowing  around  a  certain  obstacle 
(see  Fig.  15).  In  such  a  stream  the  stream  function  Y(x,y) 
is  anti  symmetrical  with  respect  to  y:  ¥(x,y)  =  -  Wx,  -yj. 
Near  the  symmetry  line  (small  y)  the  stream  function  can  be 
expanded  in  powers  of  y.  From  symmetry  conditions,  this 
series  will  contain  only  odd  powers  of  y  and  consequently 
will  have  the  form 


♦  <*.  y)  *=  oi  (•*)  y  + a,  (x)  y*  4-  a,  (x)  y*  +  ...  ( « .  1 ) 

It  follows  therefore  that  in  the  vicinity  of  the  symmetry 
line  the  velocity  components  ux(x,y)  and  uy(x,y)  have  the 
form 

K*  =  ~  =  fli  W  +  +  5o»  +  •  •  • 

dy 

uu  =  -^L^—a[(x)y  —  a,(x)^  —  at(x)yt—...  {m*d^ 

dx 

and  with  accuracy  to  second-order  terms  in  y  they  can  be 
represented  by 

ux  -  a (x)  +  0  (</*);  uy  =  —  y  \a' (x)  +  0((/*)|.  ( t, 3 ) 

If  the  stream  under  consideration  is  in  addition 
potential,  then  by  virtue  of  the  equality  rot  u  =  0,  the 
equations  (a. 2)  assume  the  form 
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«.(*.  v)  -  f  (*) — —f'Wy*  +  to*4  •  •  • 

«*(*.¥>--  f'Wf +  -j-fr#Wi^— jptvWif*.-  (m*4) 

Nitr  the  critloal  point  (origin)  of  tho  potential 
st room  undor  consideration  tho  streaa  funotlon  oon  bo  ox> 
pondod  in  homogeneous  polynomials,  which  oro  solutions  of 
the  haraonle  oquotion  which  tho  funotlon  ootlsfloo.  By 
virtue  of  the  oforoaentloned  condition,  this  expansion  will 
oonteln  only  those  harmonic  polynoolsls,  which  oontoln  y 
to  on  odd  degree.  Recognising  that  at  the  origin  the 
veloolty  components  ux  and  Uy  are  equal  to  zero,  we  obtain 
for  y,  ux,  and  Uy  the  expressions 


♦(*.  y)  =»  «s*y  4-  <4(3 \*y  —  y*)  +  a,(**y  —  xy*)  + 
+  e,(ftx*y  —  10xV  +  y»)  + . . . 
a,  «  a*  +  3M**  —  y*j  +  a,(x*  —  3xy*)  + 

+  5flt(x<  —  6x*y*  +  y4)  +.. 

«»  -  —  0^  —  6o»xy  —  o,  (3x*y  —  y*)  — 

—  aOe,(x»y-.vy*)  — ... 


(a. 5) 


Let  us  consider  various  cases  corresponding  to  equa¬ 
tions  (a.5). 

a)  a2  0,  since  the  streaa  flows  from  the  left  and 
ux  >0,  we  have  a2  <  0.  Near  the  origin^  SSa2xy  and  the 
streaa  lines  are  approximated  by  hyperbolas  xy  =  const, 
that  is,  near  the  orltleal  point  this  streaa  is  hyperbollo. 
Further,  equating  the  streaa  function  to  zero,  we  obtain  the 
two  equations: 


y  -  0, 

F  (x,  y)<=a%x  -{-  a,  (3x*  —  y*)  +  a*  (x*  —  xy1)  + . . .  —  0. 

The  first  of  these  corresponds  to  current  lines 
along  ths  symmetry  line,  the  seoond  represents  the  equation 
of  the  wall  of  the  obstacle  near  the  orltioal  point.  If 
the  wall  is  oonvex,  then  at  the  point  x  =  y  *  0  the  second 

I 
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derivative  d2x/dy2  >  0  for  the  equation  F(x,y)  a  0.  But 
at  the  origin 


n 


!*-• 


2a. 

a. 


Inasmuch  as  a2  <  0,  the  condition  d2x/dy2  >  0  leads 

01 |l 

to  the  inequality  aj  *  0.  This  means  that  — £  »6at<0. 

^  I*-# 

l»-* 

Thus,  for  a  oonvex  wall  of  the  obstacle  the  first  and  seoond 
derivatives  of  the  component  ux  with  respect  to  x  are  nega¬ 
tive  at  the  origin. 


b)  a2  =  0;  a 3  0.  Since  ux  >  0  when  x  <  0,  we  get 

aj  >  0.  Equating  the  stream  function  to  zero,  we  obtain 
the  equation  of  the  wall 

F(x,  y)  —  a%  (3x*--  |f)  +  «•(**  t  *F*)  +  •  •  •  “  ®* 
which  oan  be  approximated  by 

F (X,  y)  wo,(3*»-  y%)  -  M*  YT  +  y)  (*  Y? -  V)' 

In  this  case  the  origin  is  a  double  point  for  the 
contour  of  the  wall  (an  example  of  such  a  stream  is  given 
below).  If  not  only  a2  but  also  aj  vanishes,  then  we  ob¬ 
tain  quite  analogously  that  the  origin  will  be  a  triple 
point  of  the  contour,  etc.  Perfectly  analogous  relations 
are  obtained  also  for  an  axially- symmetrical  stream.  For 
such  a  stream  equations (a. 2)  and  (a. 5)  assume  the  form 


«.<*,p)  -  9W--|-(P,WP,  +  ~f1VWP‘- 
uf(z,  p)  -  —  y?'(2)p  +  ^  P*  — 


6048 


v*  (*)  PT  •  •  • 


(a. 6) 


and 
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♦<*.»)--f*+T  W-rttcw-W... 

—  (a#7y 

«»(*.  P)~yP  +  **#  +  H?(4iV—  • . 

All  the  oonoluslons  with  respeot  to  the  fora  of  tho 
wall  mad  it*  oonnoetlon  with  tho  values  of  tho  derivatives 
buz/d*  and  h2Uj/d*2  for  an  axially- symmetrical  stream  aro 
the  same  ao  given  above  for  a  piano  symmetrical  atroaa. 


Pig.  78.  Potential  stream  having  at 


tho  crltloal  point  values 


Lot  us  oonsldor  in  conclusion  an  example  of  a  piano 
potential  stream,  In  whloh  at  the  orltloal  point  iuj/ox  = 
s  Buy/8y  =  0.  Such  a  stream  oan  bo  readily  constructed  by 

adding  a  homogeneous  atroaa  with  unity  velocity  to  two 
sources  of  ldontloal  strength  (equal  to  24),  looated  at  the 
points  (0,  ±  1).  Suoh  a  summary  stream  will  have  a  complex 
potential  (if  s  =  x  ♦  iy) 


»(*)  m  t  +  In  (t — o  +  In  (*  +  0 


228 


and  a  stream  fvmotlon 


4*  *  y  +  arctg 


in 


Prom  this  ws  oan  obtain  the  equation  of  the  wall  and 
expressions  for  the  stream  velocity.  Figure  78  shows  a 
qualitative  pioture  of  the  stream  lines  of  the  stream  under 
consideration.  The  oritical  point  has  coordinates  (-1,  0). 

At  this  point  fills  0  xnd  flUi  »  4.  |.  The  function  ux(x,  0)  = 
d*dK* 

^(x)  is  plotted  in  Figure  79.  It  has  a  point  of  inflection 
at  x:  •  */3  and  is  similar  to  the  functions  uz(x,  0)  which 
are  oharaoterlstlo  of  a  viscous  stream.  By  adding  at  the 
point  (0t0)  a  very  weak  source,  we  shift  somewhat  to  the 
left  the  orltloal  point.  Then  at  this  point  the  value  of 
dug/dx  will  be  negative  (very  small  In  absolute  value)  and 
d2 Ug/dx2^*  1.  Such  a  stream  will  be  similar  to  stream 
No.  8  of  Table  4  (see  Sec.  6). 


Fig.  79.  The  function  uz(X,0) 
for  the  stream  shown  in  Pig.  78. 


II.  CALCULATION  OF  THE  FIELD  OF  THE  AIR  VELOCITIES  NEAR  A 
SYMMETRY  LINE  AND  THE  CRITICAL  POINT  FOR  VARIOUS  OBSTACLES 


Around  a  trlAxlAl  ellipsoJ 


Ld.  Lot  us  consider  ths  flow 


i+jt+4- 1 

«!  »•  «» 


(A.  8) 


by  a  translational  stream  of  Incompressible  liquid,  the 
velocity  of  which  at  Infinity  Is  dlreoted  along  the  0  axle 
and  Is  equal  to  unity.  The  potential  of  the  veloolty  field 
of  such  a  stream  has  the  form  [15*  page  355]: 

f  (x,  y,  z)  --  x  +  (a.9) 


where 


Aix.if.z)  i 


l*~u)7vFT3) 


i+u)  •  (a. 10) 


and  X(x,y,z)  Is  the  positive  root  of  the  equation 


(a.  11) 


On  the  surface  of  the  ellipsoid  A  =  Of  and  A(x,y,z)  s 
=  A q,  where 


*  4u 

(a*  +  u)  y(oT+«)  +  «)(<?•  + 


(••12) 


On  the  axis  Ox(y  =  z  =  0)  the  funotion  X  =  x2  -  a2 
and  the  component  of  the  veloolty  ux  on  this  axis  assumes 
the  form 


»«(*)■=  1 [*(*)  + (••  13) 


where 
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The  derivative  Bux/dx  necessary  for  the  calculation 
of  the  critical  Stokes  number  will  In  this  oase  be  deter¬ 
mined  by  the-  formula 


* 

3r*m; 


[ 


2 


Differentiating  (a.14)  twice  with  respect  to  the  co¬ 
ordinate  x  we  readllv  obtain  the  value  of  dux/dx  at  the 
critical  point  (-a,0): 


aF  = 


(a. 15) 


Choosing  for  unity  the  semiaxis  of  the  ellipsoid, 
located  on  the  axis  Ox(/  =  a),  we  obtain  the  value  of  the 
critical  Stokes  number  for  the  considered  trlaxlal  ellipsoid: 


(2 -A,)  »*c« 
cr  ”  8  (ft*  |  f») 


(a. 16) 


'The  value  of  the  coefficient  Aq  can  be  calculated 
from  the  following  formulas: 


a) 


_ 2 abe _ 

(a*  —  ft*)  't/a*— c* 


arc  sin 


if  a*  >  6*  >  c*; 


» 


.  «  2c*  2ste 

x  E(«tc»lny^ I  —  -y ;  ).  if  *•>«•>*, 


where  F  end  E  are  elliptic  Integral*  of  the  first  and 
second  kind,  respectively.  Putting  In  formula  (a. 12)  the 
axla  b  *  oe,  we  oaa  readily  obtain  the  value  Aq  »  2c/(a  ♦  o) 
for  an  elliptioal  eylinder.  Choosing  as  the  unit  length 
the  semlaxls  c,  transverse  to  the  dlreotlon  of  the  strean 
(l  s  o),  we  obtain  for  the  orltloal  Stokes  number  the  ex¬ 
pression 


ker 


l 

4  (I  +  A)  * 


(a. 17) 


where  A  ■  s/o  is  the  ratio  of  the  longitudinal  axis  of  the 
elllptlohl  eylinder  (relative  to  the  stream)  to  the  trans¬ 
verse  axis. 


vihen  A  s  1  we  obtain  a  value  kor  =  l/8  for  trans¬ 
verse  flow  around  a  olroular  oy  Under.  Putting  in  (a. 17) 
the  axis  a  =  0  (A  m  0)  we  obtain  a  value  kor  s  1/4  for  a 
non- detached  potential  stream  flowing  around  an  infinite 
plate  (at  infinity  the  stream  is  perpendicular  to  the  plane 
of  the  plate). 


Assuming  in  (a. 12)  that  two  of  the  semiaxes  are 
equal,  we  obtain  after  elementary  transformations  formulas 
for  kcr  of  the  ellipsoids  of  revolution  Nos.  2  and  3  in 

Table  2.  Putting  In  these  formulas  e  *  0,  we  obtain  the 
value  of  k0~  =  1/12  for  a  sphere;  putting  on  the  other  hand 
in  formula  (2b)  for  the  eooentrloity  e  =  1,  we  obtain  kor  * 
=  77/16  for  a  round  disc. 


a  elate  situated  in 


_ Ly  developed  a  general  method  for  investigating  the 

motion  of  a  liquid  with  detachment  of  the  Jets  [10].  mis 
method,  unlike  those  previously  published,  makes  it  pos¬ 
sible  to  obtain  solutions  for  oases  with  arbitrary  number 
of  speoial  points  and  Jets.  By  the  same  tokbn,  the  method 
of  N.  Ye.  Zhukovskiy  makes  it  possible  to  find  solutions  of 
many  problems.  Referring  the  reader  to  the  original  artlole 
for  details  we  point  out  only  that  by  specifying  a  ooaplex 


•  ri  rnrrawi  *  *T»rr 


ubt 


I 


PR. 

tli 
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potential  w  and  the  variable  introduced  by  Zhukovskiy 
In (*>/£)  (where  OJ  is  the  velocity  on  the  boundary  of  the 
Jet  and  f  =  dw/dz  Is  the  complex  veloolty)  in  the  form  of 
a  function  of  an  auxiliary  complex  variable  t 


u>  =  X(0,  (a.  18) 

In  ■—  -  *(t)  (a.  19) 

and  determining  from  the  character  of  the  problem  the 
singular  points  of  the  functions  X  and  &  ,  Zhukovskiy 
readily  constructed  a  great  variety  of  streams  of  the  In¬ 
dicated  type.  Among  them  he  solved  the  problem  of  flow 
around  a  plate  In  a  tube  (see  Fig.  23) . 

In  this  case  [10,  page  571] 


i*(0 


arc  .'  in 


ca-lL_Lj  i. 

c  u  —  e)  c  J 


1  .  f  c*  —  e'i  ,  e 

—  arc  sin  | - — 

2  r.  (/  -j-  e\  c 


(a. 20) 


and 


/(/)  a  In — , 

C 


(a. 21 ) 


where  c  and  e  characterize  the  locations  of  the  singular 
points  of  the  functions  ♦  and  "X. 


To  determine  from  this  the  connection  between  the 
complex  coordinate  z  =  x  +  iy  and  the  complex  velocity 
5  =  ux  -  luy ,  we  no  te  that 


(a. 22) 


and  consequently 

d2=*-±-e«ndw  =  -±- 

(A  tt 


(a.23) 


Integrating  the  formula  (a.23)»  we  obtain  z  =  z(t)* 
Eliminating  t  from  the  relation  z  =  z(t)  and 


dt 

we  obtain  a  connection  between  £  and  z. 


(a. 24) 


To  find  In  our  case,  from  equation  (a. 20)  the 
♦  <t) 

tlons  e  we  prooeed  in  the  following  fashion. 


We  introduce  the  notation 

*  _  A..  t 


- »in2|i,  —  = 

c  c 

v  _  c*  _  t  _  l—£|»jn 2>i 

1  ±_1  e  tt-» ln>  ' 

c  c 

(i 


i  .  .  *  ..  t+jirinje 

*  c  <i  +  *in2f*  ’ 


Then 


'**  =  c‘ w ""  V  « “n  x*  =  i  VT^x; + ix,i  iV  i  -  x\ + ixt\ 

I  co» 2ft  /J  —  I  I  — 1\  »in  2,U 

-  [— : — —  +  *  ” — r-r~ 


I  j  —  si  n  2ft 


/*  —  *in  2|t 

v  I  co»  2^/  <«  -  \  .  1H-/,  sin  2ft  1  _ 

|  /,  +  sin  2;t  1  <i  4- sin  2ft  J  * 

;  —  1  —  cos* 2«t  +  2t co* 2ft  Y  I*  —  t  (V  t\  —  1  -fico*2|t)» 


l\  —  sin*  2|t 


/J  —  sin*  2ft 


Consequently 


„♦<»> 


.  (J  —  sin*  2|t 
y  l»-  t  —  i  cos  2ft 


and 


Further 


di 


—  =  ve'*”  -  ^  ic<f2i* 

di  Vt  —  sin*  2ft 


x'm 


a  V  <>-*+<  co*  2>t  ^ 

«  /  f*  —  sin*  2ft  <* 


funo- 


(••25) 

(a. 26) 

(a. 27) 
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Integrating  (a. 27)  we  obtain 


where 


2L^±inl±l _ i _ [n  4. 

a  2  1—8  2  tin  2fi  1  — t  tin  2|i 


/•  ~  sin*  2t*  +  l  sin  2p 


l/  —  i-  -  . 

f  /*  —  *in*2*» 


(a. 28) 


Using  the  relatione  (a. 26)  In  the  form 

,  C  y  ^  — l'-<C08>  y/V  <;-l  -<co>> 
“  y'  ij  — iin»2»*  *  }[  if  —  i  -Hcos2|i 


we  obtain 


,/— -  <  cos2**(l -f fj)  lB  .  ,n 

and  then  we  readily  eliminate  ti  from  (a.28): 


.at  ,1  +  ft  1 _ ,  2;l  +  (l4C?)sin2ti 

1— Cl  2sin2f*  2C*  —  (1  -+-Cj)sin2|i 
ctg 2|*  ^ ^cos?*— (1  — Cftsin2|*  ^ 

2  0  2Ci  cot  2»*  -J-  (l  —  C})*in  2u 


(a.29) 


dltlon 


The  integration  constant  is  obtained  from  the  con- 


C|  —  0  z  =  0. 


From  this  we  get 


.  C-/i  tg». 


Further  we  find  from  formulas  (TOO)  and  (102)  on 
pages  570  and  571  of  the  paper  [10]  by  N.  Ye.  Zhukovskiy 
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(*•30) 


-Jp-tin  ©* 

‘=i-tf|l(i+a.^,  u.3i) 

•  21  tg  fk]  (*#32) 


Substituting  ths  values  of  u,  uN ,  and  «  from  equa¬ 
tions  (a. 30)  »  (a. 32)  into  (a.29)»  we  obtain  ultimately 


utiP  l-Ctfa  2  l-C  2 


(a.  33) 


where  p  is  determined  from  (a. 31 ). 

In  the  vlolnitv  of  the  orltioal  point  z  and  C  are 
small,  and  from  (a. 33}  we  get 


that  is, 


m 

2Ltfc 


—  (4  tg  |*  ctg1  2jj>)  v, 


*  tg»  2|* 

8 L  tg»(*  ' 


Consequently  for  a  plate  in  a  tube  we  have 


kcr  = 


2L  tg«n 
« tg»2|* 


(a. 34) 


C.  Impact  o 


fH£ 


AfiTlML 


finite  Planed  Such  a  flow  ooours  fn^o^Oioli^sfoi^peo- 
tors,  a  diagram  of  whioh  is  shown  in  Figure  80.  From  a 
nozzle  of  width  2 1  there  flows  out  a  Jet  striking  a  plane 
looated  at  a  distance  h  from  the  end  of  the  nozzle,  lb 
construct  the  veloolty  field  in  such  a  stream  we  use  the 
aforementioned  work  of  N.  Ye.  Zhukovskiy  [  10] .  In  this 
ease* 


*In  the  formula  for  X  [10,  page  534]  we  assume  y»  o, 
sinoe  we  are  considering  the  lmpaot  of  a  jet  against  an  in¬ 
finite  plane  [10,  page  595,  formula  (135)]*  In  the  oase 
under  consideration  0^  =  0  and  Y  =  t  s  o. 
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•0) 


— «rc»ta 

2 


rjifSsL 

U-* 


t* 


(*•35) 


X0) 


—  a  In 


«•/!• 


4-  2  iti 


(*.36) 


Fig.  80.  Diagram  of  the  Jet  leaving 
the  nozzle  and  flowing  over  the  In¬ 
finite  plane  (diagram  of  the  stream 
In  the  slot  lmpaotore). 

and  in  addition  [10,  page  298,  formulas  (133)  and  (140)]: 


and 


«  =  «*ctg-y  =etg-p 


(*•38) 


where 


cos  v  —  c/c i 


In  analogy  with  the  preceding  case,  after  elementary 
but  laborious  transformations  we  obtain 


J$L 


+ 


+  coev  arc  tg—^rnsr  “  2/,,inv,rc  ***»• 
i  sin»(1 — CP 


(a. 39) 


where 


C,-C/e. 


In  particular,  ns  h  -*  oc,  the  quantity  V  -*  71/2, 
and  in  this  case 


From  (a. 39)  we  obtain 


and 


I 


_l_ 

2s 


“•  JL 
2 


(a.4l ) 


In  the  particular  case  when  hso#(Vt  rtf  2)  we  hawes 


Table  a.1 


m 

hn 

Kt 

0 

.0,159 

1,665 

0,465 

0,16# 

0,162 

2,366 

0.555 

0,522 

0,191 

3,014 

0,610 

0,991 

0,268 

•0 

0,686 

1,330 

0,343 

In  Table  a.1  la  tabulated  the  dependence  of  the 
critical  Stokes  nuaber  on  the  dlstanoe  h  froa  the  fitting, 
from  which  the  Jet  of  air  emerges,  to  the  plane.  Usually 
this  distance  in  slot-type  lapaetors  Is  on  the  order  of  the 
width  of  the  slot  (h A  2).  As  shown  by  the  data  of  Table 

a.1,  a  change  in  the  ratio  h fl  within  the  limits  1.8--3 
changes  k 0j»  insignificantly  (by  JO  percent)  and  d^in  in¬ 
significantly  (by  15  percent). 
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XII.  QUALITATIVE  ANALYSIS  OF  THE  TRAJECTORIES  FOR  THE 
CASE  OF  TWO  DROPS  OF  LIKE  CHARGES 


To  construot  a  general  pattern  of  the  trajectories 
described  by  equation  (XI. 12)  and  to  separate  from  then  the 
limiting  trajectories,  let  us  investigate  the  singular 
points  of  the  system  (II. 5).  oonfining  ourselves  to  the 
oase  ot>0  (drops  with  like  oharges).  In  the  oase  under 
consideration  [f(r)  =  1 ,  stream  function  determined  by 
equation  (XI.IO)J,  equation  (II. 5)  assumes  the  form 


The  singular  points  of  the  system  (a. 42)  will  be  the 
points  at  which  the  ratio  vr/v&  is  indeterminate,  which 
will  ooour  in  three  cases: 

I)  slnt- 0;  r  +  0;  « -=  cosier);  II)  r -0; 

III)  sinf^O;  Fi(r) =»0;  « -cos«f,(r). 

Let  us  consider  them  in  succession. 

I)  In  this  case  the  singular  points  lie  on  the  Oz 

axis: 


•W,(r),  if  x>0  (z  =  r)  j 
-MO,  if  * < 0  {z-  —r) ) 


(a. 43) 


Figure  81  shows  dashed  the  form  of  the  functions 

f  (j)  Z>0. 

The  continuous  line  on  the  same  figure  represents  the  form 
of  the  function  F^  ( z )  for  z  >0  and  its  continuation 
-F^C-z)  for  z  <  0,  that  is,  the  function  corresponding  to 
equation  (a. 43).  The  ordinates  of  the  singular  points. 
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lying  on  the  Ob  axis,  art  determined  by  finding  tho  points 
of  intersection  of  tho  ourvo  F^a);  -F|(-«)  and  tho  lino 

7^  a  oi  •  For  aaall  valuta  of  a  ,  as  can  bo  toon  from  Fig. 
81 ,  thoro  will  bo  four  sueh  points*  A1f  Ag,  A3,  A4. 


F,it) 


With  increasing  value  of  <x  ,  the  point  goes  away 
to  the  right  along  the  Ob  axle,  the  point  Ag  approaches  tho 
origin,  and  the  points  A3  and  A4  cone  together  and  at  valuta 
of  a  exceeding  the  maximum  of  the  curve  Fi(s);  -F^(-t)  they 
vanish  from  the  Oz  axis.  The  extrema  of  the  ourvo  Fits); 
-Ff(-z)  are  located  at  the  points  z  =  ±  r0,  where  r0  Is  the 
root  of  the  equation 


or 


where  the  function 


N\rt)  -  git 


(a. 44) 
(a. 45) 
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has  the  form  shown  in  Figure  82.  It  is  eas y  to  see  that 
r0  >  1  (sinoe  gf  >  0),  and  the  maximum  value  of  the  func¬ 
tion  -Fi(-m)  is  equal  to  3(rf  -  1)4re. 


To  determine  the  oharaoter  of  the  obtained  four 
singular  points,  looated  on  the  Oz  axis,  let  us  find  the 
values  at  these  points  of  the  following  functions  [45] s 


a  CS 


1  . 
7  '  as  ' 


fo±  . 

*'  ’ 


d  = 


i.  -i 
7'  ae 


Elementary  calculations  show  that  at  these  points 


a 


cos  0  F[  (r) 


-  -  U\  b  =  c  =  0. 


Since  in  this  case  we  have 


consequently  all  the  four  determinod  points  represent 
singular  points  of  the  saddle  type  [45]. 


By  virtue  of  the  axial  symmetry  of  the  problem,  the 
separatrioes  at  these  points  are  directed  along  the  Os  axis 
or  perpendicular  to  the  Oz  axis.  To  determine  the  direction 
of  motion  along  the  separatrlces  in  the  vicinity  of  the 
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c 


singular  points ,  lat  us  oonsldor  ths  sign  of  vg/sln  t  aear 
then.  Obviously,  v^/sln  •  will  have  a  slg a  opposite  that 
of  r'](r)  [soo  foraula  (a. 42)]  and  la  the  vlolnlty  of  At* 

A4  tbs  ratio  vg/sla  •  <0  (slnoo  P't(r)  >0),  while  la  the 
vlolnlty  of  A2  and  A3  the  ratio  vg/sin  •  >  0  (P't(r)  *■  0). 

II)  the  orlgla  represents  a  singular  point  of  higher 
order.  In  this  vlolnlty 

-«•»(  1  -  i+ £)  -  j 

Consequently,  the  equation  of  the  trajeotorles  in 
the  Tlolalty  of  the  origin  assuaes  the  fora 

»  d  t  assst 
7’dl  9%  slut 

Its  solution  will  be  a  family  of  olosed  ourres  r  = 
s  0  sin2  #.  We  see  therefore  readily  that  the  origin  is  a 
singular  point  of  dipole  type  and  in  the  vicinity  of  this 
point  the  pattern  of  the  trajeotorles  has  the  fora  shown  in 
Figure  83*  which  shows  also  the  behavior  of  the  trajeotorles 
near  the  points  A1f  A2,  A3,  and  A4. 


Fig.  83.  Behavior  of  the  trajeotorles 
of  the  equations  of  notion  (a. 42) 
near  the  axial  singular  points. 

Ill)  Inasauoh  as  in  this  oase  F'|(r)  =  0,  the  sought 
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singular  point  should  lie  on  the  circle  r  =  r0  [see  formula 

(a. 44)].  Then  cos 6  =  < 0,  since  Fi(rc)  <  0.  Thus,  the 

case  under  consideration  corresponds  to  two  singular  points 
and  A5  away  from  the  axis,  symmetrically  located  rela¬ 
tive  to  the  Oz  axis  in  the  region  of  negative  values  of  s. 
With  increasing  a.  the  value  of  I  cos  01  and  consequently  of 
jz^|  Increases,  It  reaches  the  value  |z^|  =  rQ  when 

a  -  F  (rt)  3  -  f*~ 1  For  the  same  value  of  a.  ,  as  we  have 

seen  above,  there  occurs  a  merging  of  the  points  A3  and  A4 
on  the  Oz  axis  at  the  point  z  =  -  rc» 


Thus,  when  <x  -  0  the  points  A5  and  Ag  lie  on  the  Oy 
axis  (y  =  rc).  With  increasing  o 1  they  shift  along  the 
circle  r  =  rc  toward  negative  values,  of  z  when  x  __  3, .  f!~1 


they  merge  with  the  singular  points  A3  and  A4  which  ap- 

3  f*  —  1 

proach  the  point  (-rc,  0).  When  -  all  four 

*  rr 

points  Aj,  A4,  A5,  and  Ag  vanish. 


Calculating  at  the  points  A5  and  A5  the  values  of 
a,  b,  c,  and  d  we  obtain  the  following  formulas: 


a~d  =  0;  b  —  — 


sin  9Fl(rt) 


c  ~ 


sin  OF J(rf) 


■ir. 


consequently 

\ab\  sin1  OFi  (rf)  F\  (rf)  n 

q  =  \cd\”  ^  >0, 

since  F^rc)  <;  0  and  F"T(r)  0  for  all  values  of  r.  The 
quantity  p  =  -(a  +  d)  =  0,  Therefore  the  points  A5  and  Ag 
are  singular  points  of  the  type  of  center  or  focus  [45} . 

Before  we  proceed  to  construct  the  qualitative  picture 
of  the  trajectories  of  our  problem  let  us  consider  the 
limiting  case  a  =  0,  corresponding  to  the  absence  of 
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charges  on  the  particles.  It  Is  easy  to  see  that  In  this 
ease  all  the  singular  points  listed  above  remain  the  same, 
as  does  their  character.  The  funotlon  Fi(s);  -F^(-s) 
orosses  the  axis  y  *  0  (a  =  0)  at  four  points:  s  =  ±  rj ; 
z  =  ±  r2»  where  ry  and  r2  are  the  roots  of  the  equation 


where 


f,<r)-r«(/V»<r)^#||  ^0. 


(*.46) 


A  plot  of  N|(r)  is  shown  in  Figure  82. 


if 


Fig.  84.  Qualitative  picture  of  the  trajectories 
of  the  equations  of  motion  (a. 42) 
in  the  case  a  =  0. 


In  this  case  the  trajectories  are  determined  by  the 
equation  ^(r,6)  =  oonst.  By  virtue  of  the  symmetry  of  the 
function  ''h  relative  to  the  Oy  axis,  the  points  A5  and  Ag» 
which  lie  for  a  =  0  on  the  Oy  axis,  are  singular  points  of 
the  type  of  a  oenter.  Starting  from  these  remarks,  we  can 
readily  construct  a  qualitative  picture  of  the  trajeotorles 
for  the  case  a  =  0.  it  Is  shown  in  Figure  84.  The  continuous 
lines  in  Fig.  84  are  the  separatrioes,  and  the  thick  con¬ 
tinuous  line  Is  the  surface  of  a  sphere,  the  same  figure 
shows  the  variation  of  the  funotlon  Vy  on  the  plane  Oys. 
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Taking  Into  account  equation  (II. 8)  [f(r)  =  1]  and 
the  character  of  variation  off],  we  can  plot  on  the  Oyz 
plane  qualitative  patterns  of  the  trajectories  for  the  oase 
a  >  0.  For  this  purpose  we  first  determine  the  qualitative 
character  of- the  transformation  of  the  separatrices  as  a 
varies  from  zero  to  a  certain  small  positive  value.  The 
separatrices  A^A^  and  AgAj  assume  for  a  >  0  the  form  shown 
in  Figure  85,  for  if  we  follow  them  from  the  points  Aj  and 
A2  (with  increasing  value  of  d),  the  value  of  70-j  will  in¬ 
crease  in  accordance  with  formula  ( II .8 )  (the  dashed  lines 
in  Figure  85  show  the  separatrices  A10A40  and  A20A30  for  the 
case  a  =  0).  On  the  other  hand,  if  we  proceed  along  these 
separatrices  from  the  points  A3  and  A4  (with  decreasing 
value  of  0),  the  value  of  will  decrease.  Furthermore, 
from  the  fact  that,  at  the  point  A|  we  have  r  >  1,  it  fol¬ 
lows  that  the  separatrix  A-jB,  in  view  of  the  Increase  in  the 
value  of  ^»i  along  it,  never  crosses  the  surface  of  the  drop 
(r  =  5)  and  will  be  the  sought  limiting  trajectory. 


y 


Fig.  85.  Character  of  transformation 
of  the  separatrices  of  the  trajectories 
of  the  equations  of  motion  (a„42) 
with  variation  of  a  . 

If  we  take  into  consideration  these  factors,  we  can 
readily  construct  a  general  qualitative  pattern  of  the 
trajectories,  as  3hown  in  Fig.  36..* 

#Fig.  36a  shows  a  pattern  of  the  trajectories  under 
the  assumption  that  the  points  A 5  and  A6  are  of  the  center 
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We  not*  that  the  principally  essential  factor  for  us 
is  the  behavior  of  the  separatrix  that  emerges  from  the 
point  Att  sinoe  this  is  the  separatrix  that  separates  the 
tra Jeotories  coming  from  z  =  -  *»  into  two  olassest  those 
entering  the  sphere  r  *  1  and  those  going  to  infinity 
(z  s  +  oo),  ‘Thus,  the  separatrix  emerging  from  the  point 

Aj  la  the  limiting  trajectory,  and  the  value  of  y£for  this 
separatrix  la  equal  to  the  capture  coefficient  E. 


IV.  INTERACTION  BETWEEN  TWO  CHARGED  CONDUCTING  SPHERES 


Let  Us  examine  in  somewhat  greater  detail,  than  in 
Sec,  11,  the  method  of  calculating  the  force  of  interaction 
between  two  oharged  conducting  spheres. 

To  find  this  force  it  is  customary  to  determine 
first  the  so- called  oapacitive  coefficient  oj^,  which  re¬ 
late  the  charges  q^  on  the  spheres  with  their  potentials 
Dj_,  by  means  of  the  formulas: 


<?!  =*  ^JlV  1  +  cwV* 
Qt  —  CitVi  +  cnV | 


(a.4?) 


Comparing  formulas  (a. 47)  with  equation  (II .21 a),  we  find 
that  the  potential  coefficients  sijj  necessary  for  the  cal¬ 
culation  of  the  interaction  force  F0  [see  equation  (11.21)] 
are  connected  with  the  capacitive  coefficients  cj.^  by  the 
following  relations: 


cu  <■»» 
ct,  cm 


(a. 48) 


type* We  can  analogously  plot  patterns  of  trajectories 
under  the  assumption  that  A5  and  Ag  are  singular  points  of 
the  type  of  foous*  However,  such  a  conoreti zatlon  of  the 
form  of  the  points  Ac  and  Ag  is  of  no  principal  significance 
for  our  problem . 


For  the  capacitive  coefficient  c^  we  obtain  by  the 
method  of  successive  approximation,  described  in  8eo.  11, 
the  following  series  [56,  87]: 


where  Rj  and  R2  —  radii  of  the  spheres  (we  assume  that 

R-l  Rg); 

r  —  distance  between  their  centers; 

A.,  fi,  and  —  functions  of  r,  determined  from  the 
relations: 


~R\~R\  ,  r*  +  R[-R\  L  r*-R[+R\ 

(a. 50) 

The  series  (a. 49)  converge  rather  slowly,  particu¬ 
larly  at  small  distances  between  the  spheres.  Klrchhoff 
has  proposed  a  method  of  transforming  equations  (a. 49) 
which  leads  to  rapidly  converging  series.  If  we  introduce 
the  notation 


„  ~  e~x ;  v  ■-=  er+\  t>i  =  e~»\ 


then  the  series  (a. 49)  can  be  readily  changed  into 


(a. 51) 


*-•  l  “ 

cn=.Rt{ 


(a. 52) 
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In  formulas  (a. 52)  the  itrlts  have  the  for* 


Sr: 

*-• 1 


iL 


(••53) 


vhsre  X  •  u  and  Is  equal  to  olthor  v,  Vf,  or  u. 


Klrohhoff  obtained  the  following  transformation  of 
expressions  (a. 53)*  which  improves  the  convergence  of  the 
series  [87] < 


S  (*V*1)* 


(i-*V)(*-t*,4‘l) 


(••54) 


Using  expression  (a. 54),  we  obtain  for  the  oapaol- 
tlve  coefficient  em  fron  (a. 52)  the  following  eeriest 


"  'i-s  t  (t— **•)(!  — *e)  (!  —  «•)  T 

,  sV (I— sSs^Q  — eld — «)  .  1 

+  (i-SSs)(i-s%«)(i-S*)  +  ,,,J 

Cll  _  _  Mi(i + „ + *>(,  +  *yi=JMz^=S»+ 
+  {» —  »f)  <«  —  «•»<!  —  «•>  + 

m-»y) 

*-•  l  (1- <«•)(* -<4)(l-i^ 

(<-«•)  f 


(a. 55) 


If  we  reoognlse  that  u(r)  deoreases  like  ygj/r^,* 
v(r)  deoreases  as  t/r,  and  vi(r)  deoreases  as  Vg^/r,  we  oan 
see  froa  (a. 55)  that  the  second  tern  in  the  square  breokets 


•Here  r  is  the  dimensionless  distanoe  between  the 
oenters  of  the  sphere^  referred  to  the  radius  of  the 
largest  sphere*  and  rgj  »  R2/R1 . 
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will  be  of  order  g,  5/2*- 10  (0r  g^^V8,  or  g|3//2r“8),  the 

third  term  will  be  of  order  g^r"28  (or  g^r"2^  or  g^r"2^)  etc. 

Thus,  the  series  in  (a. 55)  oonverge  very  rapidly,  and  ex¬ 
pressions  (a. 55)  are  convenient  for  the  oaloulatlon  of  the 
capacitive  coefficients  o^. 

After  finding  the  oapaoltlve  ooeffioients  cj^  we  oan 

use  formulas  (a. 48)  to  determine  the  potential  ooeffioients 
sit  and  the  functions  ^(r,  g|),  fg(r,  gj),  and  ^(r,  gt) 

whloh,  in  accordance  with  formula  (11.21),  are  connected 
with  the  derivatives  ds^/dr  in  the  following  manner: 

h{r,  go  -  -'**37-  *«('.  81) =7  • 


U(r>  gt)  —  ~  •  (a.  56 ) 

The  scheme  described  above  was  used  by  us  to  calcu¬ 
late  the  functions  I \  and  t 2  for  the  oases  gj  =  0.01, 
gr  s  0.04,  and  gj  =1.4 

In  Table  a. II  are  shown  the  calculated  values  of 
the  functions  1  +  l \  (r)  and  1 2'(r).  For  comparison  we  show 
here  also  the  approximate  values  of  the  function  ^(r)  “25 

as  .  An  examination  of  the  table  shows  that  for  small 

r(r*~  i)»  _ 

values  1 even  at  relatively  short  distance  between 
D  J?» 

the  spheres  (the  dlstanoe  5  between  the  surface  of  the 
sphere  does  not  exceed  the  radius  of  the  3mall  sphere)  the 
function  1  +  Z|(r,  gj )  does  not  exceed  unity  by  more  than 

0.08,  and  the  function  l 2(r,  gj )  differs  from  its  approximate 

*The  function  /  jir)  for  the  cases  gj  =  0.01  and  0,04 
could  not  be  calculated  with  sufficient  acouracy,  for  at 
the  calculation  accuracy  employed  by  us  (sllc  calculated 
with  five  significant  figures)  the  derivatives  dsjf  were 
too  small  to  be  determined.  For  gj  =  1 ,  the  fimotlon 
?j(r)  =  l 2(r)«  The  results  obtained  for  g1  =  1  agree  well 
with  the  results  of  the  calculations  of  Kelvin  [993 » 
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value  by  not  more  than  8  peroent  (these  relations  ooour 
for  gj  =  0.04,  when  r  >1.4,  and  for  S\  =  0.01  when 
r  >  1.2).  For  equal  spheres,  similar  relations  ooour  when 
8  =  0.6  (r  =  2.6). 

We  can  thus  state  that  with  sufficient  aocuracy  for 
praotioe,  in  cases  when  the  oharge  ratio  x  =  -  qg/qj  !■ 
not  very  small  In  absolute  magnitude  (the' oharge  on  the 
small  sphere  is  not  very  small),  the  funotlon  f(r)  can  be 
approximated  by  the  expression 

f(r)»  1  +  1  +  *  .  (*.57) 

r(r»  —  !)• 


Expression  (*.57)  leads,  of  oourse,  to  a  somewhat 
underestimated  value  of  f (r) ,  if  the  spheres  are  oharged 
oppositely,  and  somewhat  overestimated  value  if  the  charges 
are  of  like  polarity.  In  the  former  oase  this  corresponds 
to  an  underestimate  of  the  force  of  attraction  between  the 
spheres,  and  In  the  latter  to  an  overestimate  of  the  repul¬ 
sion  between  the  spheres.  Either  olroumstanoe  leads  In 
the  calculation  of  the  oapture  coefficient  (Secs.  11  and 
12)  to  a  somewhat  reduced  calculated  value  of  E. 

Table  a. II 


£»*  0,01;  ^*-0,1 


r 

!+/»(') 

/.(') 

1*  ('UpnftL, 

1,11 

2,10 

53,9 

24,5 

2,20 

1,12 

1,88 

34,0 

20,8 

1,63 

1 ,13 

1,50 

25,4 

17,9 

1,42 

1,14 

i,30 

20,45 

15,63 

1,31 

1,15 

1,22 

16,85 

13,75 

1,22 

1,16 

1,16 

14,36 

12,21 

1,18 

1,18 

1,11 

10,83 

9,82 

1,10 

1,20 

1,06 

8,73 

8,09 

1,06 

1,22 

1,06 

7,14 

6,79 

1,05 

1,24 

1,04 

6,05 

5,79 

1,04 

1,26 

1,03 

5,18 

5,00 

1,03 

1,28 

1,03 

4.47 

4,38 

1,02 

1,80 

1,02 

3,91 

3,85 

1,02 
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ft -0,04;  HD- 0,2 


f 

1+M') 

M'> 

1,28  . 

1,81 

11,77 

6,26 

1,88 

1,24 

1.66 

9,75 

5,70 

1.68 

1,25 

1,52 

8,25 

5,87 

1.54 

1,25 

1,41 

7,13 

5,00 

1,43 

1,28 

1,80 

5,64 

4,36 

1.28 

1,30 

1,22 

4,67 

3,86 

1,21 

1,82 

*,17 

3,98 

3.42 

1,16 

1,34 

1,14 

3,45 

3,06 

1,13 

1,36 

1,12 

3,03 

2,75 

1,10 

1,36 

1,00 

2,71 

2,48 

1,08 

1,40 

1,08 

2,41 

2,26 

1,07 

1,45 

1,06 

1,01 

1,82 

1,05 

1,50 

1,04 

1.54 

1.49 

1,03 

1,55 

1,03 

1,28 

1.25 

1,03 

1,00 

1,02 

1,08 

1,06 

1,02 

ft=i;  d=0 


T 

1+<»W 

W'U 

-Ml- 

2,02 

5,11 

2,132 

0,374 

5,70 

2,03 

3,90 

1,684 

0,386 

4,60 

2.04 

3,31 

1,348 

0,359 

3,74 

2,63 

J  f  I  1  1  B 

0,845 

2,90 

2,08 

2,25 

0,797 

0,332 

2,46 

2,10 

2,00 

0,667 

0,520 

2,12 

2,12 

1,83 

9,591 

0,308 

1.82 

2,14 

1,71 

0,527 

0,291 

1,77 

2,16 

1,62 

0,476 

0,287 

1,68 

2,18 

1,54 

0,435 

0,277 

1,57 

2,20 

1,47 

0,404 

0,266 

1,51 

2,25 

1,36 

0,339 

0,246 

1,38 

2,30 

1,29 

0,288 

0,226 

1,27 

2,35 

1,23 

0,257 

0,209 

1,23 

2,40 

1,19 

0,227 

0,194 

1.17 

2,45 

1,16 

0,204 

0,180 

1,14 

2,50 

1,13 

0,187 

0,167 

1,12 

2,55 

1,11 

0,170 

0,156 

1,08 

2.60 

1,08 

0,155 

0,145 

1,07 
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V.  TRAJECTORIES  OF  PARTICLES  IN  THE  PRESENCE 
OF  AN  EXTERNAL  ELECTRIC  FIELD 


A*  Let  us  consider  the  trajectories  of  a  charged 
snail  partiole  relative  to  an  almost  neutral  large  par¬ 
ticle  in  the  presenoe  of  an  external  eleotrostatlo  field 
Eo«  this  case  the  coefficients  02*  Y$  and  «  oan  be 
assumed  equal  to  zero  (we  negleot  the  mirror- image  forces). 
If  in  addition  we  oan  also  negleot  the  Inertial  tern,  then 
equations  (11.42)  and  (11.45)  assume  the  form 

+  coae,  (a.  50) 

r* 


V%  « 


2 r» 


sin  0, 


(a. 59) 


—  “Const.  (..60) 


We  note  first  of  all  that  in  accordance  with  the 
formula  (a. 60)  the  trajectories  of  the  particles  will  in 
this  case  be  symmetrical  relative  to  the  plane  8  =  It/ 2, 
since  sin  ©i  =  sin  (7 t  -  ©j).  To  construct  the  qualitative 
picture  of  the  trajectory  of  the  system  (a. 58)  and  (a.59)» 
let  us  find  its  singular  points. 


?u  find  the  singular  points  lying  on  the  axis  of 
motion  (sin  $  =  0),  we  obtain  from  formula  (a. 58)  the 
equation 


1  2  -J-  r3  w 


(a. 61) 


The  function  F^r)  is  shown  in  Figure  86.  We  denote 
the  minimum  value  of  F4(r),  which  it  assumes  at  the  point 
r  s  rm,  by  6cr>  Then  when  Sor  and  6^  >  1  -  g1  there 

are  no  axial  singular  points.  When  8or  <  by  <  1/4,  there 
exist  four  axial  singular  points  A^ ,  A^  and  Ag,  A^  whose 

coordinates  are,  in  accordance  with  formula  (a.6l)  ob¬ 
tained  on  Fig.  86  as  the  coordinates  of  the  points  of 
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intersection  of  the  ourve  F4(r)  end  the  line  F 4  =  $j.  When 
1/4  <  <  1  -  gj  there  exist  two  axial  singular  points 

A)  and  A4* 

Noting  that  rF|(r)  =  (2  ♦  r3)F4(r),  we  readily  ob¬ 
tain  for  vg  the  expression 

— •(f.W-A))-  (,.62) 

On  the  basis  of  formulas  (a. 58)  and  (a.62)  we  obtain 
br  differentiation  that  in  the  axial  singular  points,  where 
equation  (a.6l)  is  satisfied,  the  following  relations  hold 

true 


Fig.  86.  Form  of  the  functions 
F4(r)  and  F3(r). 

Consequently,  for  axial  points  the  determinant 


ab  0,  and  all  represent  singular  points  of  the 

c  d  ? 

saddle  type.  It  is  easy  to  conclude  from  (a. 62)  that  in 
the  vicinity  of  axial  singular  points  the  sign  of  ve/sin  e 
coincides  with  the  sign  of  C-F^r)]  and  consequently  in 
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and  In 


the  vloinlty  of  A)  and  A4  the  oomponanta  v§  <■  0, 
tha  vloinlty  of  A2  and  A3  the  oomponanta  vg  >  0. 

The  origin  represents  a  singular  point  of  higher 
ordar.  In  It a  vloinlty  for  b\  ffc  1/4  we  hava  vr  -a 

JSliiziLL ,  and  t>|  -»  —  *  **»)  .  Consequently ,  In  tha 

vloinlty  of  tha  origin  tha  aquation  of  tha  trajeetorles 
will  hava  the  form 

^  2 COi6 
rd%  p,  tin  v 


or 


r  -C»tn*i. 


Thus,  the  origin  will  represent  a  singular  point  of  the 
dipole  type  with  Foinoare  index  I  2  +  2.  The  trajectories 
near  the  origin  will  have  the  form  shown  in  Figure  87, 
where  one  can  also  sea  the  behavior  of  the  trajectories 
near  the  points  A1 ,  A2.  A-j,  and  A4. 


<  0,  <  f/4 


■J 

f 

V 

J 

* 

s  ,C 

'2 

V 

* 

J 

' f 

V 

S| 

/ 

s 

k  C 

5  ^ 

> 

f/4  <  d,  <  t-gf 


-/ 

S 

r  t 

5  s 

z' 

Fig.  87.  Behavior  of  tha  trajaotorles 
of  the  aquations  of  motion  (a.58)  and 
(a. 59)  near  axial  singular  points. 

The  singular  points  away  from  the  axis  (sin  9  jk  0) 
cannot  be  located  outside  the  plana  6  2  ft/2,  for  in  the 


opposite  oase  (cos  0  ^4  0)  it  would  follow  from  (ft. 58)  that 
Sj  =  ?4(r ) ,  and  it  would  follow  from  the  formula  (a. 62) 

that  at  these  singular  points  F'^r)  =  0.  with  the  excep¬ 
tion  of  the  bifurcation  values  of  the  parameter  S\  =  5or 
and  s  1/4*,  suoh  a  situation  Is  Impossible  (It  Is  seen 
from  Fig.  86  that  when  Sor  and  ^  1/4  the  deriva¬ 

tive  F'i^r)  =5^  0).  Therefore  singular  points  outside  the 
axis  lie  In  the  plane  0  sft/2. 


The  coordinate  of  the  point  rB  outside  the  axis  Is 
determined  from  the  equation  vg/sin  §  =  0  or 


8. 


rVj(r) 

2  (/•■-!) 


-=Ft(r). 


(a. 63) 


The  function  Fe(r)  is  represented  on  the  same  Fig. 
86,*  from  which  it  is  seen  that  when  S  j  <  1/4  there  is  only 
one  point  outside  the  axis  (r  =  rB^  >  U  6  =  'if/2)  and  when 
1/4  <  8|  ^  1  -  g1  there  are  two  points  outside  the  axis 
(r  =  rBi  >  1 ;  6  =  7r/2  and  r  =  rg^  <  1 ;  6  s  "V/2)  and, 

finally,  for  <5 1  >1  -  gj  there  is  one  point  away  from  the 
axis  (r  =  rB2  <  1 ;  6  =  7r/2). 


Differentiating  (a. 58)  and  (a. 59)  we  obtain  for  the 
points  away  from  the  axis  (0  =  '*t'/2\  r  =  rg1  or  r  =  rfl,.,)  the 
following  equations: 


_ 

asslF 


o;‘-4Sr' 


*  Differentiating  equation  (a.6l),we  can  readily  show 

that 

from  whloh  it  follows  that  the  curves  F4(r)  and  Fc(r)  cross 
at  the  point  where  F^Cr)  =  0,  that  Is,  at  the  point  r  =  rn. 
Sinoe  to  the  right  of  rm  the  derivative  F^r)  >0  and 
rn  >  1»  we  have  FgXr)  ^F^fr)  for  r  >  r^. 
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Consequently,  for  the  points  sway  from  the  axis 
the  determinant  Is 


The  sign  of  b  oolnoldes  with  the  sign  of  Si  -  F^rg).  The 

sign  of  o  oolnoldes  with  the  sign  of  1  -  r*.  Therefore 
the  following  holds  true. 

1)  If  S|  <  6or,  then  qQl <  0  (slnoe  rB^  >  1  and 
$1  <F4(rg1)).  The  point  Is  of  the  saddle  type. 

2)  If  $1  >  $cr*  then  qBj  >  0  (slnoe  rB^  >  1  and 

Sj  >  F4(rBl ) )  •  Slnoe,  in  addition,  we  also  hare  a  ♦  d  s  0, 
the  point  Br  Is  a  o enter.* 

3)  If  S1  >  l/4,  then  qBg  <  0  [since  rBg  ■<  1  and 
Sr  >F4(rB2)].  The  point  B2  Is  of  the  saddle  type. 

We  can  now  readily  construct  the  trajeotory  patterns 
for  different  values  of  the  parameter  dj. 

1)  51  <  5cr  (Fig.  30a).  Singular  points:  dipole  at 
the  origin  (I  s  4  2)  and  two  saddles  Bj  In  the  plane  0  = 

=  ft*/ 2  (I  =  -  1),  The  limiting  trajeotory  passes  through 
the  saddle  Bj . 

2)  §Gr  <  <5|  <1/4  (Fig.  50b).  Singular  points:  di¬ 
pole  at  the  origin  (I  =  4  2),  four  saddles  on  the  axis  at 
the  points  A^ ,  44,  and  A2,  A-j  (Is  -  1),  two  centers  B^  In 

the  plane  0  s  ft/2  (I  s  4  1).  The  coordinate  r»  4  rn  < 

*2,3  1 

<  r.  .  The  trajectory  pattern  is  similar  to  that  shown 
*1,4 

in  Fig.  84  in  the  oase  of  the  absence  of  electrostatic 
forces.  The  capture  coefficient  Is  E  =  0. 


*When  q  >  0  and  a  4  d  s  0  the  point  can  also  be  a 
focus  [45].  But  In  our  case  the  symmetry  of  the  trajec¬ 
tories  with  respeot  to  the  plane  9  =  ft/2  leaves  only  one 
variant  —  a  point  of  the  type  of  center. 
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3)  1/4  <  o1  *1  -  g1  (Fig.  50o).  Singular  points: 

dipole  at  the  origin  (1  =  ♦  2),  two  saddles  on  the  axis  at 
the  points  A|  and  A4  (Is  -  1).  In  the  plane  0  =  it/  2  — 
two  oenters  B\  (I  s  +  1 )  and  two  saddles  Bg  (I  =  -  1).  The 
coordinate  rgg  <  1  **B.  <■  ^Ai  The  capture  coefficient 

is  E  s  0. 

4)  >  1  -  g^  (Fig.  50d).  Singular  points:  dipole 
at  the  origin  (I  =  +  2),  two  saddles  B2  in  the  plane 

6  s  it/ 2.  General  direction  of  the  trajectories  away  from 
the  sphere  is  opposite  the  direction  of  the  vector  Ugo, 


B.  Let  us  consider  now  the  pattern  of  the  trajec¬ 
tories  In  the  case  of  two  neutral  particles  moving  in  an 
external  vertical  electrostatic  field  Eq.  If  we  can  neg¬ 
lect  here  the  inertial  term,  the  equations  of  motion  will 
have  the  form  [see  equations  11.42)]: 


v , 


cos  6F1  (r)  ,  „ 
- —  +  T 


1— 3cos*6 


(a. 64) 


2»  (a. 65) 

*  2 r  1  n 

The  ordinates  of  the  axial  singular  points  (sin  0=0) 
satisfy  the  following  equations: 

(»>«), 

<*<»>•  (a. 66) 

Figure  88  shows  With  a  dashed  curve  the  function 
Fg(z)  =  z(z  -  I)2  (2z  ♦  1)  for  z  >0  and  g|  =  0,  The 

solid  line  on  the  same  figure  shows  the  form  of  the  func¬ 
tion  Fg(z)  for  z>0  (gj  /rz  0),  and  its  continuation  -F6(-z) 
for  z  0.  The  coordinates  of  the  axial  points  are  ob¬ 
tained  on  Fig.  88  as  the  coordinates  of  the  points  of 
intersection  of  the  ourve  Fg(z);  -Fg(-z)  with  the  line 
Fg  =  y.  As  can  be  seen  from  Fig.  88,  for  small  values  of 
yon  the  Oz  axis  there  are,  in  addition  to  the  origin,  five 
singular  points  A^ ,  Ag,  Aj,  A^,  and  A5.  With  increasing  V 


'3 


the  point#  #2  And  A3,  and  alao  A4  and  Ag  ooxe  together  pair- 
wlaa  and,  starting  with  oartaln  valuta  of  fl  equal  to  tho 
naxlaua  ordlnatsa  of  th#  ourvo  Fg(s)j  -FgC-s),  respectively) 
they  vanish  fron  tho  Os  axis,  loavlng  than  ona  singular 
axial  point  ky •  The  aaxlaua  ordlnatsa  oorraspond  to  values 

t  3  r;  and  fa—  r4,  whara  rg  and  r4  ara  tha  roots  of  tha 
aquation  P'6(r)  *  0  or 

AMO*  1  +■  £t  ™ fi>  (a. 67 ) 


Fig.  88.  Form  of  tha  functions 
Fg(n)  and  -F6(-z). 


The  function  N2(r)  Is  shown  In  Figure  89. 


Tha  calculations  of  the  functions  a,  b,  c,  and  d  In 
tha  axial  singular  points  yield  for  than  tha  following 
valuas: 


2  co «  ;  (r) 


Slnoa  in  this  case  q  s  -  a2/2  <  0,  It  follows  thero- 
fora  that  all  flva  obtalnsd  points  ara  singular  points  of 
tha  saddls  typa.  Fron  (a. 65)  It  is  aasy  to  oonelude  that 

In  tha  vlolnlty  of  tha  axial  singular  points  - -i jr~ 

and  consequently  In  tha  vicinity  ky,  ky$  Ag  tha  ooaponent 
vt  <  0,  and  In  tha  vlolnlty  A2  and  A4  wa  have  ve  >  0. 
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Fig.  89.  Form  and  neutral  placement 
of  the  funotlons  N(r),  Nj(r), 
N2(r),  and  NjCr}, 


The  origin  represents  a  singular  point  of  higher 
order.  In  Its  vicinity  we  have  v,-*x  P|-*  — 

From  this  we  obtain  for  the  trajectories  near  the  origin 
the  equation  r2  =  o  sin  20  sin  6.  The  trajectories  near 
the  origin  are  shown  In  Figure  90,  where  one  can  also  see 
the  behavior  of  the  trajectories  near  the  points  A|,  Ag» 

Aj i  A^,  and  A^. 

Let  us  consider  now  the  singular  points  away  from 
the  axis  (sin  0 0).  Their  coordinates  satisfy  the  two 
equations: 

co»*r*f»(r)  +  T(*~3c<»,fi)s-0'  , 

r*F'i  (r)  -f  4r  cos  8  -  0.  ta*68) 


It  follows  therefore  that  in  the  singular  point  away  from 
the  axis  we  have 

cos  I  » 


r*F[{r)  |4F,  M  +  »F[  (0) 


(a. 69) 
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Taking  into  consideration  the  formula  (a. 68),  we  oan  show 

San  IF'  (ft 

that  in  these  points  am - £1*'  m -4,  Consequently, 

p  a  a  +  d  s  0,  and  the  points  away  fro*  the  axis  will  be  of 
the  saddle,  oenter,  or  foous  type. 


Fig.  90,  Behavior  of  the  trajeotories 
of  the  equations  of  motion  (a. 64)  and 
(a.65) -near  the  axial  singular  points. 


According  to  formulas  (11.10)  and  (a,45),  equations 
(a. 69)  oan  be  represented  by 

00,9. — VLyu UL,  (a. 70) 

T  “  ^Tr*  Y W  —  gx)(tot— ,  (a,71) 

where 


SJ7+JTr»* 


(a. 72) 


Formula  (a, 71 )  shows  that  in  the  singular  points 
away  from  the  axis  the  funotions  N  -  gj  and  Nj  -  gj  have 
identical  signs  and  consequently 


mi  I  ar  —  sign  (N  —g *)  l/  g  (jy,1*3  •  (a.73) 

Inasmuoh  au  loos  8 )  £  1,  we  oan  readily  obtain  from 
(a.73)  the  conditions  satisfied  in  these  singular  points* 
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#•—  C I >0  FOA  N*—B\> 0  | 

#•— *<0  M«  Aft— f|<0  )  (a. 74) 

Let  us  oonslder  now  the  oonolualona  that  follow  from 
ralatlona  (a.73)  and  (a.74).  For  this  purpose  It  la  neoes- 
•ary  to  taka  Into  aooount  tha  nutual  plaoaaant  of  tha  plots 
of  tha  funotlons  M,  Nj ,  N2»  and  Hj,  ahown  In  Pig,  89,* 

Lat  ua  traoa  tha  Solutions  of  tha  ay • tarn  (a. 68) 
lying  to  tha  left>(oos  9  <  0)  and  to  tha  right  (ooa  9  >  0) 
of  tha  Oy  axis.  In  tha  first  oaaa  M  -  s\  >  0  and  tha  dlf- 
faranoa  M3  -  gj  la  positive.  This  la  poaalbla  If  In  tha 
sought  point  r  >  rg  (saa  Pig.  89),  However  [00s  «|  baooaas 
saallar  than  unity  In  this  oasa  If  r  >r^  (saa  (a,74)),  and 
whan  r  a  r4  wa  have  ooa  9  a  -  1 «  wa  no ta  further  that  slnee 
whan  r  >  r/t  In  tha  right  half  of  (a.71 )  Is  a  aonotonloally 
lnoraaslng  funotlon  of  r,  aquation  (a, 71 )  haa  ona  and  only 
ona  root  r  It  follows  tharafora  that  so  long  as  y  la 

vary  aaall  and  aquation  (a. 71)  la  satlsflad  by  values  of  r 
lying  In  tha  lntarval  rg  *  r  <cr4,  thara  exist  no  solutions 
of  tha  systam  (a.68),  slnoa  It  lands  to  tha  relation  |oos 
9  J  >  1 ,  Suoh  a  solution  appaars  whan  y  Inoraasas  to  suoh 
an  extent  that  equation  (a.7l)  aoqulras  a  root  r  >r4. 

Wa  nota  that  for  Y  corresponding  to  a  solution  of 
(a,?1)  r  s  rjj  thara  occurs  also  tha  merging  of  two  singular 
points  on  the  Os  axis  —  the  points  A4  and  A5.  Actually, 
r  s  la  the  root  of  tha  aquation  N2(r)  =  g|.  Substituting 
in  (a,66)  and  (a, 71)  In  plaoa  of  gj  its  value  at  the  point 
r  s  r4,  equal  to  N2(r4) ,  wa  obtain  that  Y  In  both  oases 

3  r4  2 

will  be  equal  tp  |g'  (P4  ”  !)■•  This  naans  that  when  the 

singular  points  A4  and  A5  on  tha  Os  axis  marge  and  disappear 
with  lnoraaslng  V,  than  on  tha  left  of  the  Oy  axis  thara 
will  arise  two  singular  non-axlal  points,  corresponding  to 

aquations  (a.68),  Inasmuch  as  for  this  value 

*The  correctness  of  tha  nutual  plaoement  of  these 
plots  on  Pig,  89  oan  be  readily  verified  by  petting  up  tha 
differences  N  -  M3,  M3  -  N2.  end  M2  -  ,  each  of  which 

has  the  form  A (r2  -  1),  where A  >0. 


there  ooours  no  ohange  whatever  in  either  the  number  or  the 
character  of  the  other  singular  points,  exoept  those  men¬ 
tioned  above,  sad  slnoe  the  sub  of  the  Folnoare  Lndloes  of 
all  the  singular  points  on  going  through  this  value  of  Y 
should  not  ohange,  It  Is  obvious  that  the  singular  points 
that  arise  anew  outside  the  axis  (In  plaoe  of  A4  and  A5) 

will  also  be  of  the  saddle  type  (a  Folnoare  Index  equal  to 
- 1  is  conserved). 

Let  us  oonelder  now  the  solution  of  the  system  (a. 68) 
lying  to  the  right  of  the  Oy  axis  (oos  0  >0).  In  this 
oase  N  -  gj  £  0  and  the  difference  N3  *  gj  Is  negative. 

Aooordlng  to  foraula  (a, 74)  the  dlfferenoe  Ng  *  gf  Is  then 

also  negative.  Froa  Fig.  89  we  readily  see  that  the  sought 
solution  has  a  value  of  r  lying  in  the  interval  rj  A  r  ^  r0, 
with  r  a  r0  when  y  =  0.  In  this  last  oase  oos  0*0  and 
we  have  the  pattern  of  the  trajectories  shown  In  Fig,  84. 
With  Increasing  y,  the  value  of  r  corresponding  to  equation 
(a. 71)  decreases  froa  r0  to  rj,  and  value  of  00s  9  In¬ 
creases  froa  zero  to  unity,  and  furthermore  If  r  s  rj  then 

oos  ©=4-1  and  Y  =  *t-£2(rf  -  1). 

16  3 

We  note  that  for  this  same  value  Y=  W-  ’> 

the  two  saddles  A«  and  Ag  merge  on  the  Oz  axis.  Slnoe 
further  lnorease  In  Y there  disappear  on  the  Oz  axis  the 
two  singular  points  (the  Baddies  Ag  and  A3),  and  two  singu¬ 
lar  points  located  to  the  right  of  the  Oy  axis  disappear 
away  from  the  axis,  too  [the  value  of  oos  9  calculated 
from  the  system  (a. 68)  becomes  larger  than  unity],  at  a 
time  when  no  changes  occur  In  the  number  and  ohsimoter  of 
the  other  singular  points,  then  by  virtue  of  the  constancy 
of  the  summary  Folnoare  index  we  oan  oonolude  that  the 
singular  points  away  from  the  axis,  lying  to  the  right  of 
the  Oy  axis  (oos  9  >  0)  have  Folnoare  lndloes  el.  This 
means  that  these  points  are  either  oenters  or  fool. 

If  we  now  summarize  the  ohanges  In  the  number  and 
oharaoter  of  the  singular  points  of  equations  (a, 64)  and 
(a, 65),  we  oan  state  the  following. 

1.  When  y  =  0  there  are  on  the  Oz  axle  four  saddles 
(their  total  Folnoare  index  is  Ig  =  -  4)  and  a  dipole  at 
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the  origin  (I  =  ♦  2).  Outside  the  Oz  axis  there  are  two 
centers  —  on  the  Oy  axis  (Is  =  +  2)  (see  Fig.  84). 

2.  At  very  snail  values  of  y  the  dipole  at  the 
origin  breaks  up  into  a  quadrupole  (1st  3)  located  at 
the  origin  and  a  saddle  A3XI  =  -  1).  The  two  centers 
looated  at  y  =  0  on  the  Oy  axis  shift  toward  positive 
values  of  z (00s  6  >  0).  It  is  possible  that  they  are 
transformed  into  fool.  The  saddles  A2,  A3,  and  A4,  A5 
approach  pairwise' with  increasing  y. 

3.  With  further  inorease  in  y,  if  g-j  Is  small,  the 
saddles  A4  and  Ag  first  merge.  With  subsequent  transition 
to  a  non-axial  position  (Cos  6  <  0),  and  then  with  further 
increase  in  y,  the  saddles  A2  and  A3  merge  with  two  non- 
axial  oenters  (or  foci;  cos  0>O),  which  arrive  (for  one 
and  the  same  value  of  y)  simultaneously  with  the  saddles  at 
the  Oz  axis  at  the  merging  points  of  A2  and  A3.  with 
further  inorease  In  Y  all  these  four  points  vanish.  If  g1 
is  large,  then  at  first  (with  increasing  y)  there  occurs  a 
merging  and  vanishing  of  the  four  points  (A2,  A3,  and  the 
non-axial  oenters),  and  then  a  transition  of  the  points  A4 
and  Ag  to  a  non-axial  position.  In  all  cases,  upon  vanish¬ 
ing  of  the  points  A4  and  Ag,  two  non-axial  saddles  B  appear. 

4.  When  y  is  larger  than  both  maxl^r %1  values  of  the 
function  Fg(z);  -Fg(-z),  the  system  of  singular  points  con¬ 
sists  of  a  quadrupole  at  the  origin  (I  =  +  3),  a  saddle 
4i(i  =  -  o  on  the  Oz  axis,  and  two  non-axial  saddles  B 
(cos  9  “~  0 ;  Ij,  =  -  2).  Figure  51  shows  qualitative  trajec¬ 
tory  patterns  ror  all  the  cases  under  consideration.  Fig. 
51a  shows  the  case  of  a  small  value  of  y,  smaller  than  the 
value  of  both  maxima  of  the  curve  Fg(z);  -Fg(-z).  Fig.  51b 

and  c  show  cases  when  the  quantity  y  lies  betv/een  the  two 
values  of  the  maxima  of  the  curve  Fg(z);  -Fg(-z).  Fig.  51b 

corresponds  to  the  ease  |pg(r4)|  >F6(r3),  and  Fig.  51c  to 
the  case  J Fg ( r^. ) |  <  Fg(rj).  Fig.  51  d  shows  the  case  when 
the  parameter  V  is  larger  than  both  maxima  of  the  curve 
F*}(z)J  -Fg(-z).  Qualitative  patterns  of  the  trajectories 

shown  in  Fig.  51  show  that  in  the  case  -y  <dycr  =  -  Fg^), 

the  capture  coefficient  is  equal  to  zero.  To  calculate  the 
value  of  the  capture  coefficient  for  y  >  ycl,  it  is  neces¬ 
sary  to  find  the  value  of  y^for  the  separatrix  passing 
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through  the  non- axial  saddle  Q*  The  value  of  y^  for  this 
separatrix  can  be  readily  obtained  froa  equation  (11.53) , 
if  one  knows  the  coordinates  (rB,  *B)  of  the  non- axial 
saddle  B.  Indeed,  froa  equations  (11.53)  and  (a. 70)  it 
follows  that 


(1 -*,)  -  ♦.  - 
i'W®,  M  (/•*)  +  *  (/a)-2fiJ 


(a. 75) 


and  consequently 

E^y\^  (a. 76) 

The  values  of  yor  can  be  readily  obtained  by  expand¬ 
ing  the  functions  Ng(r)  and  Fg(r)  in  a  Taylor  series  In 
powers  of  (r  -  1).  We  thus  obtain  for  small  values  of  the 
parameter  gj : 


r4  =■  1  +  f » -f  ■§■  g!  +  •  •  •' 

T«r  =*  —  Fi-fa)'  =“^f  0  +  y£i  +  ^£»  +  ...) 


(a. 77) 


Table  a. Ill  shows  the  values  of  r^,  r^,  Y\  ~  Fg(rj) 
and  ycr  =  -  F^r^)  for  several  values  of  gi  =  d2/D2. 

Table  a. Ill 


HD 

gi 

rt 

U 

('•») 

Ter— M'*) 

0 

0 

0,422 

1,000 

0,0650 

0 

0,1 

0,01 

0,420 

1 ,013 

0,0648 

0,0051 

0,0224 

0,2 

0,04 

0,415 

1,054 

0,0643 

0,32 

0,1 

0,406 

1,142 

0,0636 

0,0675 
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VI.  EXAMPLE  OF  CONSTRUCTION  OF  THE  GAMMA  DISTRIBUTION 
FROM  EXPERIMENTAL  DATA 


We  present  an  example  of  processing  of  the  result  of 
an  experimental  measurement  of  cloud  drops  by  dimensions. 

In  Table  a. IV  we  list  the  distribution  of  the  drops 
by  dimensions  obtained  with  the  aid  of  a  flow-through  trap 
In  an  artificial  fog  (chamber). 


Table  a. IV 


Diameter 
interval  (p) 

Number 
of  drape  * 

Diameter  . 
interval  (p) 

Number 
of  drops  # 

H(d)[%) 

4-6 

94 

«,1 

14—10 

102 

93,1 

6-8 

155 

24,1 

16-18 

41 

97,0 

6—10 

222 

45,5 

18-20 

22,3 

99,2 

10—12 

234 

68,1 

20-22 

7,3 

99,9 

12-14 

156 

83,2 

22-24 

1,2 

100,0 

1=1035 


*The  non-integer  number  of  drops  in  this  column  is 
the  result  of  an  account  of  the  capture  coefficient. 

Figure  91  shows  the  rectified  accumulated  distribu¬ 
tion  diagram  H(d)  of  Table  a. IV  (see  Sec.  18),  To  the  left 
of  the  ordinate  axis  is  shown  a  ruler  with  a  scale  correspond¬ 
ing  to  the  Value  of  the  index  cc  =  8.  As  can  be  seen  from 
Fig.  91,  the  experimental  points  fitted  sufficiently  well 
the  straight  line  passing  through  the  origin. 

The  dashed  curve  beginning  at  he  point  (d  =  4 
microns,  y  =  0)  and  going  over  into  the  straight  line  repre¬ 
sents  the  portion  of  the  actually  obtained  truncated  dis¬ 
tribution.  We  recall  that  the  experimental  distributions 
obtained  with  a  flow-through  trap,  owing  to  the  existence  of 
a  minimum  drop  diameter  d^n  of  the  drops  caught  by  the 
receiver,  are  truncated  distributions  [67,  page  t 273 •  For 
the  traps  of  the  expedition  d^j^  =  4  microns,  and  the 
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distributions  of  ths  drops  are  measured  for  diameters  d  >  4 
microns.  If  we  assume  that  the  complete  distribution  (In¬ 
cluding  the  interval  d  =  0—4  mlorons)  is  a  gamma  distribu¬ 
tion  with  Index  <*  s  8,  a  plot  of  which  is  shown  in  Fig.  91 
by  a  straight  line,  then  the  degree  of  trunoatlon  of  the 
actually  obtained  distribution  turns  out  to  be  very  small. 
As  shown  by  the  plot  (Fig.  91)*  there  will  be  here  approx¬ 
imately  1  percent  of  drops  with  diameter  d  <  4  microns. 


Fig.  91.  Example  of  construction  of  the 
rectified  accumulated  diagram  for  the 
dimension  distribution  of  cloud  drops 
(o  =  8). 

The  determination  of  the  value  of  dgg  s  11.2  microns 
and  djg  a  11.7  microns  with  the  aid  of  the  plot  of  Fig.  91 
coincides  with  the  values  d2a  =  11.2  microns  and  dja  =  11.7 

microns,  arithmetically  calculated  with  the  aid  of  Table  4. 
The  values  of  the  parameter  ft  are  thus  calculated  from  the 
relations  (3  a  dj/y^  or  ft  =  d2/yg»  than  to  plot  them  from 
the  graph  ( ft  -•  d  for  y  =  1),  for  in  the  former  oass  one 
obtains  a  larger  accuracy  in  the  determination  of  the  value 
of  ft. 
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